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LO'T GIOT THIEU

Thuc hiér; chil trwong t8 chikc ki thi THPT Quéc gia va tuyén sinh dai hec, cao
ding hé chinh quy nim 2017 cia B§ Gido duc vi Dio tao, theo Céng vin sd
4818/BGDPT-KTKDCLGD ngay 28/09/2016, cng ty TNHH Dich vu Vin héa Su
Pham lién két v6i Nha xudt ban Pai hoe Quéc gia Ha Noi t8 chitc bién soan va phét
hanh bd sdch: On luyén thi tric nghiém trung hoc phd théng qudéc gia ndm 2017
ftheo cic bai thi: Tedn, Tiéng Anh, Khoa hoc ty nhién, Khoa hoc x3 héi} va On luyén
thi THPT Qudc gia nim 2017 mdn Ngit Vin.

B6 s&ch duwgc bién soan béi cic tac gid 12 gidng vién, chuyén gia gido duc uy tin
ciia Tredng Pai hoc Sw pham Ha N@i va gido vién day gidi & cac trudmg trung hoc
phé théng - nhiing ngwdi di cé nhidu kinh nghiém tham gia céng tic tuyén sinh clia
B Gido duc va Pao tao.

Néi dung bd sach dwgc xay dung bam sét chirong trinh gide duc Trung hoc
phé thong, dng théi duwec cip nhit, b6 sung theo Phirong 4n t6 chivc Ki thi THPT
Qudc gia ndm 2017 cta Bo giéo duc va Pio tao.

C#u triic m&i cudn sach gdm 3 phén chinh:

Phan mét: Dinh hwéng chung ki thi trung hoc phé théng qudc gia va tuyen
sinh dai hoe, cao ding chinh quy 2017 (theo ting mén hoc)

Phin hai: Cic chi d&/ ndi dung 6n luyén

Cic ndi dung &n luyén tip trung vio kifn thitc ctia 16p 12. Trong d6, cé phin tém
it Iy thuyét, bai tap miu, bai tap twr luyén, hé théng cic ciu hdi tric nghiém & cép d6 co
ban nhim phuc vu hoc sinh 6n luyén d€ dat dirge muc dich xét cong nhéin tét nghiép
THPT va céc ciu hai phin héa d& dat myc dich xét tuyén dai hoc, cao ding.

Phiin ba: M6t s d& thi tham khdo

Cac d2 thi nay c6 d4p &n hodic hwdng din gidi. Hoc sinh dwoc rén luyén va nang
cao k¥ ning thyc hign tron ven mét @2 thi trong thii gian quy dinh. Pdng théi hoe
sinh ¢6 thé tr minh hé thdng héa dwoc kién thitc v 13 niing cin thidt ¢ho ki thiTHPT
Quéc gia va tuyén sinh dai hoc, cac ding hé chinh quy. :

Cling v&i bd sach trén, céng ty TNHH Dich vy Vin héa Sw Pham tiép tue gidi
thiéu va phat hanh bé sich Phwong phdp siéu tdc giai tric nghiém gbm cic mén
Toén, Tiéng Anh, Vit 1§, Héa hoc, Sinh hoc, Pia Ly, Lich st v cudn Bi quyét chinh
phuc mén Ngit vin bang so 6 tw duy nhdm phuc vu hoc sinh 6n luyén thi THPT
quéic gia vA tuyén sinh dai hoc cao d8ng hé chinh quy.

Xin tran trong gidi thiéu!
CONG TY TNHH DICH VU VAN HOA SU PHAM
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LOTNOI PAU

Niim hoc 2016 - 2017, [an diu tién mén Tedn cling véi edc mén Bia I, Lich sik,
Gido duc Cong déan thi véi hinh thite tric nghiém trong ki thi THPT Qudc gia va tuyén
sinh Dai hoc, Cao ddng 2017. ‘

De thi tri¢ nghiém Todn gdm 50 ciu, thyi gian 1am bai 90 phit. P& thi ¢é phan
Kki#m tra kién thirc co ban, ding d& xét t8t nghiép; vA phin ning cao, dimg d8 sing
loc thi sinh trong tuyén sinh vio cie trudng dai hoc, cao ding.

Nhir chiing ta d4 biét kiém tra - d4nh gi4 13 khiu cufi cling clia qué trinh day
va hoc. Sy thay d4di mang tinh d5t pha ndy clia Bd Gido duc sé lam thay d6i it nhigu
céch day va hoc & trung hoc phd théng hién nay.

Ciing béi vy, khéng ft céc hoc sinh vé thiy ¢ dang ban khodn khéng biét s&
phai day, hoc, 6n tap thé ndo d€ vt qua ki thi quan trong sap téi. Mgt K thi dic bigt
quan trong khong chi véi cic em ma con d8i véi ci nganh gido dyc khi lan d3u tién
hinh thirc thi tric nghiém dwgc 4p dung véi mén Todn,

Cudn sich On luyén thi triic nghiém trung hoc phd théng qudc gia nim
2017 médn Todn ra d&i nhim ddp tmg cac yéu ciu, 461 hoi thiét thye dé. Ngi dung
cudn sich khéng chi hé thdng hoa nhiimg kién thirc co ban cin nim vimg trong -
chwong trinh, ma con thiét 14p mét ngn hang cau hoi va bai tip tric nghiém kha
phong phii bim sét 7 chuyén d& chinh trong chwrong trinh hoc 1ép 12 gbm:

. Ham sf

. Ham s8 mii valogarit

. Nguyén hiam, tich phén

+  S&phirc

«  Khéidadién

. Khéi tron xoay

«  Phuong phap toa d§ trong khdng gian

Ching tbi hi vong ring cudn séch sé 13 tii lidu hwémg din hitu {ch cho hoc sinh
va cAc thiy cd gifo trong vidc day, hoc va thi THPT Qudc gia, tuyén sinh Dai hoc, Cao
dang hé chinh quy mdn Todn.

Mic dil 43 c6 nhidu c§ ging, song khoéng the tranh khéi nhitng thidu sét trong
qu4 trinh bién soan, cic tic giz rit mong nhan dwec ¥ kién déng gép cilia céc thay cb
gido, cAc em hoc sinh, va ban doc.

CACTACGIA
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PHAN MOT:

PINH HU'O'NG CHUNG Ki THI THPT QUGC GIA VA
TUYEN SINH PAI HQC, CAO PANG HE CHINH QUY
MON TOAN

Ngay 28/09/2016, Bd Gido duc va Dio tao d4 chinh thirc phé duyét Phuong
dn t8 chirc Ki thi THPT Quéc gia nim 2017, trong d6 quy dinh thi sinh thi 4 bai thi
g0m: 3 bai thi bt budc Todn, Ngit vin, Ngoai ngi¥ va 1 bai thi tw chon: Khoa hoc Ty
nhién hogc Khoa hoc X3 hdi. Ngoai 4 bai thi néi trén, th{ sinh ¢6 quyén dang kf thém
cac mon thi cdn lai clia ki thi d€ si dung cho viée ding ki tuy&n sinh dai hoc, cao
dang theo y&u ciu ciia cdc nganh dio tao do titng trudmg dai hoe, cao diing quy dinh
trong P8 4n tuyén sinh clia trirdmg dé.

Cac bai thi Toén, Ngoai ngft, Khoa hoc Tw nhién v Khoa hoc Xa hc_u thi theo
hinh thitc tric nghiém khich quan; mdi thi sinh trong citng phong thi ¢6 mot ma 48
thi riéng; thi sinh lam bai thi trén phidu tra &1 tric nghiém; Phidu tra & tric nghiém
cha thi sinh dwgc chdm bing phiin mém mdy tinh. Bai thi Ngir vin, thi theo hinh thic
tuw Judn.

N3i dung d2 thi THPT Qudc gia 2017 nim trong chwong trinh hoc 16p 12, ting
cudng cdu héi md, ciu héi gin véi thire tidn v cau héi vin dung 43m bio dé phan hda,
Trong méi d& thi s& cé phan kién thitc co bin - diing d& xét t8t nghidp va phin néng cao
- diing d€ sang loc thi sinh trong tuyén sinh vio céc trirdmg dai hoe, cao déng.

De thi dam bio ci 4 mikc 46 nhan bidt, théng hidu, vin dung, vin dung cao, doi
hoi hoc sinh van dyng kién thitc téng hop & 1am bi, gidi quyét cic vin da lidn quan
dén thue tin cudc sdng. Cong tic ra dB thi tip tuc dwoc dbi méi theo hwéng khéng
qua dai, khéng qua sau, khéng ning n& ciu chuyén tinh toan cong kénh v trong bai
tp s€ cé nhitng phwong phap gidi rit ngén gon,

D& thi mén Tean & dang tric nghiém khich quan véi 50 chu hdt'va thei gian
Iam bai 1 90 phiit.
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PHAN HALI: A A
NOIDUNG ON LUYEN

CHUONG 1 :
HAM SO

CHUYENDE 1.1 )
Tinh ddn diéu cia ham s6

A.TOM TAT LY THUYET .

1. Dinh nghia tinh don diéu clia him s&
Cho 1 1a mt khoang, mot doan hofic mét nita khodng v& him sé f xdc dinh tén I.
+ Hams6 f dugc goi 12 ddng bién trén J néu

VI, %2 €1 i3 < @2 = f(z1) < flza).

+ Ham s f dugc goi la nghich bién trén I ndu
Vo2 € I:m <zp = fa) > flz2).
Ham so déng hlen hogc nghich bién trén I duge goi chung 13 him s6 don diéu tén 1.

2. bitu kién cén de ham s6 don digu
Gid slt ham s6 f ¢6 dao him trén khodng 1.

a) Néuhamsb f déng bién trén I thi ' (xr) > 0viimoix e I.
b) Néuhim s6 f nghich bién wén I thi f/(z) < 0véimoiz e 7.

Chity: ¥ Ta cd thé mo rong khal niém ham s don diéu trén mét tdp bit k.
3. Pidu kién di de him sé don diéu
Gid sttham s6 f cé dao hdm trén khoang I.

a) Néu f'(z) > Ovdimoiz € I thihamsb f dbng bién trén khoang I.
b) Néu f'(z} < 0 vdimoic ¢ I thi hamsé f nghich bién trén khoéng 1.
€) Néu f'{(z) = 0 v6imoiz € / thi him sé f khong déi trén khodng .

Lugng Dutc Trong-Nguyén Nhu Théing-Kidu Trung Thily



On uyén thi tric nghiém THPT Quéc gia ndm 2017 mbn todn ‘  sphook.vn

Chil : Khodng I trén c6 thé duge thay bdi mft doan hodc mot nila khodng. Khi d6 phdi b6
sung thém gid thiét "Ham s6 lién tuc trén doan hodc mla khodng d6". :

Chii y: Trong thuc hanh gidi todn, ta thudng ding dang mé réng sau ctia dinh I wén: "Gid st
héam sb f(z) c6 dao ham trén khodng I Néu f'(z) 2 0{£ 0), ¥z € v f'(z) = 0 chi tai mfts6
hitu han diém thi ham 58 dbng bién (nghich bién) trén I". Thong thuing, trong chudng trinh
phd thong, héu hét cdc ham sb déu tut dong théa man diéu kién dao hdm trigt tiéy tal hitu han
diém, nén ta thiomg chi cdn kiém tra tinh khong &m ciia dgo ham.

B. CAC DANG BAI TAP

[ Dang 1:Xét tinh don digu cita him b

Phuong phap gial: D& xét tinh don diéu clia ham 8b y = flz) talam nhu sau

« Tim tap xdc dinh. _
« Tinhy. Tim céc diém z; m3 tai 46 dao ham ' = 0 hogc y’ khéng xdc dinh.

« Lap bang xét déu cho ¢’ va két ludn.

Vi DY 1.1 (D4 Minh hoa THPTQG 2017). Ham sy = 2a* + 1 déng bién trén khodng nao?

A (—oo; -%) B. {0; +00) C. (—%; +oo) D, {~co; 0)

GIAL TapxicdinhR.Taecéy =4z’ Doddy déng bién trén {0; +oo).
Viy dip an Li B. O

3
viDU 1.2. Ham sby = % — 2% — 3 + 2 théa man tink chét néo sau ddy:

A. Déng bién trén (—oo; —1) U (3;+0c) vé nghich bién rén (~1;3).

B. Nghich bién trén (—oo; —1) U (3; o0} v nghich bién trén (—1;3).

C. Déng bidn trén (—o0; —1) va (3; +oo), nghich bién trén (~1;3).

D. Nghich bién trén (—oc; —1) vé (3; +00), dong bién trén (~1;3).
GIAIL TXD:D=R.

Tacc')y’=22-2:1:—3,3;’=0<=>m2—2$—3=0®m.=——1,:1:=3.
Bang xét dau

z -0 -1 3 400

I + 0 - g +

B 56 ddng bién trén méi khodng (—o0; 1) va (3; +co), nghich bién trén (~1;3).
Vay ddp an la C.
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sphook.vn CHUONG 1. HAM 80

Nhdinxét: Vé bin chét, viéc xét s bién thién ciia ham sby = f(z) thudng dugc qui vé vide xét
dfu clia dao hiam f'(z). Trong khudn kh§ chutong trinh SGK, ddu cita f'(z) thudng dugc xic
dinh théng qua dinh If diu tam thitc bic hai: "trong trdi, ngoal cting", tifc 13 tyong khodng
hai nghiém, tam tinfc b4c hai trdi diu v6i hé s6 bic hai va ngoai khodng hai nghiém thi tam
thitc bic hai s& ciing dau vdi hé 6 bichai.

VIDU 1.3. Ham s ndo trong cic him sé sau day nghich bién trén mé khodng xdc dinh?

Ay=c®+2r—sinzx By=z*-322+0z
3 r+2
C_ = —_— D.oy=
y=2 z y T—2

GIAL Tatinh céc dac ham céc him s trén.
y=2"+2r —sing = ¢ =32 + 2 — cosz > D.
y=c*~32% + 95 =y = 3(z% — 2z +3) > 0.

3 3
y—x—;##-l+;>0.
_z+2 r____ 4
y.-x__2=>y— (z—2)2<0'
Vay déap dn la D, : O
Chity:Hamsdy = :;E:Zc # 0, dbng bién trén cic khodng xéc dinh khi va chikhi ad—be > 0

vanghich bién trén cic khodng xdc dinh khi va chi khi ad — be < 0.
LDgngz: Tim dién ki¢n tham sb d€ ham s5 don digu trén tip a
Phudng phap giai:

+ Tinh y". Diéu kign d€ him s ddng bién (nghich bién) trén D fa ¥ =00 <O ténDva
phugng trink 4'{x) = 0 ¢6 hita han nghiém trén D.

o Riit tham s m, dita vé dangm > g(z) hodc m < g(x) trén D.

* Khéo sit ham s6 g(z) trén D va rit ra két lugn.
Chit y: Ta thuiing chi xét D 1a mgt doan, mét khodng hay nia khodng trén R va véi han ché
trong chuong trinh SGK, diéu kign d2¢ ham trigt izu tai hitu han didm thuing tr déng diing,

VIDU 1.4, Tim tdz cd cdc gid tri ciiam dé ham sby = —&* + 2mz® + m + 2 nghich bién trén
[3; +00):

Am<3 Bm<3 Cm<g Dm<9

GIAL TXD: D =R.Tacdy’ = ~42° + dme = da(m — o7).
Ham 6 nghich bién trén khodng (3;+cc) & ¢ < 0,Ve > 3 & m < %, ¥z > 3. Suyra

m< min 2% =9,
[3i+o0)

Vidy didp dn 1 C. o

Luong Duc Trong-Nguyén Nhu Thing-Kiéu Trung Thily .9
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On luyén thi tric nghiém THPT Quoc gia ndm 2017 mén todn sphook.vn

Trong vi dy nay hoc sinh dé nhim lin di':ip an C va D. Dibu kién d8 ham s déng bién trén
khodng [ lay’ > 0,V € Ivacdthéy = 0 tai mot 86 hitu han diém. Do d4 ta vin chéip nhan
duge gid trim = 9.

Vi DU 1.5 (Pé Minh hoa THPTQG 2017). Tim tit cd cdc gid tri thuc cla tham s6 m sao cho

N Z tanz—2 L,x ..z . - W
har_n S0y = m déng bién trén khoang (0, Z)'
Am<0hodcl<m<2 Bm<0
Cl<m<?2 Dm=>=2

GIAL Dittanz =tz € (0; E) = t & (0;1). Vihim s tanz dong bién én (0; E), yéu ¢iu

bai todn trd thanh tim m € ham sb o(t) = 7 ‘i ddng bién trén khodng (0;1).

Tap xic dinh cfia him s t # m, nhuvaym € (0;1).

Hiim sé ¢6 dang phan thitc nhit trén luén ddng bién hodc nghich bién trén céc khodng xéc
dinh. Didu kién déng biénla ad — be = —m +2 > 0 ¢ m < 2. Két hop hai dién kidn ta dugc
m € (—oo; 0] U [1,2).

Vay dép an i A O

cos 2z + 2(m + 1) cosz + 2m? + 2m + 1
cosx +m -
thuc cila tham s6 m @€ ham s6 dé cho dong bien trén doan [0; E] .

Vi DU 1.6. Cho ham séy = . Tim tdt cd cdc gid tri

A.m<—% Bm< -1 Cmz0 Dm>0
kg . . 2 . o . T N 2 s i s
GIAL Diéu kign xéc dinh; cosz+m # 0véimolz € [0, f]‘ Do ham déng bien trén [0; 5],
~m ¢ [0;1) haym < —~1 hodcm > 0. Nhu véy, logiAvacC.
__cos2z —2cosz+5

Thit trc tiép véim = =2, khidéy = ————=—7—— = 2cosz+ 2+ --B—,tadudc
cosT —2 cosx— 2 d

’ . 8sinz . 4—cosT T
—_— PR —} —_—— 4 0-—=1.
i (z) = —2sinz + Teosz — 372 2sm$cos:1:( a3 0¥z e (0, 2)

Do d6, ham 56 ddng bién trén [0; g] .Viym = —2 théa mén, titc ] D sai.
Vayddp énlaB. o
Chiiy: C6 thé lam truc tz‘ép kidu tw lugn nhut sau: Thay cos 2z = 2cos® z — 1 riit gony ta dugc
y=2cosz + 2m - -—-2m—- T dé

€05

z+m 2

: 2m*sing cosx + 2m T
) = sy + 2 ST o4 COSE + em (_)
v'(z) sirl +( — B sm:ccosz(c poarpen >0Vz e 0,2

Scosr+2m<0vVz € ((};-725).

Ta dugem < —%. Két hap diéu kién ta dugem < ~1.

10 Litong Dic Trong-Nguyén Nhu Thing-Kiéu Trung Thily



sphook.vn CHUGNG 1. HAM $0

Nhdn xét: Cdc Vi du 1.5, 1.6 minh hoa 16 nét sy khic bigt giita cach 1am bai tw Iugn truyén
théng v cdch lam bai tric nghiém béing phutong phép logi trit. Véi ki bai tric nghiém chi
co mit phitong dn, trong khi cdch lim theo phong cdch it tudn cdn lgp ludn d€ tim chinh xde
Yéu cau rdi so sénh véi cic ddp dn dé chon phuong dn diing, cdch lim logi it chi cén chira
mét dic diém 4¢ logi b6 ddp dn sai. Vi vdy, trong nhiéu trong hop cdch lam logi triy cho 15i
gldi ngan gon va ti 1y hon vé thiji gian, Cdc em hoc sinh cén vén dung linh hoat cd hai cdch
lam trén khi gidi quyét mot cau héi cu thé,

[nggs: Tim dién kién tham s& € ham s& béc ba don diéu trén khoang cé dé dm
Phuong phép giél: Xétham s6 y = f(z,m) = az° + bz® + oz 4 g,

¢ Tinhy' = 3a2® + bz +c.

o Him sé don digdu trén khoang (z,,2,) sao cho |z, — 1) = L khi va chi khi phuong trinh
y' = 0¢6 hai nghiém phan biét, |z, — =L :
Diéukiénld A > 0vail = /52 — 4P, trong dd &, P 14n hugt 13 tdng va tick cfia hai didm
euc tr, dugc suy ra tit dinh Ij Viet.

VIDU 1.7, Véi gid tri nao ciia tham sém thi ham sé ¥ = 2° + 322 + 2mzx — m? nghich bién
trén dogn c6 d5 déi I6n nhdt bing2? ' :

Am=0 B.m<§ Cm=

3 D. Khéngton taim

[T ]

GIAL TXD: D =R, . ) \
Tacdy' = 32° + 62 + 2m. Ham sb nghich bién tén dogn €6 d6 dai bing 2 & ' < 0 wén
khoé.ng (xli 172) sao cho |.T.,2 - xll =2

1+ Ly = -2
Difukién A A’ = 9 — 6m > 0. Khi d6 theo dinh 1y Viet {a: . 2m
1Tz = ——
3

|$2—£L‘1|224#($1—22)2=(31+$2)2—4$1$2 =4—2g';£=4¢>m=0.

Vay dip dn i A. 0
C. BAI TAP TU LUYEN : -
BAITAP 1.1. Him sy = 2% + 52% + 7z -2 nghich bién trén khoing nio?

A (—oo;—g) B. (—g; —1) C. (—1;+00) D. (—o0; -1}
BAITAP 1.2, Himséy = f%j_wlis- nghich bién trén khodng nao?

A. (~00; 1)  B(-4-1)

C. {~o0; —4) : D. (—00; ~4) v& (~1;2)
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BAITAP 1.3. Chohamsby = :—:—%.'I‘imkhe’mgdixmaﬁng:
A, Ham sb nghich bién trén tip R.
B. Him sé nghich bién trén tap (—c0;2) U (2 +00).
C. Ham sb ddng bién trén ting khoang xc dinh.
D. Ham sé nghich bién trén titng khodng xéc dinh.

BAITAP 1.4. Himsby = V22 +25 -3 ddng bién trén khodng nio sau day:

A, (—o0; -3} B.(-3;-1) C.(-1;1) D. (1; +o0)
BAITAP 1.5. Ham s6 ndo sau déy nghich bién trén (3; +00)?

A.y=%m3+%zz——2x+2 B.y = —x* + 62 — 9z + 2

C.y=—%x3—332—2x+2 D.y=—z°+52—2

BAITAP 1.6. Cho ham sby = f(x) c6 béng bién thién nhut sau:

z —c0 -1 3 400

3 - 0 - 0 +

Tim khing dinh SAI trong cic khéng dinh saw:
A Ham sb ddng bién trén khodng (3; +oo) va nghich bién trén khoang (—o0; 3)-
B. Ham sb nghich bién trén khodng {—co; 3},
C. Ham sb nghich bin trén khong (—oo; —1).
D. Ham sb déng bién trén khodng (—1; +o0}.

BAI TAP 1.7. Cho him sby = f(z) c6 d thi nhu hinh v&. Tim khing dinh SAI trong cac
khéng dinh saw:

1 ¥
A.Ham s ddng bién trén khoang (—1;1). 4
B. Ham s6 nghich bién rén khodng (—c0; —1).

€. Ham sb nghich bién trén Kholng (—oo; 1).

D. Ham sé nghich bién trén khodng (1; +00). 10 T
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BAITAP 1.8. Timm dé hamsby =

-1 . . . = £
ﬂ;I+ 5 ddng bién trén mbi khodng xic dinh?

1 1 1 1
Am<—2 m>—= m < —2 m >
m< - B.m > 2 Cm< 3 D.m> 2

mz -+ 2
2z4+m

BAITAP 1.9. Tim tit ci gié trj clia tham sd m thihdm sb y =

(%;+co)?

A-2<m<l E.¥meR C—2<m<? D-1<m<?2

nghich bién trén khodng

BAITAP L.10. Tim tt c4 gid trf cha tham sbmthihaimsby = -2 + 322 —2mz+m’ —m
nghich bién trén khodng (—co; 0)2

A.m>% B.ng C.m=>0 Dm>0
BAITAP 1.11. Tim tit ch gié trj cha tham s6 m thiham sd y = #° + 32% + {m — 1)z + 2m dong
bién trén khodng (—oo; 0)2

A.mgg Bm>4 Cm>4 D.m>§
BAITAP 1.12. Tim tht ci gid tri cfia tham s m thi ham by = 2% — 2mz® — mz + 2m dong
bién trén khodng (1;2)?

D.m<:4~

Amg% Bom< Cm< 5

5

ol i

BAITAP 1.18. Tim tht ¢4 gid tri cfia tham s6 m thi hdm sd y = —z* + 2(m? - 1)z — 3m+1
nghich bién trén khoang (2; +0)?

Am<3 B.m<5 Cm<V5 D.—V5<m<vE

BAITAP 1.14. Tim tit c gi tri clia tham s8 m thi ham sé y = * + 2ma® - 2m? ddng bién
trén khodng (1; +o0)?

Am>-—-1 Bm>1 C.m>-1 Dm>1

BAITAP 1.15. Tim tAt ¢A gid trj clia tham sb m thi him s y = mz + cos 7 — 2 dbng bién trén
tép xac dinh?

Am<-—1 Bm=>1 Cm>1 D-1<m<1

BAITAP 1.16. Tim tit ci gié tri cfia tham sb m thi ham 56 y = sin2z — mx nghich bién trén
tép xéc dinh? :

Am<-2 B.m>2 Cm< -1 D.m<1
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BAITAP 1.17. Tim tit ¢4 cdc gi4 tr ctia tham s& m & ham sby = 2° + 62% + ma — 3 nghich
bién trén mdt khoing c6 d6 dailén nhit bing 22

Am<9 B.m<12 C.m>~3 Dm=¢

BAITAP 1.18. Tim tit cd céc gid trf clia tham s6 m d€ham s8 y = 2° + 92° — mz — 1 nghich
bién trén khodng chifa nhiéu nhét 3 s6 nguyén?

Am<-15 B.m>-24
C.-24<m< ~15 D -24<m<—-15
D. LOI GIAI VA DAP AN

GIATBAI'TAP 1.1. Ta diing phuong phép loai trit. Vi ham béc 3 vdi hé s6 ¢ > 0 chi nghich
bién trong khodng hai nghiém ciia y' = 0 nén loai A, C, D.
Ddp dn diing la B, . O

.o 9 g
AT 1.2 é =2z — .D 3, ¢ =]——a _
GIAI BAI TAP Viety =2 6+$+1 o dd, ¢'(z) =1 EFEyE

khiz € {-4; 2],z # —1. Vay ham s6 nghich bién trén (—4 ~1) vatén (~1;2),
Ddp dn dingla B. O

. Xéty' < 0 khivachi

GIAI BAI TAP 1.3. Vi ham phan thitc don gidn, d& thiyy = < 0. Do d6, ham sb da

cho nghich bién trén titng khodng x4c dinh.

-1
(w27

Ddp an diingla D. a
PN . i +1
GIAI BAITAP 1.4. Tip xéc dinh D = (—o0; ~3] U [1; +oo). DE thiy /(z) = —— T 1
: 3p xéc di ( J U [1;+00) YV (@) = —Zmea—
Ddp dn diing la D.
Chit §: C6 thé lap lugh don gidn hon béng phutong phép logi trit. T# TXD thdy logi ¢d B,C vi
khéng ndm trong TXD v lim y = +co nén logi A. Viy chon D. ]

GIATBAITAP 1.5. ThitA, ' 12 tam thiic bic hai hé sé duong, nén ' > 0 khi = ngoai khodng
hai nghiém, logi A. Thit B, y’ = —32 + 12 ~ 9 = 0 ¢6 hai nghiém e = 1 hodcz = 3. Ham sé
nghich bién trén (~co; 1) va trén (3; +co). DAp 4n B diing,

Ddp dn diing 1& B,
Chit : Cdu triic dé thi THPTQG 2017 chi chon mdt dép dn, do d6 khi thi} duge deip dn théa
man yéu cau bai todn khong cén xét cdc truing hop con lgi, 0

GIAI BAI TAP 1.6. Tit bing bién thién ta thiy khéng dinh trong 4, B, C diing.
Ddp dndinglaD. O

GIAT BAITAP 1.7. TiX 4 thi ham 6, céc khéng dinh A;B,D dting, C sai.
Ddpdn dunglaC. 0
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GIAI BAI TAP 1.8, Vi ham phén thiic don gidn, him s§ dong bién trén titng khodng xdc dinh
khiva chikhi2m + 1 > Ohaym > —%.
Dip dn diingia D. a

GIATBAITAP 1.9. 'I‘er.leuklenxacdmh—— ¢( -}-oo) haym > —1. Tird6 logi A,B,C.

Pdpdn ditngla D. 0
GIAIBAITAP 1.10. Tachy' = —32% + 6z — 2m. Hamsongh.lchblentren( 003 O)khlvachl
khi —3z% + 6z — 2m < 0 Vz € (—o0; 0) haym > % Vz < 0.Hambéchaiy = §£_2f'-"7_
didng bién trén (~co; 0), ta dugem > 0. :

Ddp dn diing Ia C. ]

GIAIBAITAP L11. Tacdy = 3z® + 6z + (m—1). Viyiahambackluba,ydongblentren
{—c0; 0) khiva,chikhiy' > 0 Ve < O haym > (1 — 6z — 32%) ¥z < 0. ’I‘utmhchathambacz
ham g(z) = 1 — 6 — 3z dat GTLN béng g(—1) = 4. Vaym > e g{z) =

S

Ddp dn ding la B. O

GIATBAITAP 1.12. Tacdy' = 32% — dmz —~m.
Diéu kién cin tinh ddng bién: 3x* ~ dmz —m >0 Yz e (1;2).

Bdpdn dinglaD. O
GIAI BAI TAP 1.13. Dép dn diing 12 D. , g
GIAI BAITAP 1.14. Ddp dn diingla C. i

GIATBAITAP 1.15. TXDRAR. 'Iudxeuklencancuahamdongbxen,y =m—-cost > 0Vz €R.
Dodo,m)l Vay, chJconleuha.tphlIdnga.nBvaC Khim =1, y’ =1-—cosz > 0menRva

trén méi doan hitu han y (z) = 0 ¢6 hitu han nghiém. Do d6, y ddng bién trén moi khodng

hitu han. Vithé, y dbng bifn én Rkhim = =1.
BDdp dn dingla B. ) a

GIAI BAI TAP 1.16. Tacéy' = 2cos 2 — m. Ham s6 nghich bién kéo theo
2eo5%z ~m < Ve € R & m > 2cos2zVz € R & m > max{2cos2z) = 2

Pdp dndhingla B.
O

GIATBAITAP 1.17. Tacdy = 32 +12z +m. Néu A’ = 36— 3m < 0, ham sb nghich bién trén
R.KhiA' > 0 & m < 12, himsb dongblen trén khodng ¢ dd dai lén nhit (21:1,:!’.‘2) Vi 71; T2
lihainghiémcliay = 0. Do dd, o1 — 22| =2 & (31 — z2)% = 4 hay (:c1 +23)° — dzymp = 4.
St dung dinh Iy Viet: z; -+ x2 = —4, 212 = — . Thé vao ta dugc 4° —45 =4.Viym =19

Ddp dn dunglaD. O
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GIAIBAITAP 1.18. Tacéy' = 322 + 18z — m.

H2m 6 c6 khodng nghich bién nén A’ = 81 — 3m > 0.

Kihigu z; = —6 — 1/9+%,m2 = —6+,/0+ % 1a hai nghigm clia y’ = 0. Ham sé nghich
bién trén khodng I6n nhét (z), z,). D& thiy —6 € (z1; 2,). Khodng nay chita nhidu nhit 3 sé
nguyénkhivichikhi -5 < ;) < -4 <2< 29 < —1. Thay cdng thic z;, z; ta dugc

1< 1/9+§ <2& -2 <m< 15,
DBdpdndinglaD,

Chil y: L3t gidi theo phong cdch truyén thong nhu trén chit ché nhung khd philc tap, Néu
diing phuong phap logi trit c6 thé Ip lugn don gidn nhut sau: Vi —m Ién, ham s6 luén déng
bién trén R nén logi A. Thit truc tidp m = —15, ham s6 trd thinhy = 2° + 922 + 152 — 1,
¥ =33° + 18z + 15 = 0 ta dugcz;, = —5,z; = —1. Nkt vdym = —15 théa man. Logi C. Thik
tric tiépm = 0 khdng théa mén, logi B,

DBdp dndiinglaD. O
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CHUYEN DE 1.2 -
Cuc tri cta ham so

A TOMTATLY THUYET
1. Dinh nghia cute tri clia ham s6
Cho ham s6 f(x) xéc dinh trén kho#ng (a; b) v 7 € (a; ). Ta néi:

a) Ham sd f dat ctic dai tai 2o néu tdn tai sb b > 0520 cho f(z) < f(z) Wimoiz €
(m0 — hyzo + h) VA # zq. f(zo) goi l2 gid tr cuc dai cfia ham sb.

b) Ham s f dat cuc ti8u tai 20 néu thn tai sb b > 0 sao cho f(z) > F(zm) véimoiz &
(zo — hsxp + h) VA z # ap. f(2o) goi lagia tri cuc tifu chia ham sb.
2. Piéu kién &t 4 him sb 6 cwe i
Dinh ¥ 1: Gid st ham s& f ¢ dao him ténkhodng I = (xg — h; %o + k) hodic I\ {ze}.

a) Néu f'{z) > 0 trén khodng (zo — h; 2o) v F'(z) < 0 trén khodng (zo;zg + k) thiz 2
di€m cyc dai cfia ham sb f(z).

b} Néu f'{z) < 0 trén khodng (z9 — h; o) va f'{z) > 0 trén khodng (zo; zg + &) thi zg 13 .
diém cuc tidu cfia ham sé f(z).
Binh If 2: Gi sttham s6 f ¢ dao him cip hai trén khoing I = (zy — bz + B) v6i A > 0.
a) Néu f'(zg) = 0, f*(zg) < 0thizg 12 difm cyc dai ciia him s& #(z).
b) Néu f'(z¢) = 0, f"(%0) > 0 thi 5o 12 difn cyie tidu cfia ham sb f{z).
B. CAC DANG BAI TAP
Dang I: Tim cyic tri ciia ham s
Phuiving phap gial: D€ im cyc tr cliaham sé y = f(z) talam nhu saw:
« Tim tép xdc dinh.
« Tinh¢'. Tim céc di€ém ma tai d6 dao him ¢’ = 0 hoic v’ khdng xic dinh.

o Lip bang bién thién va kétluan.
P ey gy |

viDU 1.8, Hamsby = )

. Khing dinh nio sau déy 1 khing dinh diing?

-

A Hém 36 dat cuc dai talz = —2, dat cuéc tidi tai z = 0.
B. Ham sb dat cuc dai taiz = —2 vz = 0.
C. Hamn s6 dat cuc tidu taiz = —2 viz = 0.

" D. Him s dat cyc tidu taiz = —2, dat cic dai taiz = 0.

Lugng Pitc Trong-Nguyén Nhu Thing-Kiéu Trung Thily 17



On luyén thi tréc nghidm THPT Quéc gia niim 2017 mén todn spbook.vn

GIAL TXD: D =E.
22° + 4z

0 ':-———-———- ’= 2 = =—2 =,
Tacoy (m+1)2,y‘: le2’tdr=0&2 ,z2=0
y' khdngxdc dinh taiz = -1,
Bang xét ddu
z | —oC -2 -1 0 +o0
y + 0 - - 0 +

Tit bang xét ddu suy ra ham 6 dat cue dai tal £ = —2 va dat cuic tifu tai z = 0.
Yy diip én la A. O

Nhiin xét: Vi him s6 lién tuc khdc khong trén mét khodng sé c6 déu xdc dinh trén khoing
46, nén dé xét déu ¢ trén tiing khodng, ta cé thé thit truc tidp diu cfia »' tai mbt didm nim
trong khoéng d6. Tuy nhién, déu clia y’ khi qua timg diém t3i han ciia ham s6, ¢6 thé khéng
ddi diu.

VIDU 1.9. Him sdy = x — sinz + 2016 ¢6 bao nhidu diém cuc tri2

A0 B.1 c2 D vésh

GIAL TXD: D =R.

Tacdy'(z) =1 —cosz Vo e R.Phuongfrinhy =0« 1 —cose =0 & = = k2r,k € Z.

Xét tai méi z = k2r, k € Z. dao ham y'(x) mang diu dudng khi = qua k2. Do d6, = = k27
khong 13 difm cuc tri ciia hiim sb,

Vaydapanla A 0

Chit y: Céu nay hoc sinh dé chon nhdm phudng dn D, khi quén khéng kidm tra didu kién dif
tai cdc diém 16 han
Phudng phip giai 2: D& tim cuc tri cha ham s y = f(z) talim nhu sau

¢ Tim tép xac dinh.

¢ Tinhy' Timcicdima; G=1,2,...,n) mitai dé daohamy = 0.

s Tinh f"(2) va f" ().

o Duyta vio diu ciia £(z;) suy ra tinh chit cuc trj ctia diém z;.
viDu 110 (DéMinh;ipa THPTQG 2017). Cho him 56y = £® — 3z + 2. Gid tri cuc dai yeo
ciia hém sé 13

Ayep=4 Byep=1 Cyep=10 Dy =-1
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GIAL TXD:D =R.

Tacdy =32 3,4 =032 —3=0e 5=+

¥ =6z Suyray”(1}) = 6 > 0,"(~1) = —6 < Onénz = —1 B didm cuc dai ciia him sé.
wp=y(=1) =4

Vay dap dn la A. : m)

VIDU 1.11, Cho ham sy = 2 + 42° + 1. Tsm khdng dinh diing
Ay dat cyc i tgi didm e = £V2 wic =0
B. ydatcuctituigiz =0,
C. ydatcucdaitaiz = 0.
D. y dat cyic dgi tafx = § va cuc tiéu tgz‘a:-= +/2.
GIAL TXD: D =R.
Tacdy =4z° + 82,4/ =00 42 +8z2 =0 z=0.
y” = 122" + 8,3”(0) = 8 > 0 nén z = 014 difm cyc tifu clia ham sb.
Véy dip dn la B.

Nhén xét: Chiing ta thugng sit dung Quy tic 2 khi im diém cuc tri clia cic ham bic ba va
béc bén. Cac ham s8 niy cé dao ham cp mét trén toan truc sd va d& ding tinh dugc cic dao
ham cip hai.

O

Khi gip bai todn chifa tham sb, chiing ta xét céc didm cuc tri theo cdc phudng phép trén.
VIDY L.12. Ham sby = 2° — 32% + ma dat cuc tiéi tai © = 2 khi

Am=0 Bm+#0 Cm>0 D.m<Q

GIAL Tacéy =32 — 6z +m,y" =6z —6.
z = 213 dim cuc tiéu clia ham s6 khi va chikhiy'(2) =0,(2) > 0 & m =0.
Vay dép dn L A. o

VIDU 1.13. Ham sby = ma® + 32 + 12z dat cuc dai tai z = 2 khi
Am=-3 Bm=-2 Cm=0 Dom=-1

GIAL Tacéy = 3ma® + 6z + 12, 4" = Bz +6.
= 213 diém cyc dai clia him s6 khi va chikhiy'(2) = 0,37(2) < 0 & 12m+24 =0, 12m36 <
Q& m=-2

VaydapanlaB. O
VIDU 1.14. Ham s6 néo sau déy chi c6 cuc dai ma khéng co cuc tigu ?
11—z
_ .3 2 : _
Ay=-—z"+3z°+2 By 2+4I
C.yzm_2 D.y=—%-—m""+1

T+1
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GIAT, Ham pha.n thite dang béc nhét trén bic nhit khéng ¢6 cdc tri do 3 ludn git nguyen
déu. Dép dnA, 3y = —32% + 3 = 0 ¢6 hai nghiém phén biét, ham s ¢6 ¢a cule dai va cue téu.
VaydapdanlaD,

ViDU 1.15. Ham séy = 2z| + cos 2¢ — 2016 6 bao nhidu diém citc tri?

A0 B.1 c2 D, vish

GIAL TXD: D = R. Him 58 khdng c6 dao ham tai z = 0.
Tacdy'(z) =2 - 2sin2x Vo > 0va ¢/ (z) = =2~ 2sin 2z Vz < 0.
Phuong rinh ¢/ = 0 < z = Z—+k¢r,keNh0{1cz= _§+kw,kez,k50.
Xét tai z = 0. Viy/(z) ddi ddu tit 4m sang duong khi z qua 0 nén = = 0 1 mét diém cuc tifu
cizahé.mgé. .
Xét tai méi difm téi han z, # 0. Xhi d6, dao him 3 () luén mang ddu dusngkhiz qua z. > 0
v mang déu am néu khi qua z. < 0. Do d6, ham s6 khong c6 digm cyc tri ndo khdc 0.
Vay dap an la B.

Dang 2: Phwong trinh duing thing di qua hai diém cuc tri

Phuong phap gidi: Bai todn vé phudng trinh duiing thing di qua hai difm cyc tri thutding xét
dbi véi ham sb bic ba va ham phén thie.

» Xétham bicbay = f(z) = az® + bz® + cz + d. Diing phudng phap chia da thiie, ta viét
dudc y = ¢/ (z)q(z) + Az + B trong dé ¢{z) 12 thudng, Az + B I phan dukhi chia y(x)
cho o (z). Tai cée dim cuc triy’ = 0, do dé phuong trinh dudng thing di qua hai diém
cuc tri ¢6 phudng trinh y = Az + B. Ngoii ra, dd thi ham bic ba ¢6 tim dbi xing 1a
diém udn ctia db thi ham sé. Digm ubn chng chinh 13 trung difm doan thing néi hai
diém cuc tri ciia 46 thi ham s6 (néu tén tai cic tri).

» Xétham phin thitcy = %, trong dé u(z), v(z) 14 céc da thitc bic hai vi bic nhét. Tai
cic difm cyc tri ¢’ = 0 < w'v — v'u = 0. Do dd, dudng thing di qua hai diém cuc o cé
I
tone i o = 48 _ @)
PRIGIEEIRY ™ 3(a) ~ vi(a)

222 +x+1

€6 hé 56
z+1

VIDU L.16. Duing théng di qua hai diém cuc tri ciia dd thi hém sby =
géc la:
Ak=-1 Bk=2 Chk=6 DEk=4

u(z)
(@)’

db thébaminy = 0 & w'v ~ v'u = 0, do d6 toa d8 hai diém cuc tri thda man phuong trinh

= —*-:Ez; = ,E )) Pudng thing di qua hai difm cuctrilay = 4z +1,hé shgéck =4

Vay ddp anliB. (]

GIAL Ham sb dang phan thiic béc hai trén bc nhity = Céc diém cyc tri ¢6 hoinh
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r 2 — —
VIDU 117. Bibtrdngham sby = 25— Y75 4 cvte ori i cdie difim oy, zs. Gid triclia

z+3
bidu thite P = | L) = 1@2) | 45,
&y — T2
AP=2 B P=6 CP=4 DP=3
GHI &k = w 12 hé sb goc cha duiing thing qua hai didm cyc trj (=1; f{z1)) va
1— 3y
(z2: f(z2)) clia ham sb. Dudng thing naylay = 4z — 7, do d6 P = |k| = 4.
Vay ddp an la C. O

| Dang 3: Tim tham s5 7 dé ham s ¢4 » cuic tri thda man didu kién cho trwdc

Phu’dng phap giai: Bai todn v2 55 cuc tri xét vdi ham s6 bic ba va bac bdn tring phudng.
Ham 56 cd » cyc tri khi va chi khi phuung tinh 3’ = 0 ¢ n nghiém phéin biét.

Céc didu kién trong bi todn cuc tri c6 thé chia thinh hai nhém:

« Diéu kién lién quan dén hifu thuc dai s6.
Xéthambécbay = f(z) = az® + ba® +cx + d = ¥ = 30z® + 2z + c. Didu kién duta v
tinh chit nghiém clia tam thiic bac hai ¢/, Ta sit dung dinh 1{ Viée.
o Difukién lién quan dén yéu t6 hinh hoc.
Ching ta lua ¥ tmh chét diic biét clia cic difm cyc tri clia him béc bén trimg phudng,
Xethamsoy ar® + b’ f e n # 0. Tacoy’ 4ax + 2bz. Ham s6 ludn cé cuc tri tai
difm z = 0, difm cyec tri A0; ¢) clia 38 thi ham s6 néim trén truc tung.
Khi ab < 0, d3 thi ham sb cé thém hai dim cuc tri B(zg; yo), C{—20; o) d6i xiing nhau
qua truc tung Oy. AABC cin tai A. Cic tinh chit dic biét clia AABC thuding dugc xét
dén B
- AABC vubng < AB.AC = 0.
- AABC déu« AB = BC.
- AABC cd dién tich § cho trudc.

Vi DU 1.18. Ham s6y = z° — mx® — z + 1 ¢d hai diém cuc tri z1,z0 théa mén diéu kién
3(zy + w2} = 2 khi:

Am=-1 Bm=10 Cm=1 Dm=2
GIAL yf = 3z® — 2mz — 1. A’ = m® + 3 > 0nény = 0 c6 hai nghiém phan biét, him s5 c6
7 hai diém cyc tri x;, za.
Theo dinh 1§ Viét, z; + z5 = -2—;3.130 463(cy +2) =2 & m=1.
Yoy diip dn i C. o
ViDU 1.19. Tim tham sém déhim sby = =° — 32% + mx — 1 ¢6 hai dién cuc triz,, =, théa
mén diéu kign 22 + 22 = 32

Am=1 Bm=-1 Cm= D.m=g

ol
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GHI ' =32 — 6z 4+ m. A’ = 9 — 3m. Ham 6 ¢6 hai cyic tri © ¢ = 0 ¢6 hai nghiém phan
bitt=9-3m>0em<3i m
Theo dinh If Viet, #1 + 29 = 2, 7173 = 3 Do dé

2
3=z} 4+ 22 = (z; +22)? —2m1m2@4——;n——3ﬁm—“g
VaydapanlaD. O

VIDUI 20. Tim tham sdm dfham sby = 42 + ma? — 3z €6 hai diém cuic triz,, zo théamén
didu kign oy + dzy = 07
9 3 1
A.m—:l:-z- B.m-:l:-i C.m—:i:-é— Dm=0
GIAL ¢ = 1227 — 2mx — 3. A" =m? 4 36 > 0.
Nhén théy diéu kién dbi véi hai diém cuc tri khé biéu dién lai qua dinh I Viet, vi thé ta tinh

trigc tiép nghidm va thay vio phudng trinh 3/ = 0. Ta c6 zy.zy = = —4zy. Suy ra
Ty = :{:2. Thay vio phudng trinh i’ = 0 tacd

(N2 2m =2

y(4 ST g ¥=0=m=—

(=2 2m . =2

y(4 Sty i=0=m=3
Vay dip énla A . m]

viby1.21. 'Iimtatcathamsomdedathzhamsoy“a: —62% + 3(m + 2)2 ~ m — 6 ¢d hai
diém cyc tri vGi hoanh dé ciing dduz?

A-2<m<?2 . B -2<mx2 C-2<m«<?2 D-1<m<3
GIAL -—32: ~12z+3(m+2) =063 —dzt(m+2)=0.

Dothlham s ¢6 hai diém cuatncohaldlemcmmvdxhoanh dé cling d&u « phuong trinh
¢’ = 0.¢6 hai nghiém phén biét théa min 2,7, > 0. Didu kign 1

L -
{A =A-mED >0 em<2

1o =m+2>0
Viy dapdanlaC, a

vi Dyi.22 (Dé Mink' hoa THPTQG 2017). Tim tét cd cdc gid tr thite ciia tham sé m sao cho

dd thi ham sby = o* + 2ma? + 1 o6 ba diém cuc trf tao thanh mét tam gidc vudng can.
.e‘i.m=—i Bm=-1 Cm 1

o] G
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GIAL o = 43° 4 4mz =0 & z = 0,2% = —m. Ham 6 ¢6 3 diém cuc tri <> m < 0.
Toa df 3 difm cuc trila A(0; 1), B(v—m; 1 — m?),C(—v—m;1 — m?).
Suyraﬁ—(\/—_m,—m)}l —( x/—_m— 23,

AABCvuongcan@»A AC=m*—mP=08m=0,m==1

Kethdp didukiénm < 0 tadugcm = —1.
Vay dap din 1a B, 0

VIDU 1.23. Tim 18t cdi cdc gid tri clia tham s6m thi db thi him séy = 24 +2(L—mD)z? +m+1
¢6 ba diém cuic tri tao thanh tam gidc c6 di¢n tich bang4\/_

Am==1 Bm=%/3 C.Khéngténtaim  D.Ddp dnkhdc

GIAL y’=4z3+4(1—m2)a:=0ﬁ:c=0,x2=m2—1.Hém56c63di§mcuctdkhjvéchi
khim? —1>0¢>[m|>1
Toado3dlemc11c1:nlaA(0 m+1), B{v'm? —1im+1~{m? — 1)%),0(—vVm? - Lm+1-
(m® —1)%).
KhoangcachtitAdenduEingthangBC ge=m+1—(m?—1)%d=|ya ~—ysl= (m*- 1%
BC 2\/ 1. 5uyra Sage = 4V2 & (m? —1)g—4\/_@m —1=2¢&m=+v3.

Vay dip én luB.

VfDU 1.24. Cho ham sby = z° — 3ma® — 9z +m -+ 4. Tim didu kién cham d& ham sb di cho
6 hai diém cuc tri d6i xiing nhau qua dudng thingz — 8y — 49 = 07

Am=-1 Bm=1 . C-l<m<b Dm=10

GIAL AB dbixtng quad:y = z_Ttig khi vi chikhi 4B 1 d vi trung diém M clia AB nim
trén 4. Trung diém clia AB 14 dim udn cha db thi ham sb: y"(z) = 6z —6m =0 & z = m.
Ta duge toa dd M(m; —2m° ~8m+4).DidmM cd o m —8(—2m° - 8n+4) -9 =0 &
16m® +65m ~8l=0&m=1

Vay dip én li B. o
Chil y: Trong I0i gidi trén ta thay diéu kign trung diém hai diém cuc tri thujc d diing dé thu
dugem = 1. Ddy chi la digu kién can. Do d6 loai c¢d A,C va D, Do chi ¢ mit ddp dn diing
nén chon B. Trong mit s6 tinh hubng khdc, cG thé kiém tra diéu kién dudng thing qua hai
didm cyc tri vudng goc véi d trude nhi sauw: Viy' = 3z — 6ms — 9. Chia da thilcy cho ¥,
ta dudc y(z) = y'(2) 2= — 2m? + 3)z + 4. Ta dugc phiiong trink qua hai diém cuc i 1

y=—2(m? +3)z +4 Trudc hét, AB L d & —2(m? + 3)% = 1+ m = +1. Trong trudng hop
cu thé nay, cdch lam sau déi hon. Tuy nhién, cdn két hop linh hoat ditng diéu kign néo trude
trong tiing tinh hubng cu thé,

C. BAI TAP TU LUYEN

BAI'TAP 1.19. Gid st ham sb f(z) dat cyc tidu tai difm 5, Tim ménh dé diing trong céc
ménh dé sau.
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A fizg) =0,
B. f'(xq) khéng ton tai.
C. f'{zo) = 0 hodc f'(zo) khong tdn tai.
D. f(zo) = 0.
BAITAP 1.20. Cho ham sby = f(z) c6 dao ham tai diém zo. Chon ménh dé diing!
A. Néu ham sb dat cuc tri tai zq thi f(ze) = 0.
B. Néu f*{zo} = 0 thi him s dat cyc tri tai =y,
€. Néuham sb dat cuc tri tai 7, thi f(z) d6i dbu khi qua zo.
D. Néuham sb dat cye tri tai zo thi f'(zp) = 0.
BAITAP 1.21. Cho ham sé y = az® + ba® + cx + d, @ # 0. Chon kbéing dinh SAL
A Néuhimsb co cye tri thi him s 6 hai diém cuc tr.
B. Ham s cb cuc tri khi va chi khi phuong trinh ' = 0 ¢6 hai nghiém phéan biét.
C. Db thi ham sb Iudn cét truc hoanh.
D. Ham s8 6 eyt tri khi v chi khi phuidng trinh ' = 0 ¢ nghiém.
BAITAP 1.22, Chohim sy = az® + bz® + ¢ (a # 0). Chon khéng dinh SAL
A, Ham s6 luén ludn cé eyc txi,
B. D4 thi ham s6 nhén true tung lam truc d6i ximg.
C. Phuong trinh ¢ = 0 ludn cé nghiém.
D. Db thi ham sé ludn cit tryc hoanh.
BAI'TAP 1.23. Ham s bic ba ¢6 thé ¢4 bao nhiéu cyc tri?
A2 B.0Ohodc2 C.0hodclhodc2 D.1hoic2
BAI'TAP 1.24. Him s8 bic bén trimg phuong 6 thé c6 bao nhiéu cutc triz
A0 B.0hodc3 C.0hoédc 1 hoic3 D. 1 ho3c3
BAITAP 1.25. Cho ham sy = z® — 3z + 2. Khing dinh nio sau day sai?
A. Ham s6 dat euc dai taiz = —1 B. Ham s6 dat cuc tifutaiz = 1

C. Ham s6 khéng cé cuc tri D. Ham 56 ¢6 2 diém cuc tri
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BAITAP 1.26. D4 thi ham sé y = z* — 2% + 12 ¢6 méy difm cyc i
A4 B.3 c.z2 D.1
BAITAP 1.27. Ham sb y = (2 — 2)3{z + 1) cé bao nhiéu didm e tri:

A7 B.5 C.3 D.1
BAITAP 1.28. Cho ham sby = 3z° — 4z° — mz — m? phu thudc tham s5 m. Ham s8 dat cuc
tri tai 2 dim z;, z2. Khi d6 ténga:l +zpcogidtrila
1 1 8
A-"“"é' B-'%‘ C-'§ D-l
BAITAP 1.29. B thihamsby =z + 14
¥ = az + b thi tich a.b biing:

- f : ¢6 hai didm cuic tri n¥m trén dudng thing

AOD B.2 C.4 D -2
BAITAP 1.30. Cho hém sy = 2 — 3¢® + 4.Tim diéu kign cla tham s m d€ duding thing di
qua hal dém cuc trf ctia hiun s6 tiép xtic vl dubng dn (z ~m + 1) + (y + 3m)? =5
Am=-1 B.m = —-11hodcm = —1
Cm=11 Bom=~11
BAI TAP 1.31. Tim tht ci céc gid tri clia tham s5 m sao cho diém Q(0;0) nim trén dubng
thing di qua hai diém cuc tri clia db thibdm sé y = 2® — 3ma® + m — 22
Am<0 B.m>2
Cm=2 D.m=0hodcm=~=2
BAI'TAP 1.32. Tim tht ci cdc gid tri clia tham s6 m thi dudng thing d : y = z +m di qua trung
diém cfia doan thing ndi hai diém cyc tri cfia ¢d thi him sy = z° ~ 62? + 92?
Am=0 Bm=1 Cme=2 Dm=3
BAI TAP 1.33. Goi 4, B lin lugt 12 2 difm cyc tri cia dd thi him sd y = 2® — 3% + 2. Xhi d6
dién tich tam gidc ABC, véi C(1; 1) ¢6 gia trj béng bao nhidu?
Al B.2 GC3 D.4
BAITAP 1.34. Khoéng céch tit difm cuc dai clia @8 thi him sd y = z° — 32 + 1 dén dudng

phén gidc goc phan w thi hai trong hé tnyc Oxy K

Al B.g C.2 D.v3
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. 2 .
BAITAP 1.35, Ddthiham sy = %—é 6 bai diém cyc tri n3m trén dubng thing d cé

phudng trinh y = ag + bthigidtricliaT = a + 25 1&:
A -1 B.0 C.1 D -2

BAITAP 1.36, D5 thiham sd y = 2* — 3% + mz + m c6 dudng thing di qua hai difm cuc
song song véi dudng thing d : y = 2¢ — 1 khi;

1 2 3
A_m=§ B.m—§ C.m=6 D.m—i

BAITAP 1.37. Db thj ham sb y = z° - 32® + mz + 2 c6 dudng thiing di qua hai difm cuc tri
tao véi vl dudng thing d : z + 4y ~ 5 = 0 mt goc o = 45°khi: -

1
A.m=—-% B.m=% C.m=:l:§ D. Pdp dnkhac
BAI TAP 1.38. Tim dé him s6 y = 2 — mz® + 3z — 2 dat cytc tidu taiz = 22
15 4 4 15
Am«—-—--z- B.m—E C.m——-l—5 Dm-z-

BAITAP 1.39. Didu kién ctiam dé ham s y = 2 + 322 + mz + m — 2 ¢6 hai diém cuc tri i
Am>=23 Bm<3
C.meR D. Khéng tin taim
BAITAP140 'I‘imtatcacacglatnthuccuaﬂlamsomdedoﬂuhamsoy =gt — (m -
)2x2+m c6 3 didm cue tri?

Am>2 B.m<2 Cm=2 Dm#2

BAITAP 1.41. 'Iimthamsomdedoﬂnhamsoy_a: + (2m — 1)z% + m+ 1 ¢é diing 1 diém
cuc tri?
1

1
A.m<§ B.ms

B3|
B =

BAITAP 1.42. Tit dang digu d3 thi him sd y = |22 — 4| ¢4 miy cuc tiéu?
A2 B.0 C. 1 D.3
BAITAP 1.43. D3 thj him sd y = Jaz* + bz® + ¢f ¢6 ti da bao nhiéu diém cyc tri?
A5 B.6 C.7 i D.3

BAITAP 1.44. D4 thi ham s8 y = —z* + 2(m — 1)2? + 3 ¢6 cutc dai ma khéng ¢6 cyc tidu khi:

Am<l1 Bm<li Cm>1 Dm>1
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BAITAP 1.45. D3 thi ham s8 n3o sau déy chi c6 1 didm cyc tri?
Ay=3z-42%12 By=(m*+4)z*+9z°—1
Cy=-z'+272-3 Dy=—a*+(m?+1)x2 +2

BAI'TAP 1.46. $5 diém cyc tri cia ham y = cos g — z 4

A.vosh B.2 C1 D.o
2+ mz+

BAITAP L47. Ham o8y = =172 % 1uon 06 et tri khis

Am=0 Bm=1
CmeR D. Khéng tdn taim
- -~ - F3 1 * - - - P ) ~
BAITAP 1.48. Chohamsdy = 533 — mz? - z 4 2. Goi 7y, 25 1 céc difm cure tri cfta ham sé.
Gi tri nh nhit clia bidu thic A = — -+ — biing:
#i 23

A2 B.4 C.3 D.1
BAI'TAP 1.49. Tim tit cA cdc gid tri clia m A6 ham sé y = o° — 3ma? + 3(m® — 1)z —m® +m
c6 céc diém cuc dai, cyc tiéu thda min x2; = zcq?

Am=0 B.m=0hodicm =3

C.m=-3 . D.m=-3hodicm =0

BAITAP L.50. Tim tht ci céc gid tri thuc cliam d€ dd thiham s y = —23+2%— (m?—2m)z+12
c6 cdc difm cutc dai, cyc tifu nim vé hai phia cfia truc tung?

Ad<m<2 Bo<m=<2 Cm>2 D.m<0
BAITAP 1.51. Cho ham s6y = 2 — 3z + 1. Phét bidu ndo sau day ding?
A. Hai difm cuc tri ctta d6 thi ham sb nim & goc phin tu thit nhée.
B. Hai di€m cuc trj cha d6 thi ham s nim v& hai phia cfia tizc hoanh.
C. Hai diém cyic trj ciia db thi ham sb nim vé cling mét phia clia truc hodnh.
B. Hai diém cute trf ¢fia dd thi ham s6 nim v8 cling mot phia clia truc tung,

BAI'TAP 1.52. Tim thtc céc gid tri cliam thi d3 thi ham sb y = 2% + 2(m —2)z? + m% — 5m+5
¢6 ba diém euc tri tae thinh mt tam gidc vudng cin?

Am=-2 B.m=d%1 Cm=-~1 Dm=1
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. a . . 1 ‘ "
BAI'TAP 1.53. Tim tham s m ¢ @8 thibamsby = Zm‘—(3m+1)m2+2m+2cobadl§m
cure tri tao thanh mét tam gic ¢ trong thm I gbc 02

2, . 1
A.m—-—'?z: . B.m--;ghoacm—mé-
C.m=—§h0€101?1=§ D.m=§
BAI TAP 1.54. Tim tham s6 m dé d thi him sb y = z* — 222 + m + 2 c6 ba didm cuc tri tao
thanh mdt tam gidc cd trong tim 1a gbe O?
3 4 4 3
A.m——z B.m—-é- C.m——g D.m—z
BAI TAP 1.55. Tim tham s m dé d5 thi ham s y = z* — 2ma® + m?® + m c6 ba difm cuc tri
tao thanh mt tam gidc c6 mdt gbe bing 120°2

Am=0 ) Bm=

C.m=—-1—-h0i'_iCm=0 Dm=

3
- ? LY - -

D. LOI GIAI VA DAP AN
GIAI BAITAP 1.19. Pdpdn diingla C. O
GIAT BAI TAP 1.20. D& thiy A,B,C sal va D dling.

Ddp dn dingla D. 0
GIAIBAITAP 1.21. Pép én D sai vi khi y = z° khong ¢6 cyc tri mic diy’ = 322 = 0 ¢co
nghiém,

Ddp dn diing 4 D. g

GIAI BAI TAP 1.22, Dap 4n D saivi chinghan, 48 thi y = z* + 1 luén nim trén truc hoinh.
Céc dép 4n A,B,C diing tit tinh chét c¢tia ham béc bdn tring phucng,
DdpdndunglaD. ) . 0

GIAI BAI TAP 1.23. Néu dao him ¢’ = 0 c6 nghiém kép hay vb ngiﬁém thi him sé don digu
nén sb cuc tri bing 0. Ngugc lai, néu 3" = 0 c6 hai nghiém phén biét, ham b c6 2 diém cuc
tri

D;:'ip dn diing la B. a
GIAI BAI TAP 1.24. Dip dn diing1a D. m|

GIATBAITAP 1.25. D& thdy ¢/ = 32* =3 = 0 & z = —1,z = 1. Do d6 ham s5 c6 hai difm
cuc tri: ¢ = —1;r = 1. Suy ra dip 4n C sai.
Ddpdndiingld C. &

GIATBAITAP 1.26. Viy' = 4z° — 2z c6 3 nghiém phéan biét nén dé thi ham sb c6 3 cyc t.
Ddp dn diingla B. o
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GIAT BATTAP 1.27,
¥(2) =52 -2 e +1)° @ -2 + 2 - 2)°3z + 1} (z + 1) = (2 - &)= + 1)*(1 - 8z)

Phuong ttinh ¢ = 0¢6 3 pghidm zy = -,z = %,Ig =2 Xéttaiz; = —1 (hodczy = 2)

d€ théy y'(z) cling du vdi 1 — 8z nén ludn mang diu dudng (3m) khi qua z; (qua z5). Do
d6, ham s6 khong dat cuc trj tai o1, . Xét tai 3, v/ (z) ddi diu tit duong sang dm khi z qua

23 = =, Do @6, hin 56 chi 6 mdt didm cyc ti tai zs.

Ddp an dinglaD. O
GIAI BAI TAP 1.28. Taviét ham bjic 3 c6 tAm ddi xting I c6 hoanh dé 1 nghiém clia y(z) =
18z — 8 = 0. Ta dugc hoanh do 37 = g Vi témn dél x0ing 14 trung difm doan thing néi hai

difm cuc trinén =y + x, = 227 = g

Ddp dn dingla C. 0

GIAI BAI TAP 1.29. Vibt laiy = 12+—_z1_1 $% dung phuong trinh duting thing qua cuc tri
2 a1 N . ('.1’.'2'!".’.!:-"—1)'

clia d6 thj héim phén thiic, tadudgcy = —W =2r+1.

Bdp dn diing la B. u]

GIAIBAITAP1.30. f = 32" — 62z = 0 = z = 0,z = 2. Tit dd, dugc 2 difm cyc i cla
40 thi ham s6 A(0;4), B(2;0). T dd, AB ¢d phueng trinh 2z + y — 4 = 0. Duding trdn tim
) P . _[2m-1)—3m-4 _ _

I{m —1;—3m), ban kinh v5 nén d(I, AB) = e Ve |-m-6/=5Ta
dugem € {-11,-1}.
Dip dn dung la B. 0
GIAT BAITAP 1.31. Xéty' = 32% — 6mz = 0 ¢ £ = 0,z = 3m. D4 thi ham s6 6 cue trikhiva
chi khi 2m # 0 hay m # 0. Khi d6, toa d6 2 diém cuc trila A(0;m — 2), B(2m; —4m® + m — 2).
Ta dugc AB (2m; —4m?) # §va OA(0;m — 2). D& théy AB di qua O khi va chi khi 04,

“ m —
clung phudng hay 5o = T Tadudcm = 2.
Ddp dn dingla C. a

GIATBAITAP1.32, f = 32* ~ 122+ 9 = 0 = z = 1,z = 3. Ta dudc hai diém cuc i
A(1;4), B(3;0). Trung dim doan ndi AB 12 M(2: 2). Thay vao phuong trinh cfia 4, ta duge
2=2+mhaym=0.

Ddp drding la A. a
GIATBAITAP1.33 Tacdy = 3z — 6z = 0 = z = 0,z = 2. Toa d6 hai difm cuc i
A(0;2), B(Z; -2). T d6, AB = (2; —4) vA AB cé vecto phap tuyén 7(2; 1), Ta dudc 4B = 2v5
va phutong trinh téng quét 2z +y — 2 = 0. Dién tich $ clia tam gidc ABC 12

1 1 21+1-32]
§=5AB-d(C,AB) = 2'2‘/5'W =1

Ddp dn diing la A. G
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GL‘I’IB.EITEPI.M Tacéy 32% -6z = 0 = ¢ = 0,2z = 2. Ta dudc hai dim cuc tri
A(0; 1), B(2; -3). Diém cuc daiJa A(0; 1). Dudng phan gidc géc phén nf thit hai trong hé Oy

c6 phudng trinh z + ¥ = 0. Do d6, khoang cdch cin tinh d = |_0\_-/|—_2_11 = \/T-

Ddp dn diing la B. ]
GIAT BAI TAP 1.35. St dung tinh chit ham phén thitc don giin, phudng trinh dudng thing
ndibai difm cuc trildy = 22 — 2. D0 @6, T =2+ 2(~2) = —

Pdp dn diing i D, : O

GIAT BAI TAP 1.36. Taco y'(z) = 3z° — 65 + m. Chia da thitc y cho ' ta dudc

y(z) =1(x) (§ - %) + (2;" —2) +5§"—‘.

Ta dugc phuong trinh dubing thing qua hai diém cyctrilay = (sz - 2) T+ 4—;—1
. s - : 2
Pudng th%.ngnaysongsongvmd 1y =2z — 1tadude ?m —-2=2&m=6.
Ddp dn diing la C. ‘ O

GIATBAITAP 1.37, Tac6y = 3z® — 6z + m. D& thi ham s8 cé hat cure trf khi vA chi ki A =

9 —3m > 0 < m < 3. Chia da thitc y cho 3’ ta dudc: y{z) = ¥’ () (ig——%) + (2Tm—2)x+

(% + 2). Ta duge dudng thing qua hai diém cue tri ¢d phuong tinh y = (sz - 2) =+
(? +2). Dudng thing ha sb géc k nay tao vdid 1 y = —-%z— % mbt gbe 45° khi vi chi khi

—

4 1o h=-3 =3 hintu T 2=30pm=- i
1_k}_ =1ak= 3,k_5.ThUneu 3 2—5§m—10>3(lo@1].
4
Nuz_m_g__gﬁm_—(thoaman)
Bp an diing 1d B. ' .. O

GIAIBAITAP 1.38. Ta c6 ¢ = 3z° — 2mz + 3. Ham 6 dat cuc tifu taiz = 2,= 2/(2)
. 15

32°-d4m+3=0=>m= T

Bdp dn dungla D. O

Il

GIATBAITAP 1.39. Ta c6 ¢ = 32* + 6z + m. Hamsococuemkm‘fac]ulduy = 0 ¢6 hai
ng}nemphanblethayl.\.’—-% Im>0em<s.
Bidp dn diing Id B. ‘o a

GIATBAI TAP 1.40. Ta c6 ¢ = 32* — 2(m — 2)%¢ = 0 c6 3 nghiém phan biét khi va chi ¥hi
m# 2
Ddp dn diingla D. O
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GIAI BAI'TAP 1.4]. Véiham bac bbn triing phuong; 48 thi ham sb ¢6 diing 1 diém cyc trj khi
vachikhiy' = 42% 4 2(2m — 1)z = 0 ¢6 duy nhit nghiém hay 2m - 1 > 0.
Ddp dn dung la D. |

GIAI BAI TAP 1,42, V& phic hoa db thi hiam sb hodc 1ap bang bién thién, ta thiy ham sb ¢6
hai cyc tifu z = 0,z = 4.
Biip dn diing ld A. O

GIAT RAI TAP 1.43. Ham bic 4 tring phudng c6 nhiéu nhét 3 difm cye tri. DS thi ham sb
¥ = Jag® + bz? + ¢} nhin dudc tit 46 thiy = az* + bz + ¢ biing cch giffa nguyén db thi ham
56 nim phia tén truc hoanh va liy déi ming qua truc hoanh phin db thi phia dudi. Do dé,
ngoai 3 diém cuc tri théng thuting, cd thém tbi da 4 diém euc tri 1A cdc giao diém cita db thi
hdm 6y = ax? - ba? + ¢ v6i truc hoinh. Viy db thi him sb c6 da cho c6 t5i da 7 difm cuc tri.
Ddp dn diing la C. a

GIATBAITAP 144, Tacéy’ = —42° + 4(m — 1)z. Vi hé sb cao nhit 4m, d§ thi ham trimg
phudng chi ¢é cuc dai ma khong cé cute tidu khi va chi khi i’ = 0 c6 duy nhit nghiém <
4z(m — 1.~ 2*) = 0 c6 duy nhit nghiém haym — 1 < 0.

Dap dn diing la A. [}

GIAI BAI TAP 1.45. D5 v6i ham sb bac bén trimg phuong, d5 thi ham s& chi ¢6 mét difm
cufe tri khi va chikhiy' = 0 chi ¢6 mdt nghiém. Thi treie tidp.

Ddp dn diing 14 B. O
GIATBAITAP 1.46. TXD:R. Tachy' = —sinz—1=0s 2= —g + 2k, k € Z. Ham $6 ¢ vo
s6 diém t6i han. Tai cdc didm t6i han nay, dao him ¢’ = —sinz — 11uén dm khi qua céc diém
tdi han, do dé, céc difm t9i han khong 14 cdc didm cue trj.

Bdp dn dingla D. O

p e a 4 P P s

GIAIBAITAP 1.47. Déthdyy =2+ . +m.Do dé, ¢ = 1~m = 0 ludn c6 hai nghiém
phén biét voi moi m. ’

Ddp dn diing la C. |

GIAT RATTAP 1.48, Tac6y’ = 2° — 2mz — 1 = 0 lubn c6 hai nghiém trai diu 21, z» thda mén:
(1 +32)> —2mm  4m* +2

a1 + @2 = 2m, 21w = —1. Do dd, A = 5 = . D& thiy A dat GTNN
. (z129) 1

bang2khim = 0.

Ddp dn diing la A. a

GIAI BAI TAP 1,49, Ta thit tric tiép, vdim =0, himsé dangy =2* -3¢ = ¢ =30 -1 =0
cé hainghiémz; = —1 < z3 = 1. Him s datcuc daitaiz = —1, cuctifutaiz = 1. Viym =0
thda man véu ciu.

Thitvdim = 3,4 = 32° — 1824+ 24 = 0 = 2 = 2,22 = 4. Ham b dat cuc daitaiz = 2, cuc
tidu tai = 4. Viy m = 3 théa mén yéu ciu

Ddp dn dung 14 B, _ o
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GIAI BAI TAP 1:50. yf = —32% + 2z — m® + 2m. D5 thi him 58 ¢6 cuc dai, cuc tifu ndm hai
phia tryc tung khi va chi khi céc dim cuc dai, cyc tidu clia dd thi ham sb c6 hoanh d5 trai
diu hay gy’ = 06 hai nghiém trai ddu, Ta dude (—1)(—-m? 4+ 2m) <0 0<m < 2,
Ddpdndingla A ]
GIATBAITAP 1.51. Tinhtm::tlepy =32% «3 = 0 = £ = +1. Ta dugc hai diém cyc i
A{-1;3}, B(l —1}. Do dé, A, C, D sai va B diing,

Pdpdn dinglaB. O

GIATRAITAP1.52. Tacéy =43 +4m -z =0 = s =0,z = 22 —mviim < 2
Ta dugc ba diém cyc tri A(G;m? — 5m + 5), B(=v2 —m;1 — m),C{(v2 —m;1 — m). Do d6,
AB = AC = /(2= m}? + (m—4m + 4%, BC = 22 —m. Vi AABC cn tai A nén tam gidc
ABC vudng can khi vi chi khi BAC = 90° hay BC? = 24B% & 4(2—m) = 2(2 — m)® + 2(2 —
mP*e2=(2-—m)+(2-m)’ Giditadugc2-m=1haym = L.

DdpdndiinglaD. O

GIATRAITAP 1.53, Tacéy =2 —2(3m+ 1)x=0=>m=0,x=:|:\/6m+_2vfiim>—%.}36
thi hiim s cobacuetnA(O 2m + 2), B{—vbm + Z; ~9m® — 6m + 1), C(—/8m + 2; —9m? —
6m + 1). Do d6, gocOlatrongtémcuatamglacABCkhlvachlkhm:A + g +xc = (1udn
1
dungvayA+yB+yc——-18m —-bfm+4= Oﬁ»m-—g m———

3
BDdp dn diing la C. (m

GIAYRAITAP1.54. Tacé y' = 42° — 42 = 0 = z = 0,2 = 1. Ta dudc ba diém cuc tr
A(0; m+2), B(-1;m+1),C(1;m+1). Géc O la trong tim clia AABC khiva chikhiz, +z5+
:ng=0,yA+'y3+yc=0<=>m+2+(m+1}+(m+1)=U¢>m=—§-

Ddp dn diingia C. ) O
Gm’zmmﬁp:.ss. Tacdy = 42° —dmz = 0 = z = O,z = H/m véim > 0. Khi d6, &b
thi him s ¢6 ba di€m cyc ti A(0;m® + m), B(—vm; m), B(v7;m). Ta duge AB = AC =

vm+mi BC = 2y/m. Vitam gidc ABC cin tai A nén tam gidc ABC ¢6 mot géc bing 120° khi
v chi khi BAC = 120°. $& dung dinh If ham cosin, ta dudc

= AB%+ AC? - BC? 1

wsBAC=——uBAc =2
Am+m*)—4m 1 1 _ s 1
& ) ——5@2(m+m)—4m——(m+m)@m_%.
BdpandinglaD. O
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CHUYENDE 13 — ) )
Gia tri 16n nhat, gia tri nhé nhit cfia ham sb

A. TOM TAT LY THUYET
L. Dinh nghia gi4 tri 16n nhat, gia tri nhé nhit cha ham s
Cho hawi sb f xde dinh trén tip D.

» 56 M goila gid tri 16n nhit cha him s6 y = f(z) wén tap D néu f(z) < M vdi moix
thude D va tdn tai 2y thude D sao cho f(z) = M.

o 56 m goi 14 gia tri nhd nhit ciia ham sé ¥ = f(z) wén tdp D ndu f(z) > m v8i moiz
thude D va ton tai z, thude I sao cho f(zg) = m.
. 2.Dinhly
Ham 58 lién tuc trén doan la; 5] thi dat gid trj 16n nhét va gid tri nhd nhét tén doan dé.
B. CAC DANG BAI TAP
| Dang 1 Tim GTLN, GTNN ciia him 55 £(z) trén doan [a; )|
Phuiong phép gidi: DE tim GTLN, GTNN ciia ham s f(z} rén doan [a; §] ta tam nhu sau

« Tinhy'. Tim cdc diém =3, 23, ., 7, thudc khodng (a: b) ma tai d6 dao ham i’ = 0 hodc
¥ khéng xdc dinh,

+ Tinh f(a), f(z1), f(z2),.... flza), F(B).

» Tim 56 16n nhét M vi 56 nhé nhit trong cic sé trén. Ta 6
M = wmax{f(a), f(z1), F(wa)s ..., fa), F()} = i{:;i}f]cf(ﬂ;
m = min{f(a), f(z1), f(w2), ..., fza), F(B)} = I[lgfgllf(m)-

- -~ 2 - 2
VIDU 1.25 (Dé Minh hoa THPTQG 2017). Tim gid tri nhd nhét ctia ham séy = -3 rén

-1
dogn [2;4):

. . . .18
A r[x;::]ly =6 B. :[gg]ay =2 C. r[leglly = -3 D. 1[121:141]1y =3
: . -2 -3 .
GIAL Tacéy = L—(w:‘lT,vx € [2;4].

y"=0®x"—2:r—3-—-0®:c=—1,z=3.Tacé:r=3 € {2:4).
Tinh y(2) = 7, y(3) = 6, y(4) = 13—9 Suysaminy = 6
Véiy dédp dn Lz A, ]
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Dang 2: Tira GTLN, GTNN ciia him s& f(z) trén khodng (; b)
Phutong phép gidi: D8 tim GTLN, GTNN ciia ham 6 f(x) trén khodng (a; b) ta Jam nhu sau

o Tinh y'. Tim céc diém a1, 3, . .,z thudc khoéing (e; b) ma tai d6 dao ham y' = 0 hodc
¥’ khong xic dinh.

o Lip bang bién thién.

« Duya viio bang bién thién, suy ra gi4 trj 16n nhét va gia tri nhd nhét clia ham sb trén
khodng do.

T4 P .3 F3 Ed . F3 1
VIiDU 1.26, Timn gid urf idn nhat ctia ham sy = 1/—9;:—__'_.? trénR:

A.mg,xy:l B.mgxy:—l C.m‘z‘axy=2 D.mgxyz\/i
GIAL Tacdy = L%,Vzek.y’=0ﬁa:=1.
(z2+1)3

Bang bién thién

I —00 1 +co

¥ + 0 -

V2
-1 1

Viy dap én la D. O

viDU 1.27 (DeMmh hoa THPTQG 2017). Cho mit tim nhom hmh vudng canh 12cm. Nguo’l
1a cdt ¢ bon goc clia tém nhém dé bén hinh vuongbang nhau, mbi hinh vuéng €d j canh bang
= (cm) roi gép tdm nhém lgi nhut hink ve dudi day dé dudc mét cdi hop khéng nép. Timz dé
hép nhdr dugdc cé thé tich Ién nhét

Ax=06 Bxr=3 Cz=2 ' Dzxz=4

GIAI Sau khi cit v ghép hinh vudng ta thu dude hinh hop chit nhit c6 déy 14 hinh vuéng
canh 12 ~ 2z {cm) va chiu cao z {cm).
Thé tich clia hop la

y = {12 — 22)% = 4(=® - 1227 + 362), = € (0;6).
Tacd o
¥’ = 4(3z? — 24z + 36) = 0 & ¢ = 2 hodc z = 6 (loai).
Laicd
y(0) = 0,y(2) = 128,(6) = 0

34 Luong Pute Trong-Nguyén Nhu Th&ng—IKiéu Trung Thiy

Led



sphook.un CHUONG 1. HAM 6

Bang bién thién
z 0 2 ]
¥ + 0 -
128
y / \
0 0
Vay dap dn li C. N}

Dang 3: Sk dung bt déing thic tim GTLN, G’I‘Nﬂ
Phuong phap giai: S& dung tinh chét bat ding thitc, c4c bit ding thiic cd ban.

VIDY 1.28. Gid 17} I6n nhdit ciia him séy = cost £ + sin® z rén R L
A2 B.v/2 C1 D.0
GHI vi |sinz| < 1,|cosz| < 1nénta cé ude ludng cos?z < cos?z v sind % < sin®z. Cong

céic vé bét déng thic cimg chidu, thu duge y = cos® 2 + sin® 2 < cos’ z +sin? x = 1. DAu déng
thitc ¢6 thé Xy ra, ching han khicos z = +1 & z = k. k € Z. Do d6, gid tri 16n nhit clay 12
I

Vay ddp dn I C. ]
VIDY 1.29. Tim gid tri I6n nhét ciia him séy ~ 12cos  — Ssinz frénR:

A7 B.13 C 17 D 12
H © s . . 12 5 .
GIAIL Goiplagdcsaochosing = g Vacosp = G Taco

y = 13(sincosz + coswsin £) = 13sin(z + ¢).

Suyra—13 <y < 13.
Vay dap én la B. (!

Chii ¥: Trong vi dy trén ta si2 dung bér ddng thilc co bdn cia bidy thic béc nhit chita
sin z, cos 2! néuy =asing +bcosz thimaxy = v/a? + % miny = —/a? + &2,
ViDU 1.30. Wi mot gid tri thye ciam, tich cda gid tri lon nhdt vé gig tri nhé nhét cia ham
z4m? -1

sy =
4 z? 41

rén R béng:

A0 ] B.1 c -1 D.—%
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GIAL Xét truing hop de bistm = 1,y = -~

2[z| = —% < > 2;1 % Déu bingxiyrakhiz = —~1viz = 1. Do do, gid tri nhd nhét, 16n
nhét lan Iugt1a — %, % Tich sbla —%.
Véy dip én 13 D. a

Chity: Tmng ui du trén, néu tryc tiép tinh dao ham, khdo sdt ham 56 c6 chita Iham sbm cé
thé khd mat thii gian, trong khi khéng tdn dung duge théng tin quan trong duo'c dn trong dé
bai ki tich s6 ciia GTLN va GTNN khong phu thudc vaom. Co th,e lam truec tlep chdt ché theo
ki r ludn béng cdch khdo sdt ham sé hoge phuong phép mién gid i,

C.BAI'TAP TU LUYEN
BAITAP 1.56. Cho ham s8y = f(z) c6 bang bién thién nhu sau:

T —co -1 2 +o0
¥ - - 0 +
+oo +00 +oo

Tim khéng dinh SAI trong céc khing dinh sau:
A. D& thi ham s& c6 it nhét mot titm can.
B. Ham s6 khéing c6 gid tri nhé nhit.
€. Ham sb dat cuic tidu bang —1.

D). Ham sb dat gia tri nhd nhét bing 1.

BAI TAP 1.57. Cho hamsby = f(z) ¢6 d6 thi nhu hinh vé. T‘lm khang dinh SAI trong cic
khéng dinh sau:

A. D3 thi ham s5 ¢6 hai difm cue dai.
B. D3 thi ham s cé mét diém cue tidu.
C. Ham s dat gid trj 1dn nhét.

D. D4 thi ham s6 ¢6 tam di xiing.
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2
N . P ppy
BAITAP 1.58. Tim gid tri nh nhit ciia him s6 y = 1—5% trén doan [0; 2];

MRS PRPT Opptr Dpgeeo
BAITAP 1.59. Tim gié tri 16n nhit chia him sb y = /2% + 1 — = trén 0; -+oo).

A0 B.1 c.2 D. Dap 4n khac
BAITAP 1.60. Gid tri 1dn nhét chiahim sby = /16 — 22 — z Ja:

A5 B. 5v2 C.4 D.4v2
BAITAP 1.61. Gid tri nhd nhit cfia him s6 y = 2¢° + 32 + 1 trén doan [~1;1] 1a:

A2 B.6 C1 D. -2

BAITAP 1.62. Gié tri nhd nhét ciia him sé y = 4 sin 2z — 6 cos® < -+ 3 1a:

AT _ B.1
C.-5 D. khéng cb gia tri nhd nhét
BAITAP 1.63. T8ng gid tri 16n nhit vi gi tri nhd nhét ciia ham sb ¥ =cos2z +sing i
) 8 7
A 3 B.O C. r D. -1

BAITAP 1.64, Hamsby = 2% + lf dat gid tri nhd nhit trén (0; oo) tai:
Ax=— B.z=3 Ce=2 . Dz=1

BAI TAP 1.65. Téng gié tri 16n nhit va gid trj nhd nhit cla him sb y = —z*+ 8% + 3tén
doan [-1;3] la:

AL25 B.22 C.16 D.13
D. LOI GIAI VA DAP AN
GIAI BAI TAP 1.56. D& théy d thi him s6 c6 tiém cén ditng # = 1, nén A diing, Ham sb dat
cuc tiéu v yor = —1, nén C ddng. Hon nita, ham sé dat gid tri nhé nhatbing -1, titc D diing.
Pdp dn dinglé B. O
GIAI BAI TAP 1.57, D& thy khing dinh A, B vi C ding.

Bip dn ding 1a D. O

P w 4 4

B 58 Tacdy=x—-2+ —. S .
GIAIBAITAP 1.58. Tacy == o=y =1 CERY
Do dd,y =04 © =1,z = —3(L). Ta dugc mot diém téihan = = 1.
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= : 2
Tinh trute tiép {0} = 2,y(2) = .y(l) z Vﬁlemny =3

Ddp dn dingliA. ]
GIAIBAITAP 1.59. Tacd y' = :+ - -1<0v2>0. Ham s6 lién tuc trén [0; 00), Do d6,
€T
ham b nghich bién trén [0; c0). VAy max y(z) =g(0) =1
: z€{0;+00)
Ddp dn dingla B, o

GIAT BAI TAP 1.60. Ta ¢6 (/16— 2% — 2)? < 2((16 - 2% + (—2)*) =32 = y < 4v32. Du

déng thitc xiy ra khi v/16 — 22 = —z, ching han = = —2v/2.
Bdp dn diing la D. m|

GIAT BAI TAP 1.61. Ham s6 lién tuc trén [-1; 1L, Sudungy =6zl +6z=0®z=0,z=-1,

han ché thugic (—1; 1) ta duge z = 0. So sdnh truc tiép y(—1) = 2,4(0) = 1,y(1) = 6. Do dé,
max =1,
ze{-1;1]

Ddp dn diing la C. .

GIAI BAITAP 1.62. Tacdy = 4sin2z —3cos 2z lAhadmbic nhét ciia sin 2z, cos 2r nén miny =

—/ B4 (=3)2 = -5, _

DdpdndinglaB. a

GIAIBAITAPI 63 Ticos2r = 1— 2sin®z, vibtlaiy = 1+ sine — 2sin”z. Ditsinz = 4, €
—1;1). Khao sét glt) = 1 + ¢ — 24 trén [-1;1] ta dugc m.m g(t) = g(-1) = =2; lmax g(t) =

g (%) =§.Té?nggiétri16nnhatvanho nhétla -2 + % = —g.

Pdp dn diing la C. u
GIAI BAI TAP 1.64. Thittritc tiép.

Ddp dn diing la C. a

GIAI BAITAP 1.65. D& théy ¢/ = —42® + 167 = 0 & = € {0;—2;2}. Do d6, ¢6 hai diém t6i

hanz = 0,z = 2 trong (—1;3). Tacd y(—1) = 10,5(0) = 3,y(2) = 18,y(3) = —6. Vay tdng clia
GTLN va GTNN |4 —6 + 19 = 13.
Ddp dn dunglaD. ) ]
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CHUYENDE 1.4
Duong tiém cin

A.TOM TAT LY THUYET
L. Binh nglna cac duting tiém cén

Putding thing z = ¢ 14 tidm cdn du'ng clia db thi ham sb y = f(z) néu cé mét trong cic
diu kién

hm fx) = +eo, lim f{z) = —o0, lim_ f(z) = +co, Hm_f(z) = —co.

x —);v:0 Ty =Ty Tz,

Budng thang ¥ = yp 12 tiém cdn ngang clia & thiham sé y = f (n:) néu ¢6 mot trong céc
diéu kién

L fl@) = o, lim fle)}=wyo.
2, Cac duding tiém cin cia ham phan thitc
D3 thi ham phan thicy = 227
+d
B. CAC DANG BAI TAP
ngngI :Tim cdc dudng tidm cin cha dd th?l

d a
,c# 0co tiém cdn diing = = ----vatlemcanngangy— p

e Ta thv:dng xét tiém cén ditng z = =, dbi v6i nhitng ham b c6 dang f(2) = —. vii

Hh

v{zo) =
¢ DEtim tiém cin ngang ta cin xét gii han khiz — cc.
vi DU 1.31 (Pé Minh hoa THPTQG 2017). Cho ham s6 y = f(z) co hm fl®) = 1va
Hg_xm f(z) = —1. Khdng dink ndo sau déy la khdng dinh diing?

T

A. D6 thiham s6 da cho khing cé tigm cdn ngang.

B. Dé thi haim 56 dd cho c6 diing 1 tiém cgn ngang.

C. _D§ thi ham sb dii cho cd dving hai tiém cdn ngang 1 cic dudng thdngy = 1 vay = —1.

D. DG thi ham sb dé cho c6 diing hai tigm cdn ngang 13 cdc dudng thidngs = 1 viz = ~1.
GIAL D2 biixét hai gidl han khix — oo, tite 13 xét tiém c4n ngang ciia d& thi ham sé. Do thi

cohamemcanngangy_ 1khiz — +coviy = ~1khiz — —oc.
Vay dip én la C. ]

VviDU 1,32, P4 thi hamséy = 212: p ¢d cdc dudng tigm cén la:

Ar=1Lr=-2 Bz=-ly=1 Cr=1y=2 Dz=1ly=-2
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L tap xdc dinh R \ {1}, ta kiém tra duge

- e - 2
GIA_r.Htamséyzf

-z
) 1
T G e Ik P
- z=1 1~z z—oo] — 3 :z-ﬂoo;_l
 VaydapanlaD. 0O
ViDY 1.33. Chohamsdy = f(z) c6 bing bién thién nhu sau:
z —00 -1 2 +co
¥ - - 0 +
+00 ‘o0 +0o0
K \ ._1 \ ) /
Tim khédng dinh SAI trong cdc khdng dinh sau:
A Db thi ham sb khong c6 tiém cdn ngang.
B. D4 thi ham sb ¢6 tigm cdn diingz = 1.
C. D thi hiim s6 ¢6 tiém cdn ngangy = —1.
D. Hani s6 c6 mdt gid tri cyc trila —1.
GIAI Him sb khéng xdc dinh taiz = —1, ta cé lim y = 0o do d6 v = ~114tiém cén ditng
=¥

chia dd thi ham s6, B ding. )
Miitkhdc, lim y = co nén db thi him sb khong ¢6 tiém c4n ngang, A déing, C sai.

Ham s6 dat cyc tiéu tai diém = = 2, gid tri cytc triy = ~1 nén D diing, -
Vay dép én 15 C. - 0

Dang 2: Tim didu kién tham s& m 4€ thba man tinh chit v& tiém cn

Vi DU 1.34 (Dé Minh hoa THPTQG 2017). Tim tét cd cdc gid tri thuc ciia tham sé m sao cho
n+1

dé thi ciia ham sby = ——— c6 hai tiém cgn ngang.
A Khéngtdntgim  Bm <0 Cm=0" D.m>0

GIAL Ham s c6 tiém cin ngang nghia } ta cin xét gidi han khi z ~ oo, Didu kién dé bidu
thitc dudi diu cin cé nghia lams?® + 1 > 0, Vs, do ddm = 0.

. Y- . — 1 . - 1 . 3 R £ 3 1 ~
Khim > 0, dé kiém tra duge 1213_1“ y= -ﬁ’ z-lilffx y= T B4 thi harn s6 ¢6 hai duting
tigm cén,

VaydapaniaD. ]
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Chat y: Khi tinh gidi hanz — oo cila him 56 dang phéan thidc hodc chita ciin thitc, néu bdc cia
x & il 56 ma khdng lon hon bdc cla s & mdu thi gidi han hit han va db thi him sé o tism
cdn ngang.

VIDU 1.35. Tum 4t cd cde gid tri thue cria tham sém sao cho b thi ciia ham sé
z+1

y= m chi cd mor tem cin d'u‘n.g.
AmeR B.m < 0hodcm > 4
€.m < 0 hodem > 4 D.m < 0hodem > 4.
i ~ e : LY b3 . n ey 1 P s -
GIAL Ta diing phuong phap loai triY bang thit truc tép. Véim = 0,y = %, da thi ham

$6°c6 hai tiém cin dingz = 0 vz = 3. Viy m = 0 khéng théa man yéu ciu. Do dé, chi con
" chon B hodc D.
LR . r+1 -1
Thitvdim = 4, rit gony = P v el e v
r = 2. Vaym =4 thda man. Do d6 loai B.
V&y ddp dn 12 D. ]

D4 thi ham sb chi c6 mot tiém cin diing

Nhdn xét: Mot 1n nita chiing ta hau § dén sy khdc bigt khi lam bai trée nghiém béng phuong
phdp logi irit. D€ logi b6 phuong dn sai chi cin tim ra mit déc didm khong phit hop ciia
phuiong dn d6, chéng han chon mot vai gid tri diic biét vé thi trige tiép, trong khi muén khdng
dinh déap dn ding phdi khdo sdr khé vét vd. T8t nhisn khdng phdi liic ndo ciing lam dugc
béing cdch loai trie (chéng han néy trong cdc dédp dn ¢ ddp dn khdc); hodc ngay cd khi lam
dugc bang phudng phdp logi tri¢ thi cing chua thé ddm bdo 46 1 cdch 181 wu. Do vdy, cdn
lutw y vin dung link hoat phuong phdp logi trit v phuong php trie ti p kidl 1y lugn trong
nhiing tink hubng cu thé T

C. BAI TAP TU LUYEN

BAITAP 1.66. D4 thi him sb y = f; 2 ¢6 cac dudng tiém can la: -

T

Azrz=lr=2 Bz=-1,y=1 Cr=-1y=-1 Dzr=-1y=1

BAITAP 1.67. Cho ham séy = f() cé béng bién thién nhu sau:

T —00 0 : 1 +oo
v - - 0. +
1 +co ' +c0
¥ \ \. 1 /
—oo -
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Tim khing dinh SAI trong c4c khing dinh sau:
A. D& thi ham sb cé tifm cinngangy = L.
B. D& thiham sb c6 tiém cin dimgz = 0.
C. P& thi ham sb khéng cd tiém cin ngang.
D. D4 thi ham sb c6 mdt cuc i,

BAI TAP 1.68. Dudng thing = = 113 dudng tiém cn ding clia @ thi ham s nao trong cdc

ham s6 dudi day?
‘2x+1 B.x—l C.1+w D. r—1
r+1 2r+1 l-z Vz2 41

BAITAP 1.69. Dudng thing = = —1 KHONG I3 dung ti¢m can ding clia 4 thi ham sb n3o
trong cdc ham so dudi day?

A2:c+1 8 14z 3x+2 . D r—1
Tz+1l V-2 "2 -1 “Vz+l
BAITAP 1.70. DA thi ham sb nio trong c4c ham sb dudi déy khong c6 tiém cén dttng?
2r+1 z—1 14z r—1
A - B. C. D. ——
-1 22 + 1 Vi—z Vai+l

BAITAP 1.71. Duding thing y = —2 KHONG 12 duting tiém cn ngang ci1a 4 thi ham s6 nao
trong cdc ham sb dudi day?

2
2x +1 B. 2z +1 C.m +2’_a:

11—z 2 —

A D.e*—-2

z—1

[y

BAITAP 1.72. Duding thingy = 212 dudng tiém cdn ngang clia d? thi haim sb nio trong cic
ham s6 dudi day?

2z +1 B -z 1+x D2:r:2+1
Tx41 T2r—1 7| Tz -2
% - F . ia 2 1 x sy £ -'1?2 +-493—3 -
BAI TAP 1,73, S0 dutng tiém cén cua do thihamsé y = ?_-_l—la?
A3 B.2 C.1 D.0

- -y a 2"- 2—‘ -
BAITAP 1.74. Timm € db thihamsby = 2~ 2+ 1 g iem can ditmg?

r—2

m=1 )

Am#l B.om=1 C. Dom#1,3
m=3

BAITAP 1.75. Tim m 8 d8 thi ham sy = L c6 hai tigm can ditng?
z*+ 2z —m :
Am> -1 g im>-t CvmeR D.m <1
m#3
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D. LOI GIAI VA DAP AN
GIATBAITAP 1.66. Tip xéc dinh s # —1, lim y = oonénz = —11a tiém cén ding cia 43
thi.

2
z—2 1-= N 5 ax
m = L — 1, nény = 11 tiém cin ngang cha do thi.
o0 1+ 2 00 1+l
x
Ddp dn dinglaD. o

GIAI BAI TAP 1.67, Ham s8 khéng xdc dinh tai ¢ = 0, lim y = co nén z = 013 tiém cén diing
z—0
clia dd thi,
lim y =1, nén dd thinhény = 11am tiém cin ngang.
T —c0

D. diing do diém (1; 1) 12 difm cytc trj duy nhét clia ham sb.

Dép dn diing la C. |
GIAI BAI TAP 1.68. Cic ham sb dudc xét déu 6 dang phan thiic, tip xéc dinh cia ham sb
I+z .

Az #1.

-

p = oo nén z = 1]a tiém can ditng.

Honnfta lim !
z——1 A
Ddp dn dingla C. o

GIAI BAITAP 1.69. Tip xéc dinhclacichamsélinluotlaz # ~1,z > 2,z #+l,z # 1.
Hon nita

2z+1 3z+2_m i -1 o
z—=-1 T+ 1 =00 =—>n—11$2—1_ ! z—)n—ll V41 -
nén = —1 12 tiém cén diing cfia ba dd thi nay,
+z - . Y - 5 oin - .
Jim W khéng ¢ ¥ nghia nén » = —1 khéng la tiém cén ditng.
Pdpdn diingla B. O

GIAI BAI TAP 1.70. Tip xic dinh cla céc ham s8 1n lugt 13z # £1,z # —%, z <1R
Honnita .

m2$+l—oo lim r—1 oo ¥im 1+ .
J:—)—l;l:z—l_. ! 14_%22:4-1_ ! :—)1—\/—]._—-5_
ba dd thi hay c6 tiém cén diing.
Trong . ham s6 ¢6 tip xdc dinh 12 R nén khdng cé tiém cén ding. .
Ddp én diingla D. O
PP . 2
GIATBAITAP 171 Tacs lm 21— 2, lim -2EL oo tim (f-2)=0.
- z-y00 -2 4400 4 fpd ] T—+—0
nén ba dd thi nay c6 tiém cin ngang.
: 2
. v s 2 o <L Cia s
Mat khac xlggg II -i_- £ — conéndd thi khéng c6 tiém cin ngang.
BPdp dn diing la C.
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Trong bii nay bing cich nhim bic clia 2 § & va miu sb ta d& dang loai bé hai dép 4n A. vi
B., nhén ddp an C. Ta kidm tra.thém gidi han Lim 7 va cén ghi nhd tinh chit clia ham sé
mtl. [}

GIAI BAITAP 1.72. Taco

lirne 2o+l = 2.
oo I+ 1
Ddp an diing la A.
- 2 - ~ A A ~ 1 -
Ta kifm tra duge tiém cin ngang cita hai ham s tép theo lAn lugtla y = —%, y= :i:§, con
2 - .
ham s8 2;: _+21 khong cé tiém cin ngang do béc § tlY cao hon bic § maun. 0

GIAI BAI TAP 1.73. Tap xac dinh: z & +1. Ta ¢§

, 22+4:c—3_00 i #*+4z -3
b 21 aam -1

nén z = +1 13 hai dudng tiém can ditng clia d thi.

2 4 3

4z —3 1+2— . 5 pin A 0 aX e s

lim = _: = lim = 1;‘-’ = 1nény = 1latiém cén ngang clia do thi.
=00 e -] T—00 1—;:

Ddp dn ding la A, O

GIAI BAITAP 1.74. Tap xéc dinh: ¢ # 2. D& ham s c6 tism.can ding, didu kién 1a

2 _ 2 _

limm 2mz +m 1=oo_
z-13 z~2

Didukiénla2® —dm+m® ~1# 0= m+#£1,m # 3.

Ddpdn diingli D, -

GIAI BAI TAP 1.75. Tip xéc dinh: 2% + 22 — m # 0. D& ham s c6 hai tiém cén ding, didu
kign 14 phuong trinh 2 + 22 — m = 0 ¢6 hai nghiém « # 1.

Diukitn AA =1 +m > 0vim #3. )

Vidy ddp dn 14 B, ' |
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CHUYEN PE 1.5

Do thi ham so
A. TOM TAT LY THUYET
1. Dinh nghia diém ubn

Néu ham s6 y = f(z) c6 dao ham clp hai trén mdt khodng chita didm =y, f*{zq) = 0
va f"{z) d6i dhu khi x di qua didm =z thi U(ze; F20)) goi 14 difm udn clia 43 thi ham sé
y = f(z). )
2.Do thi ham phin thire
Xét ham phan thitcy = & s

+Z,c¢0,ad-bc¢0.

Té.pxé.cdinhR\{—d}.

[+

D3 thi him s6 ¢6 mt tiém cén ding = = —= vAm{t tiém chn ngang y = %
Giao diém hai dudng tiém cin (—é; 5) 12 tAm d6i xidng clia dd thi.
c cC
Céac dang db thi:
ad —bc < 0 ad~be>0
Yy Y
z
0
O
HA

3. D0 thi him bic ba
Xéthamsby = az® + bz? + ez + d, 2 £ 0.
Tép xdc dinh: R.
D6 thi ham s6 ludn cé mot difm ubn cé hodnh d§ = = —%, va nhén diém ubn lam tam dbi

xiing. Néu dé thi ham sb c6 cuc dai, cuc tiéu thi didm ubn I3 trung difm chia doan thing ndi
hai diém cuic trj dé. D3 thi ham s bic ba khéng cé tiém cin.
Céc dang dd thi:
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a>0 a<l
/\ y ?\
Lo | AL,
0
¥ == 0¢6 2 nghigém phén biét \'/ \P
Y ¥
4 AN
)
¥ = 0 cé nghiém kép
1Y ¥
+ L T
/° oI\
3" = 0vd nghiém
4.Dd thi ham bdc bon trung phudng
Xethamsm,u =azrt +br* +6,a#£ 0.
Tap xdc dink: IR
D6 thi ham so nhén tryc tung lam tryc d5i xu‘ng
D4 thi ham sb c6 thé khong c6 hodic 6 hai diém uén.
P4 thi ham bac bén khdng cé tiém cédn.
Céc dang d6 thi:
a>0 a<0
Y
; A
%' =06 3 nghiém phén biét
¥
\ / x
0]
y" = 0 ¢6 1 nghidm W |
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B. CAC DANG BAI'TAP
Dang 1: Doc hiéu bang bién thién vi d thi ham sb

Phu’dng phdp giai: Tit bang bién thién, hiéu dudc tinh don digu va cic didm cyc tri cfia ham
s6.

Vi DU 1.36 (D Minh hoa THPTQG 2017). Cho ham sby = f(x) xdc dinh, lién tuc trén R va
c6 béng bién thién:

z | —oo 0 1 +oe
Y + - 0 +
0 +00
-0 -1

Khdng dinh ndo sau déy 14 Ichfng dinh diing?
A. Han sb cd ding mot cuc tri.
B. Hém sb c6 gid tri cuc tiéu béing 1.
C. Ham sé c6 gid tri lén nhat bang0 va gid tri nhé nhét bing —1.
D. Ham sé dat cuc dai taiz = 0 vi dat cyc fiéu tgiz = 1.

GIAL Titbéng bién thién ta thiy ham so ¢6 hai diém cyc tri, do d6 [A.] sal.

Diém dat cuyc tidu 13 z = 1, gid tj cuc tifu bang —1, do <6 [B.] sal.

Vi ;P;Iioy = —oo0, hm ¥ = +oo nén ham sé khong c6 gid tri 14n nhit va gia trd nho nhit,
[C.] sai,

Ham sb dat cuc daitai z = 0, dat cuc tifutaiz = 1.

Vay dép an li D, [

VI DU 1.37 Dé Mmh hoa THPTQG 2017). Duimg cong trong hinh bén ld dab thi cua métham

so trang bén hém sb diioe 1t ké & bon phuong dn A, B, C, D dudi ddy. H6i ham 56 dé I ham
B nao?

Ay=-~zi+z-1 ¥
By= —%+32+1

Cy=z*-z%+1

Dy=a—3z+1 [ o \/
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GLAL Ti:ddthita thiy lim y=+co dodéloai phuong an [A] va [B.].

bayla L dang dé thi ham sb bac 3, loai dap an [C.].
Vay ddp énlaD. a

VID 1.38. Ham s6 ndo sau ddy cé dd thi nhu hinh vé

Ay=—g*+42° -3
By=z'4+z"-3
Coy=52*~2,2-3

Dy=zt+222 -3

GIAL Vi lim | ¥ = +oco do d6 ta logi ddp 4n A. Trong B, dé thi ham s6 khéng di qua difm

(£1;0). Trong C.y' = 20z° — 42 = 0 ¢6 3 nghiém phan bidt, do d6 db thi ¢6 3 didm cuic tri,
DdpdnC sal.
VaydapdnlaD, a

LDgng 2: Tim di€m udn, tim dbi xiing clia 43 thi him sé
Phuwang phép gidi: Tit bang bién thién, hifu dugc tinh don didu v cac diém cuie tri clia ham
s,

]

I

viDU 1.39. Toadodlemuoncuadorh:hammy—? 2¢% 4 6z — 5 I
A2 B (2%
3
C. Khong cd difm uén D. ( ,g)
GIAT, y’=:z:2—41'+6,y”=22:—4.y”=0ﬁ-:r:=2,y=y(2)=§
VéyddpanlaD, ‘ : &
C. BAI TAP TU LUYEN
BATTAP 1.76. Ham s nao sau déy ¢6 dé thi nhut hinh vé
_r+2 Y.
VI
_T+2
Tax—1
C.1 ~Tf2 ) !
- — T
Z—z 1
Dy=
Y T+1 \6\
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BAITAP 1.77. $6 didm uén ciia db thi ham sb y=2%-35* + 21

AD ’ B.1 C2 B3
s : ] , . N Y
BAITAP 1.78. Chohdm 6y = az® + bz + ¢ + d ¢d dd l‘h;nhuhmhve.TmhuséE
A -1 ¥
B.1 N /\
— I
C. -3 © 2
D.3
Arma L. . T S z 43,
BAI'TAP 1.79. Tém d6ixiing cla dd thihamsdy = 1 la:
A (1;-3) B. (=3;1)
C.(,;1) D. Khéng ¢6 tam di ximg
BAITAP 1.80. Trong cdc ham s6 sau déy, dé thi ham s& nio khéng ¢ tim déi xing
2
= ::_+13 By =2%-222 +4 Cy=—-z®4+2:%—x41 Dy =2*+32%-4

BAITAP 1.81. Cho ham 56 ¢6 bing bién thién nhu sau. Tim didu kién ciia m 48 dubng thing
y = mcit dd thi ham sé do tai ba difm phéan biét?

x -0 -1 2 +co
I
Y - 0 + 0 -
1 3
—4 +oo
A-d<cm<i B.—4<m<3 C-d4<m<1 D-d<m<l1

BAI TAP 1.82. Cho ham $0 ¢6 8 thi nhu hinh v&. Tim didu kién cia m dé dudng thing
= 3m + 1 cit db thi ham sb d6 tzi hai difm phan bigt
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Aom ='—%hoacm =1

1
B.—s<m«l
s
Com < -3 hodcm > 1 2

D. Khéng ton tai m

bdpmmmmmmm = — -

S 1
BAITAP 1.83, Déthihamsby == + pou s

1. Tiép xic vdi dubing thingy = 2.
2. Khéng cit dubng thingy = ~2.
3. Cit duding thing y = 4 tai hai diém phin biét.
4. Cht dudng thingy = 1 tai hai difm phén biét.
"BAITAP 1.84. Phuong trinh 2* — 22° — 3 — m = 0 ¢ 4 nghiém phan bigt khi va chi khi:
Am<—4 B.~4<m< -3 C.m>4 ]j.3<m<4

BAITAP 1.85. Cho ham sb iy = f() c6 d thi (€). DS thiham sb y = | f(=)] duge suy ratit (C)
bing céch:

A. Giftlai phin d6 thi phia trén O:c, 14y d6i xing phin con lai qua Oy.
B. Giftlai phin dé thi phia trén Oz, liy 461 xitng phén cbn lai qua Oz,
C. Giitlaf phin dd thi phia trén Oz, va ly dixing qua Oy.
D. Giitlai phin d3 thi phia trén Oz, va liy dbixing qua Oz.

D. LOI GIAI VA DAP AN '

GIAI BAI TAP 1.76. Titd8 thi, = = 1 13 tiém c4n diing, taloai ddp &n Ava D,
y = 114 tiém cin ngang nén loai ddp an C.

Ddp dn diing la B, O
GIAIBAITAP 1.77. if = 4z° — 62,y = 122% — 6.¢" = 0 ¢6 hai nghiém phén biétz = :I:\/ii
nén db thi c6 2 didm ubn.

Ddp dn dingla C. o
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GIAT BAITAP 1.78. Ham sb c6 dang béc ba, xét him bacbay = az® + ba® ez +d = 3 =
6az® -+ 2b. Do &6 hoanh dé difm uénliz = — %.

Hai diém cite tri 14 (2 1) v& (0; ~3), toa d6 diém udn 14 U(1; -1), suy ra -:—f’a e g -3,
Dip dn diingla C. O
GIAJ BAI TAP 1.79. Ham phén thitc ¢6 tam déi xiing 12 giao difm hai duding tiém can, trong
bailaz = 1viy = 1. Vay tim déi ximg 13 (1; 1).

Bdp dn diing la C, a

GIAIBAI TAP 1.80. Ham phin thitc cé tim déi xting 1a giao diém hai dutdng tiém cin, ham
bac ba cé t4m dbi xitng 12 diém uén, Nhu vy loai A, B, C.

Vdy dép dn 13 D. a
GIAI BAI TAP 1.81. Dudng thingy = m ct dé thi ham s6 tai 3 diém phan bigt thi didu kidn
cinvadiila-4 <m <1, '

DdpdndinglaD. . a
GIAY BAI'TAP 1.82. Pudng thing y = 3m + 1 c4t dé thi him sb tai 2 diém phin biét thi didu
kién la

[3m+1=4 [mzl

d 1
Im+1=10 m=—§
Ddp dn diing la A. ‘ a
GIAI BAI TAP 1.83. Tip xac dinh: R \ {1}.
Y=1-—1 __¢ [Fe
ST aopE e
(= 1) =2
Bang bién thién
z | —oo 0 1 2 +oo
i + ] - - 0 +

+oo

-1 0

—00

Tt béng bién thién ta thy d3 thi ham s6 khong cit duting thingy = m vdi—1 < m < 3, loai
D0 thi cit dubng thing y = —2 vA y = 4 tai hai didm phan biét.
Bdp dn ding 1 C. i

Luong Diic Trong-Nguyén Nhu Thing-Kidu Trung Thily 51



On luyén thi tric nghiém THPT Quéc gia nim 2017 mon toan spbook.vn

GIAI BAITAP 1.84. S nghlem clia phudng irinh bang 36 giao diém cfia 4b thi hAm sb y =
-2 -3va dudngthangy m.

N z=0
y =42 —dr=0&
T = 1
Bang bién thién
z [ —oo -1 0 1 +oo
Y -0 + o - 0o +
+oc -3 +oo
¥ \.. 4/ \ 4/

Titbing bién thién, didu kign 13 —4 < m < -3

Ddp dn dung la B, B
PN . _[f(=) Khif(z)z0

GIAT BAT TAP 1.85. Tact if(z)| = {_f(z) khi f(z) < 0.

Do dé phén ¢ thi phia trén Oz gilt nguyén, (z; — f(x)) dbi xitng (x; f{x)) qua truc Oz nén

phén db thi phia dudi truc Oz dugc lay doi xing qua truc Ox.
Bap dn ding I B. ‘ O
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CHUYEN BE 1.6 )
Tiép tuyén, tu'ong giao dd thi ham so

A.TOM TAT LY THUYET
1. Tulong giao giifa hai dutng cong
Phudng trinh hoanh d§ giao diém clia hai dudng cong (€)) : w = f(z) va (Ca) :y = gl{z)la
f(@) = g(=).
2. Phutong trinh tiép tuyén ciia db thi ham sb tai mot diém
Phudng trinh tiép tuyén clia 46 thi ham s (C) : y = f(x) tai diém M(zo, f(zo)) 12

Ay = fllzo)z — o) + flzo)

3. Didu kign dé ha1 du’a‘ng cong tiép xiic
Diéu kign cin va di d€ hai duding cong (C1) : y = fz} va (Ca) & ¥ = g(x) tifp xic 1a he

phuong trinh
‘ {f (#} = g(z)
f'(z}=g'(z)

cb nghlem

Chai y: Sau khi dua phutmg tinh f(z) = g(z) vé dang phuo’ng rrmh da thiic, néu phwo’ng
trinh ¢ nghiém bii tai diém xq thizy chink 1 hodnh dp tiép diém, hai dudng cong Liép xiic.

B.CAC DANG. BAI TAP
I Dang 1: Tuong giao giita hai du&ng cong |
Phutong phip gidi: DE tim giao diém cfia (€1) : y = flx) v (C2) : v = g{z), taxét

¢ Phudng trinh hoanh d6 giao difm f(z) = g(z), gl dudc nghism ;.

» Thé vio mét trong hai phudng trinh, ta dugc toa dé giao diém (zo; £(zo)).

» 86 giao di€m bling s6 nghi¢m phan biét clia phuong trinh hoanh d6 giac didm.
VI DU 1.40 (Dé Minh hoa 'IHP’IQGZOI 7). Biét réing duing thangy = ~2z4-2 cdt db thi ham
sby =2+ z+2 mididm duy nhét; ky hidu (zo; o) Id toa 86 cia didn 46, Tim Yo-

Ayp=4 By=20 Cuy=2 Dyg=-1
GIAL Phudng trinh hoanh d¢ giao diém ciia duding thing va dudng cong la:
~zt+2=2t+z+20 P +3z=02=0

Thay vao phuong trinh dudng thingy = 2.
Vay dip an la C. ]
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VI DU 1.41. Paraboly = 4z® — 2z + 3 cit d6 thi ham séy = x> + 3z + 1 tai bao nhiéu diém

A3 B.2 C.1 D.O

GIAL Phuong trinh hoanh d giao difm cha dudng thing va dudng cong 1

=]
4 -2 +3=2"+3z+1e1° —dr¥ +5x-2=0¢ {
r=2
Suy ra c6 hai giao difm.
Viy dédp dn la B. a

Dang 2: Viét phuong trinh tiép tuyén khi biét hé sb géc
Phudng phip gidi: Khi biét hé sb géc ciia tiép tuyén, ta viét phuong trinh tiép tuyén theo cdc
buéde sau

» Tinhy'. Tinh dao him ' (x) theo toa dj tiép difm M (xo; 3o}
¢ Gidi phutdng trinh /() = k.

o Vi mbi 5y tim dutde, Gmya = f(zo) vA tiép tuyén tudng Gng A : y = f(zalz — 20) +
flzo). '

Chit j: HE 56 géc ciia dudng tiép ruyén A c6 thé duioc cho gidn tiép qua cdc tinh chét sau:

s Alld:y=az+bsuyrahésb géck = a.

. 1
. AJ.d:y:ax+b,suyrahéségock=—E.

o A tao vii dudngthingd :y = am+6géca,suyra! k_t| = tana.

1+k

+ Néiriéng A tao vii truc hodnh géc o, suyra |k| = tanc.

ViDU 1,42, Phuong trinh tép tuyén ciia db thi ham séy = =° — 3z + 2 tai giao diém ciia nd
vdi truc tung la:

AJr—y—2=0 By=0

Clz+y—2=0 D9 —-y—18=0vay=0.
GIAI Giao difm clia d8 thi ham s6 véi truc tung 13 A(0;2).
Tacdy =322 -3, (0) =-3.
Phuong trinh tiép tuyéntai Alay — 2= -3(z - 0) & 3z + ¥y ~2=0.
Vay dap éan la C. 3
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VIiDU 1.43. Phuong trink tiép tuyén cia dé thi ham sé y=1z®— 3z + 2 song song voi dudng
thingy =9 + 1 la:

Ay=9z-14 By=9x—1l4hodcy=9z+18
Cy=9z+18 Dy =9z 4+ 14.

GIAL Goi phuong trinh duding tip tuyén lay = 9 + ¢.
Dubing thing trén va dd thi him sd tiép xiic nén h¢ phudng trinh sau c6 nghiém

{:1:3—33;-{'-2=QI+(:

32t —3=9
" N , . N .z T=2c-14
Giai phudng trinh thit hai, thay vao phutdng trinh thit nhét, ta dugc [ .
r=-2,c=18
Phudng trinh tlep tuyen lay=9z—14vay =9z +18.
Vay dap dn la B. 0O

Dang 3: Viét phuiong tinh tidp tuyén di qua mét diém]
Phuong phap gidi: Ta viét phudng trinh tiép tuyén theo cic budc sau

* Goitoa dd tiép diém 12 M (zo; yo), phuong trinh tiép tuyén A : y = f'{zo}{z—z0)+ f(zo).
e Adiqua A(za;ya) nénya = f'(z0){za — o) + fl=zo} ﬁdﬁy giai ra duge zo.
» Vi mbi ze tim dugc, thay vao phuong trinh A ta dude mét tifp tuyén.
vipyu 1.44. Phuong trinh tiép tuyén ciia 46 thi hdm séy = =° — 3z + 2 qua gigo dim cia
héim s6 néy vt truc tung li:
Aldz—y—-2=0 By=0
C3r+y~-2=0 Dy=92-18=0viy=0.

GIAIL Giao diém clia d& thi ham sb véi truc: tung 13 A(0;2).

Tacéy =3z -3, phﬂdng trinh tiép tuyény = .?.(:1:0 — 1}z — =) + zo — 3z + 2.

Phudng trinh tiép tuyendx quaA ta duge 2 = 3(zf ~ 110 — wo} + 3 — 8zp + 2 &z = 0.

Do d6, phudng trinh tidp uyénlay —2=-3(z - 0) & 3z +y—2=0.

Vay ddp dr. o

C. BAI TAP TU LUYEN
BAI TAP 1.86. Phudng trinh tlep tuyen vai dd thihdmséy = 2® +22° - 3z + 1 tai diém c6
hoanh dézx=-1la:

Ay=2z+5 B.y=2r+1 Cy=5—dz Dy=1-4u
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BAI TAP 1.87. Phudng trinh tiép tuyén véidb thiham sy = «% — &% — 22 + 1 giao dtem cua
dd thi véi truc tung la: . .

Adz+y+1=0 B_--2z+'y+1—'-0 Cy=1 Dy=1—2z

BAI TAP 1.88. Phudng trinh tiép ruyen viidéthihimsby =2 + 322 — 9z + 2 tai diém cye
tiéu Ja:

Ay=-3 B.y=14 Cy=37 Dy=2
BAITAP 1.88, Phuong trinh tip tuyén v6i dd thi him sy = z* — dz? + 1 tai difm cuc dai la:
Ay=—3 B.y=-1 Cy=1 Dy=5

BAITAP 1 90, Tim diém M trén &8 thi ham sé y = 2° + 3z — 3 biét hé sb géc ciia tiép tuyén
tat M Ik =6.

A(-L-8) (1) B. (—1; 1) (1;=7)
C(-L-1%(1;-5) D. (1;1); (-2 -17)
BAITAP 1.91. Toa df giao didm clia db thiham sby = 2:;‘; véi truc tung la:
1 . 1
A (—5,0) . B. (03 “5)
C. (0;-2) D. B thi khéng cit Oy

'BALTAP 1.92. Toa d6 giao diém cia dd thi ham s6 y = 2% + 2 ~ 5z + 3 véi truc hoanh I
A (6;3) B. (3:0) ' C. (1;0),(=3;0) D. (1;0), (3;0)

T vadudng thing y = 2z la:

- A~ Y - 2
BAITAP 1.93. Tea dd giao difm cha db thi ham sé y = 2; +3
Az=~L3 B.{-1;-2)
€. Khéng c6 giao diém D. (—1;-2), (3;6)

BAITAP 1.84, D3 thi him s8 nao sau day khéng cit truc tung?

Ay=ad o1 : By=2—:.t:‘l
2z — 1
Cy= — -
v w2 D.y= :r+

BAITAP 1.95, D thi harm s4 nio sau day khong cét truc hoanh?

Ay=a*+2r-1 By=2-zl
222 -1
42

Cy= Diy=u«*-2:7+2
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BAI TAP 1.96. Goi M, N 4 cc giao diém cita 0 thi ham s6 y = 3:‘ =
y == — 3. Hoanh d trung diém I clia M N 1a:

7 7
A.§ B'—E C.7 D. -7

17 va dudng théng

BAI'TAP 1.97. Gid tri m 48 do thlhamso y =20+ 30 — 2(m 4+ ) — m? - 2m cit truc hoanh
tai3 diém 13p thanh mét ¢ip sb congla;

Am=2 B. Khéng tdn tai m

Cm=-1 B.m =12

BAI TAP 1.98. Gi tzi m dé db thi ham séy = 2® — 82% 4 (@m + 1)z — m? cit tryc hoanh tai 3
diém 13p thanh mét chp sb congla:

Am=1 B.Khéngtdntaim Com<1 Dm>1
BAITAP 1.99. V6i didu kién {Zg(i ; 190> 0 111 43 thihim sby = az + ba? + ¢t trie
hoanh tai bao nhigu diém?

A4 B.3 C.2 D.1

BAI TAP 1.100. Tiép tuyen cliadé thi hdm sd y = 2% — 322 + 4 sang song v6i dudng thing
y=—3zcd phuong trinh 13: T

Ay=—-3z+2 B.y=-3x+5 Cy=-3r+4 D.y-=—'3:::+3

4
BAITAP 1.101. Céc tiép tuyén ciia @b thi ham s y = %— ~ 3% + % song song vdi dudng

thingdz +y-1=0c6 phudng trinh 14

Ay=—dz+2Vig=—4y—§ Biy=de+2viy=—4z -8
C;y'=—4:c+2véy=—4x+§ D.y=4:z:+2véy=4x—g

5T TR 2 2 A 2 1
BAI TAP 1.102, S tiép tuyén clia dd thi ham s y = 2z

—7 songsong véi dudng thing
Sr+y-2=0Ix

A0 B.1 C.2 D.3

2 LA
RAI TAP 1.103. S6 tiép tuyén clia db thi ham sby = %‘_’_‘_113 vudng goc vol duding thing
z-2y+1=01Ia:

A0 . B.1 C.2 . D3

Lugng Diic Trong-Nguyén Nhu Théng-Kiéu Trung Thily 57



On luyén thi trde nghiém THPT Quéc gia niim 2017 mén toin spbook.vn

BAI'TAP 1.104. Tlep tuyén cta d6 thi ham 88y = ~z® + 3¢ — 3 vudng gbc vii duding théng
T — 9y + 2 = 0 ¢6 phuong trinh Ja:

Ay=-92—8viy=-9z+10 By=—-92—8vay= -9z +24

Cy=—9z+10viy=—9x—30 D.y=-9z-10vay = -9z + 30

BAITAP 1.105. Gia sit dudng thingy = az +b tiép xiic vdi db thi ham by = z° + 20 2 -2
tai dim M (1;0). Tacd

Aab=35 B.ab=48 C.ab=—36 D.ab=36
BAITAP 1.106. Cho ham s§ y = #* + z + 1. Tim khéng dinh SAL
A. Ham sb luén ddng bién rén R,

B. Trén d8 thi tdn tai hai diém sao cho tiép tuyén vdi db thi tai hai diém dé vudng gée véi
nhau.

C. Phutong trinh tiép tuyén tai diém c6 hodnh déz = 1lay =4z — L,
D. D4 thi ham s6 it truc hodnh tai mét difm duy nhit.

BAI'TAP 1.107. Cho him séy = z° — 2? + 2z + 1, Trong céc tiép tuyén clia db thi ham s6, he
4 - 7 A ~
s0 géc nho nhat dat dugc la:

1 2 4 5

A 3 B. 3 C. 3 D. 3
D. LOT GIAI VA DAP AN
GIATBAITAP 1.86. y = 327 + 42 —3 = y/(-1) = ~4. y(-1) = 5.
Phuong trinh tiép tuyénlay — 5= —4{z + 1) & do+y—1=10.
DépandinglaD. (]
GIAT BAT TAP 1.87. Glaodlemcuadoth:vdltrucmngz—o y-—l e
y =32 -2z — 2=>y(0)_m
Phiiong trinh tiép tuyén iy — 1 =-2x-0)=y=1-2z
Bdp dn diing g D. a
GIATBAITAP1.88. of =32 + 62 -9.¢ =0z =1L = -3.
¥ =6z +6 = ¢"(1) = 12 > Onénz = 112 difm cutc tidu. y(1) = -3.
Phudng trinh tiép tuyénlay = ~3.
Bdp dn dungla A. O
GL‘!.IBAITAPISQ y’ 4 —dz.y’ =08 2=0; z==1
¥ =122% — 4= y"(0) = —4 < 0 nénz = 014 difm cyc dai. y(0) = L.
Phudng trinh tiép tuyénliy = 1.
Bdp dn diingla C. o
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TP . . r=l=2y=1
GIAT BAITAP 1.90. Hé 56 g6c clia tifp tuyéntai M k=6 =322 + 3 =

r=-1l=y=-7
Ddp dn diing Ia 5. a

PR . . 1
GIAIBAITAP 1.91. Giao difm vitruc tungcér =0 =y = -3
Ddp dn diing 14 B. ) . O

GIAI BAT TAP 1.92. Phuong trinh hoanh d8 giao diém:

z=1
z3+zz—5:c+3=0=>[
r=-3"

Ddp dn diing 1a C. 0
GIAT BAI TAP 1.93. Phuong trinh hoanh d6 giao diém

z? 43 {32—21—3=0 [m=—1=>y=—2
R ) =

x—1 T#1 s=3=y=6

DdpdandinglaD. [}

GIAIBAITAP 1.94. = Uthuoctapxacdmhcachamso trong A, B, Cnén khithayz = 0ta
dugc toa d6 giao didm cfia d8 thi cdc ham sb vdi truc tung.

Hamsby =z + % c6 tAp xdc dinh x # 0 nén dé thi ham sb khong cit Oy.

Ddpdn diing la D, a
GIAI BAI TAP 1.95. D5 thi ham béc ba ludn cit truc hoanh.

Phuong trinh 2 — 2* = 0 ¢ nghiém +7/2 nén dd thi trong B ¢t Oz.

Trong C, d4 thi cit Ox tai diém (%0) .

y=2"-2z" + 2= (22 - 1)* + 1 > 0 nén db thi ham sb nay khéng cét truc hoanh.
DdpdndinglaD. O
GIAI BAI TAP 1.96. Phudng trinh hoanh db giao diém:

-7
r—1

p_ge [T -TE+10=0
- z#1

. Hoanh 9z = 2 (zw +2w) = g theo dinh I Viet.
Ddp dn diing I3 A, o
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GIAI BAI TAP 1.97. Phuong trinh hoanh dd giao diém: 2° 4 32% — 2(m + D)z —m? — 2m = 0.
Gi4 sit 3 nghiém lap thanh cip sb cong, theo dinh If Viet: o + 73 + 73 = -3, suyraz = —114
maot nghiém.

Suyra—m?+4=0=3m = +2.

m =2, tacéz® + 32? — 62 — 8 == 0 ¢ nghiém ~4; —1;2.

m=—-2,tacd 2 + 32% + 2r = 0 c6 nghiém —2; -1;0.

Bdp dn dingla C. 0
GIAI BAI TAP 1.98. Phudng trinh hoanh d5 giac diém: =° — 3z + (2m + 1)z ~ m* = 0.

Gi sit 3 nghiém lap thanh cip 56 cing, theo dinh 1j Viet: =, + z3 + 23 = 3, suyraz = 112
mét nghiém.

Suyra-m’+2m-1=0=>m=1

m=1,1acz® —32% + 3z - 1 = 0 cd nghiém s = L.

Didp dn diing Ia B. O

GIAI BAT TAP 1.99. Néuae < 0, suyrab® — dae > 0, méu thuin diéu kién.
Suyraac > 0, b — dae > 0. Do d6 phudng trinh a2? 4 bt + ¢ = 0 ¢6 2 nghiém cling dauty, fs.
Mait khdc, ab < 0, theo dinh 1§ Viet § = —2 > 0, suy ra ci hai nghiém déu dudng. Do dé

phutong trinh ban diu cé nghiém ++/1, /0. ]
Pdp dn ditngla A. 0

GIAY BAI TAP 1.160. Duiing thang song song voi dubing thing y = —3= cé phuong trinh
y=-3w+e
Duding thing nay 13 tiép tuyén ciia d thiy = z° - 322 + 4 hé sau ¢ nghiém

3 2
-3z +4=-3r+¢ _ e
{322—61:—3 Sx=1=c¢=5

Bdp dn dungla B. D

GIAI BAI TAP 1.101. Dubing thing song song véi dudng thdng 4z +y— 1 = 0.¢6 phueng trinh
dz+y+ec=10.

4
Duding thing nay 13 tiép tuyén cia dd thiy = % - 32% 4 % & hé sau c6 nghiém

4
P z=1=¢c=-2
{2 3z +2— 4z —¢ =>[

2% — 6z = —4 I=_2=>c=_§

Bdp dn diing la C. ul

GIAI BAT TAP 1.102. Duiing thing song song vii duting thdng 3z +y— 2 = 0 ¢6 phudng trinh
3z+y+e=0. 2
T+ 1

Puiing thing niy 13 tiép tuyén cha dd thiy = -1 ° hé sau ¢ nghiém

~rom+1
=t r=0=e=1
T -
—m=-3 rg=2=¢=11
Ddp dn dingla C. in|
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GIAI BAI TAP 1.103. Dudng thing vudng gécvéi dudng thing z~2y+1 = 0 c6 phudng trinh
Ixr+y4+c=0.
Dudng thang nay 12 tifp tuyén ciia dd thiy = —23 + 32 — 3¢ hé sau c6 nghiém

w43 3 2%
.2;::—§3 = :r:—§1=>c——§
—— = =2 = =2
(2$_1)2 T= 2=>c 3
Viyddp dniaC. a

GIAIBAITAP 1.104. Duding thing vuéng géc véi dudng thing »—9y+2 = 0cé phudng trinh
9z +y+c=0.
Dudng thing nay 14 tip tuyén ciia dé thiy = —z® + 327 — 3 ¢ hé sau c6 nghiém

{~m3+3x2—3=—9x—c [5'3:_1:?"3:8
=

— 32 = —
3x° + 6z 9 r=3=c=_24

Bdp dn ding Id B. a
GIAI BAI TAP 1.105. Duding thing y = az + b tiép xiic voi 48 thi ham séy = 2% + 222 — 5 - 2.

tai diém M(1;0), nén M(1;0} la ny 1i6m cha he

3244z —1=q b=—6 = ab=-36.

{z3+2x2—w-2=a$+b {a=6
=

Ddp dndingla C. ]

GIAI BAITAP 1.106. Tap xic dinh K.

y = 3% + 1> 0z € R Khong t3n tai hai diém iy, 2, ma ¥im)y'{zs) = -1

Ddp én ding 12 B. O
e . N 5.5 , 5. 1

GIATBAITAP1.107. y=3:2—-2212=23 z-z +-§2§.ymiu=§tg1$=§.

Bdp dn dingla D. C
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CHUONG 2 2
HAM SO MU VA HAM SO LOGARIT

CHUYEN DE 2.1
Cac ba1 téip van dung cac cong thitc bién déi

A, TOM TAT LY THUYET
1. Loy thita

-n L

1
=—;a"=a
a!l

A3

e a*=aa...q;a" =1;a = Vam.

o Viia,b> 02,y € R, tacd
T T T
a®a¥ = o™, %}- =¢*Y; (o) =a; o = (ab)*; ’t;_z = (%) .
2. Logarit
s Vii0<a#lvab>0,tacoz=log,bea”™ =b.
e Vii0<a# 10,0, >0aeR, tacd
+) log, (b1bg) = log, b1 + logabg; loga bg =log, by — log, ba;

+} log, b* = exlog, b log, —b- = —log, b;
}2—2:—2-; log,a b = E ioga b (£ 0); log, b= rcé'b_a (bs£1).
o Dichiét, viit<a#Lb>0acR:

+) log, 1=0.

+) log,a=1.

+) log, 0" & o

+) log, b=

+} log, é = -1,

£) a8t = b
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B. CAC DANG BAI TAP

Dang I: Déng thitc v bit ding thitc don gidn
Véi dang todn nay ta cin van dung céc cong thic bién d8i m&t cdch chinh xdc. Khi gap bét
déng thitc cAn dac bist chi ¥ xem cd sb cfia haim mi, l6garit 1én hon hay hé hon 1.

vi Dy 2.1 (Dé Minh hoa THPTQG 2017). Che cdc 56 thuc dudng a,b véie # 1. Khing dinh
néo sau ddy la khdng dinh diing?

1
A log,a(ab) = 2 log, b B.log,2(ab) = 2+ 21og, b
1 1 1
C.log z{ah) = i log, b D.log,2(ab) = 3t3 log, b
GIAL Tacé L \ 11
log,z{ab) = 3 log,{ab) = ~2-(Iugn a+log, b) = 5 + 5 log, b.
Vay dip dn la D. O

Vi DU 2.2 (Dé Mink hoa THPTQG 2017). Cho cdc 56 thuc duonga,b théamanl < a < b.
Khdng dinh ndo dudi ddy 12 khéng dinh diing?

Alog, b <1 <log,n B.1 <log, b <logya

Clogya<liog, b<l D.logya <1 <log, b

GIAL Ham z s log, z dBng bibn trén (0, +00) khi ¢ > 1. Cho nén gid thiét 1 < e < bkéo theo
log, b>log, e =1valog,e < log,b=1.
Vay dép én 1a D. m|

Dang 2: Gié tri clia ham mii v l1ogarit |

Ta xét bai todn tinh gia tri clla mét biéu thic 'lc‘:garit theo gia tri chia mdt sb Iogarit cho trudce.
Ta thuding viét biéu thiic logarit cin tinh todn dudi dang mét hidu thite chia nhitng 1ogarit
Z

"nguyén t&". Cac bién ddi thuding ding la:

1. log,(z°y") = alog, = + Blog, ;

2. log apa= X = t
"B O T op(anyP) T alog,z + Blog,y
1 N
3. log, b = log, a.log, b; logyh = Tora dé duea vé logarit da cho.

vinuz2.3 (DéMinh hoa THPTQG 2017). Ddta = log, 3, b = log, 3. Hay biéu diénlog, 45 theo
o vdb.

: 2ab 2.
Alogg 45 = & J;b“ B.logg d5 = 22— 20
a+ 2ab 20% — 20b
C. logg 45 = pr D. logs 45 = CLb—-l-b
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‘GIAL Tacé thé viét .
logg 5 2 logg 5 2

logs 45 = 1°g‘35+21°g'33=m10g36+1og36=1+1og32 T8, 2
s 2 _ata
1+1/a 1+4+1/a  ab+bd’
VaydapdinlaC. O

viDu2.4. Néu log, ¢ = V5 thilog B4 -j—ﬁ béing

4 -3V B‘11+3\/5 C_ll—wﬁ D 11 - 3v/5
2 4 4 4
GIAL Tacé i3 s
7 _ wa_3 —lmo_t
Iogmﬁ—logm\/ﬁ 2log\/p—qq 1 2108, vpa
3 1 3 3/5 3vB(v5 - 1) 11 -35
=§1 —-1= 1 Hl'—“\/g+l—1= Pl —-1= 4 .
§(l+logqp) 1+ﬁ
ViydapdrlaD, o
C. BAITAP TU LUYEN
BAITAP2.1. ChoO <a# 1,b>0,c> D.Khﬁngdinhnéosaudéydﬁng?
Alog,b>log, cab>e Bat>at@b>e
Clog,(bc) =log, e b=1 Dlog,(b+ec)=2ab+c=2a

BAITAP 2.2, Choa >0,b> 0 thdaman o? + b = 7ab. Khiing dinh nio sau ddy ding?

sy ek s
C.2(lna +Ind) = In(7ad). D. lna+ b _ 1I!a+1nb';

3 2

BAI'TAP 2.3 (DZ Minh hoa THPTQG 2017). Cho ham sé f(z) = 2°7=". Khing dinh nao sau
déy sai?

Aflrl<ler+zilog,7<0 B.f(z) <1l zn2+2m7<0
Cfa)<lezlg2+22<0 D.fiz) <1lel+zlog,7<0

BAITAP 2.4. Khiing dinh nao sau day sai

A 2VEHL 5 9B B. (V2 — 1)1 5 (/3 1)2017,
2017 2018
C. (1 - -?) > (1 - ?) . D. (V3 - 127 > (/3 — 1)206,
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BAITAP 2.5. V4i0 < a # 1. Gid trj clia a'*%2(%) bing _
A4 B.8 c.2 D.1s

BAITAP 2,6, Néu a = log, 3 v b = log, 5 thilog, ¥/360 bing

1 a b 1 a b 1 a b 1 a b
A.§+E+E B.§+a+§ C-E-I-i-i-'g D.'-2-+§+§
BAITAP 2.7. Cho (vZ ~ 1)™ < (v3 — 1)™. Khi d6
Am<n B.n<m Cm=n Dm>n
. " S S
BAITAP 2.8. Néulog3 = a thi Tozg, 100 bang
Aot B. 16a C. -g D.2a
P 3¥aZat .
BAITAP 2,9. Gié tri bidu thic log, iﬂﬁ@ bing
16 67 22 62
A'_E; B.? C.? D.E
I . R Vb, s
BAITAP 2.10, Cho log, b= v/3. Khi d6 gi4 tri ciia biéu thitc log 5 7 bang
VE-1 Vvi-1
AVI-1 B.v3+1 C. D.
V3+2 V3-2
BAITAP 2.11. Khing dinh nio sau ddy sai
A.log%-a=iog_%b®a=b>0. B.log%a>!og%bﬁa>b>0.
Chz>0sz>1 Dlog,z<0=0<2 <l

BAI T@P 2,12. Néu logy z = glog% a— %log% b thiz biing

3
az

2
2,1 az @
1 _— —_— —_—
A.edb B. s C. Py D. b5
BAITAP 2.13. Khéng dinh nao sau ddy sai
Alogy ;08 <0 B.logg5 > 0.
C. log,245 2017 < log,z, 4 2018. D.logg 4 > log, %
BAI T@P 2.14. Néulog, b= —2va log, ¢ = 5thilog, uT—‘\//C_E bing
-4 -5 5 2
A 5 B. 5 C. 3 D. 3
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BAITAP 2.15. Néu logyr 5 = a,logg 7 = bvilog, 3 = c thi log;, 35 bing
3b+ 2ac “3b + 2ac 3b+ 3ac D 36+ 3ac

, — C. .
c+3 B c+2 c+2 c+1

BAITAP 2.16. Néulog, 3 = a, log, 5 = b thilog, ¥/135 bang

Ag+D , l‘B.%(a+b) c.a+§ D.3(a +b)

BAITAP 2.17. Néulog,; 7= a,log, 5 = bthilogys 582 béng

9
A%+ % B. %(12(1 _5) C.12a-; D. 124 - %

BAI'TAP 2.18. Néulog,¢= V5 thilog s % bing

A11—3\/§ Bu+3J5 Cu-zﬁ D11—3\/§
o — - —
D. LOI GIAI VA DAP AN
GIATBAITAP2.1. i ,

_ log,(bc) =log,cebe=ceb=1
Ddp dn dinglaC. o
GIAIBAITAP 2.2. Tacé

a? 442 =7ab@(a+b)2=9aamn%b - lﬂ;@.

Pdp dn diing la D. : O

GIATRAITAP2.3.
z>0,1+zlog, 7<0

@) <1e 27 <1 g2+ log, 7 < 0. & .
2<0,1+2log,7>0

Bdp dn diing Ia D. ' O

GIAIBAITAP 2.4. Vi0 < V3 -1 < 1nén(v3 - 1) < (v3- 1)™8,
DdpdndinglaD. ]

GIAI BAITAP 2.5, Tagd
oz 4 = ghlokad — fplog,d = /1 =2,

C6 thé thay e = 2 thi ta thu ngay dugc két quila 2.
Ddp dn dungla C. a
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GIAIBAITAP 2.6. Ta c6

log, V360 = %log2(23.32.5) == %(3 +2log; 3 +log, 5) = é(3 +2a+b)= % % + %
DdpdndinglaD. ]
GIAIBAITAP2.7. Do0 < vZ—1< 1nén
(V2-1" < (V2-1)"em>n.
Ddp dn diing I3 B. 0
GIAIBAITAP 2.8,
,m =1log;00 81 = log; 2 3! = -310g3 = 2a.
Ddp dn diing la D. ]
GIAIBAITAP2.9. Tach
log, ke \3/;_25@ = log, a®*¥+#-3 = Jog_ off = f—z
BDadp dn diing la D. o
GIATBAI TAP 2.10. Ta cé
loggx%:log%@(%E\/E)——-1+log%§aé=1+%log%£a=1+% 1\/3
log, -
STRS S EE S )
3 log,b—1
Ddp dn diing 1a D. ]
GIAI BAITAP2.11. Khing dinh & B saivilog a >logy bev 0 <a <b.
Ddp dn ching ld B. O
GIAIBAITAP 2.12. Tacé
logrz= EIog;g a-~ llog: b logy z =log, (ag.b‘i) sr=afpl,
F 37 %2 5%z z 2
Ddp dn diing la C. a
GIAI BAITAP 2.13. Khingdinh & Asaivi0.3 < 1nén logy 3 0.8 > logy 41 = 0.
Bdp dn ding [G A. O
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GIAI BAI TAP 2.14. Tach
av'h i1

1 5 5
logu%=1+*2'10gab~§10ga_c—-1—1—§ ——E.
Bdp dndunglaB. O
GIAIBAITAP2.15. Tach
: 1 1
a=1logy; 5= §vlog3 5,b=logs 7 = 3 logy 7
1 1 1 1
log13 35 =logio 5+ 1ogaa 7= 55 + 1075 ™ Tlog, 2+ logy 3 | 2logy 2 + 10873
1 1 3ac+3b ‘
TE L IYT e T e
3ac  3a 3b 3b
DPdp dn diingla C. =
GIAIBAITAP 2.16. Tach
3 1 3 1 1
log, V135 = 5[0g2(3 5) = 5(3 logy 3 +1og, 5) = §(Sa+ b).
Bdp dn dung la C. 0
P P 1
GIAIBAITAP2.17. Tacda =logy 7= 3 logg 7. Cho nén logs 7 = 2a. Suyra
49 3 9
1og%? = 3(2logs 7 — 3logs 2) =-3 (2.2a— E) =12a - 3
PdpdndunglaD. _ 0
GIAI BAI TAP 2.18. Tach
g /7 _ 3 3
lo — =lo = = — o 1=
ST Jp T B g 3 BT Blog,
_3 1 -8 1= 3v5 1_3\/5(\/5-4) 1_11—3,\/5
T2l TiL LT VB 4 T
2{l-}-log,‘!;a) 1+ 7
Bdp dn dunglaD. ., O
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CHUYEN DE 2.2 -
Ham s0 mii va logarit

A TOM TAT LY THUYET
1. Khi tim tép x4c dinh cita ham s cin chii ¥ mot b diém sau:

» Thutc chit bai toan tim tap xdc dinh clia him s8 [a bai todn gidi bht phudng trinh
hay hé b4t phudng trinh.
» Himsblog, 2 xdcdinhkhi0 < o £ 1vAz >0,

+ Ham can bac chin %/f(z) xdc dinh khi f(z) > 0. Ham phan thic f—;x}- xéc dinh

khi f(x) # 0.
» Khi phéi két hop nghiém clia c4c bt phudng trinh ta ¢6 thé bidu difn cc nghiém
trén cling mgt truc sb d€ thu dudc nghiém chung. '

» C0 nhitng "meo" d€ loai cdc phuong 4n khong thich hgp nhu: Khodng nghiém
chita nhiing phén it 12 nghiém cfia f(x) trong log, f(z); trong khodng nghiém c6
nhiing gid trj "chdn" hodc ddu miit (ctia khodng) 1am him s6 khong xéc dinh.

2. Mot sb luu ¥ khi di tim dao him ctia mét ham s {cé chita him mii vi logarit):

* Cdng thitc tinh dao ham cfia him mii va ldgarit: (a®) = o®lnava (log, z)’ = na’
&
+ Cong thikc tinh dao ham, quy tic tinh dao ham cfia ham hgp.
B. CAC DANG BAI TAP
Lngg 1: Hp xac dinh ehia hémgl

VIDU 2.5 (Dé Minh hoa THPTQG 2017). Tim t3p xdcdinh D cia ham sy = log, (z2--22-3)
A. D = (—o0; -1 U [3; +eo). ' B.D = [-1,;3].
€D = (—o0; —1) U (3; +00). D.D=(-1;3).
GIAL Hamsb y = logy(2” — 2z — 3) xdc dinh khi va chi khi
22 - 22— 3> 04z € (—o0;—1) U (3; +00).
Vay dép dn ditng I C. 0O
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Dang 2: Bao ham

Vi DU 2.6 (Dé Minh hoa THPTQG 2017). Tinh dgo him ciia ham sby = 13°.

Ay =137, By = 13" In13.
1:
! — = —
Cy =18% Dy = !n13
GIAL Cong thiic tong quét cfia dgo him ham s mi 13 (¢®) = o® lna viid <a#l
Vay ddp én ditng 14 B. i}

+1

1—2(.’c+1)ln2 1+2(:r-§-1)1n2

A y’ 92z B. y’ 92T
Cy = 1—2(:;:;1)1112 Dyf = 1+2(x2:;-1)1n2
GIAIL Tacé
P CE: 1)'4=(;§i + Ly - (z( 44; )12)42 4 _1- 2(9,»4:: Hing
Vay ddp dn ditng la A. 0O

. . p 1 > - . N
viDU 2.8. Hamsby = -é-a;’e” théa man phtiong trinh néo?

Ay —¢ ="(e+1). _ B.y" — ¢y = e*(z — 1).
Cy"+v =z +1). Dy —y = (—z+1).
GIAL Tacé

1 1
Y = ze® + §zze=, ' = +2e” + -2-:1:23’

Quan sat cac phudng trinh trén ta thiy chi c6 phuong trinh § A thda mén.
Viy dép dan dungla A. a

C. BAITAP TU LUYEN

BAITAP 2.19. Tip xacdinhclahamsdy =1In 3:3: 5 1a:

A (—00;0)U(2: +00) B.(0;2) C.[0; . DL(2;+00)

-

BAITAP 2.20. Tip xdc dinh ciahimsby = vinz + 2 la:

A [¢%; +00) B. (0; 400} C. [3_12 +oo) D.R
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10—=x N

BAI'TAP 2.21. Tip xic dinh ciia ham sb y = logs = la:

~3r4+2
A (1; +cc) B. (—o0; 10) C.(—oo: U (2;10) D.(2;10)
BAITAP 2.22. Tip xéc dinh clia ham s6 y = In(—2? + 5z — 6) &

A (—o0;2) U (3; +o0)  B. (0;+o0) C. (—00;0) D. {2;3)

BAITAP 2.23. Tip dc dinh clla him sby = v/—222 + 55 — 2+ In — -l

2 —

A (12 B.[1;2) ' C.[1:2) D.(1;2)

BAI'TAP 2.24. Tap x4c dinh clia ham sb y = log (V1 + 427 — 1) l:

M3 o (33}
C. —%; +oo |\ {0} D. (—%; +oo)
BAITAP 2.25. Cho 0 < a # 1. Phét bifu ndo dudi day ding ?
A. Tip xic dinh clia him s6 y = 2 14 (0; +co).
B.Tap gid trj chahamsby = log, z AR,
C. Tap x4c dinh chahdm sb y = log, z A R.

D.Tipgidtrichahamsdy = o* AR

BAITAP 2.26. Tap xic dinh clia ham sby = \/;Tz +ln(z - 1)
A1 400) B.R\ {2}
C.(1:2) D. (—o0; 1) U {2; +00)

BAI'TAP 2.27. Tip xdc dinh clia ham s6 y = logg (log (= + 1)) 1a:
A (-1;0 B. (—1;0) A C. {--1;+ec) - D, (0; 400)
BAITAP 2.28. Ham cfia him s y = In(z? — 2ma + 4) c6 tip xdc dinh D = R khi:
Am<2 B.-2<m<2

Cm=12 D.m > 2hodcm < -2

BAITAP 2.29. Pao him cfia him 56 y = +*° bing:
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Ay =2z +hnz) - By =2%(lnz+ 1)7
'.C..y’-=z?‘. ' ’ Dy =zhs

BAITAP 2.30. Dao ham clia him sé y = sin(2z) ln?(1 — z) 1:

Ay’ = 2cos(2z) In®(1 ~ z) — %;c)_ln(l_—w_z)
. _ 2sin(2z) i

1-z
" Coy' = 2eos(2z) In®(1 — 2) — 2sin{20) In(1 ~ =)

B.y' = 2cos{2x) In*{1 — =}

Dy = 2cos(2z) +21n(l —zx)

e L = 1
BAI'TAP 2.31. Dacham cliahamséy = i = la:
A ' 2 T 2 - 4 2 x 2 -
Ly =(= - .y =(=)*ln-—-5"%Inj
Ay (5)2 1n5+51]:15 B.y (5)2 n 1
;o Zhe=1 _ roym—1 f = pfZyz-1 Sya—-1
Cyv =2(3) z(z) D.y = =(2) +2(3)
BAI'TAP 2.32. Dao ham cip 2 tai z = 2 clia ham s y = In(z® + z) Ii;
13
. L —— .21n , —1
A 36 36 C 6 D. 3

BAI TAP 2.33. Dao hamclia hamsby = loga{2z +1) 1
¢, 2log(2z 4+ 1) , _ 4log(2z +1)

Ay =801 1) B.y/ =
V= Tz+ D2 Y= z+)me
2log(2x + 1) 2
Ly = Zhelsr T ) Dy = — <
Cy Sr+ 1 V= (z+ 1)z

BAITAP 2.34. Dao ham cliahim 6y = In{z® + = + 1) 1a:

1 2z4+1
Ay = Byf = e —.
¥ In(z? + z + 1) V= rz+1
2z 41 1
Y E s Dy =—F——
.Cy In(z? +z +1) Yo rzrl

BAITAP 2.35. Dgo hiam taiz = % clia ham s8 j = &% Iy

A eléi h B. V3e C. —.-3é D. -3¢
BAITAP 2.36. Dao him cliahamsby = 2% In(z*) tai z = 3 bing:
A9+mn3 B.9+46In3

C.9+18In3 D.9+9n3
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BAUTAP 2.37. Dao ham ciia ham sy = In* 2z Ia;

Ay = Bln® 2z B.y’:%lna(Za;)
C.y = 41n*(22) Dy = %hr’* (22)
BAITAP 2.38. Ham sé_y =ln— i - théa mén phudng trinh:
Azy+i=g¢¥ B.:.cy’—l=—e3'.
Cooy' +1=—e¥ : Doy —1=¢¥

BAITAP 2.39, Ham sy = (z + 1)e* thda man phudng trinh nio?

Ay — 6y + 9y =¢". B.y" — 6y +9y =0.
C.y" +6y + 9y = 0. D.y” + 6y’ + 9y = 10z¢*.

D. LOI GIAI VA DAP AN

GIAI BAI TAP 2.19, Ham sb xéc dinh khi

Sz >0« z>2 hodc z<0.
3z—6
Ddp dn diingld A. a
GIAT BAI TAP 2.20. Ham s6 x4c dinh khi
Inz+220ehr>-2&z> 1/82.
Bdp dn dungla C. a
GIAI BAI TAP 2.21. Ham sé xé4c dinh khi
10—z ’ )
m >0eze ("'00,1) U(2,10).
Bdp dn diingla C. O
GIAI BAI TAP 2.22. Ham sb xéc dinh khi
—2*+52-6>0e € (23).
BidpandiinglaD. O
GIAI BAI TAP 2.23. Ham sb x4c dinh khi
92 -2 1
{22:6 +5z2-220 < 253:32 Sl
z—-1>0 z£<-1 hoic z>1

Bdp dn ding la A. [m|
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GIAI BAI TAP 2.24. Ham s6 xéc dinh khi

2 1 '
{3x+2>0,3z+2¢1 ¢{$>‘§'I¢‘§ @ze(_gwm)\{%,ﬂ}_

V14+4z2 -1>0 2#£0
Ddp dn diing Ia A. ' ]}
GIAI RAI TAP 2.25, Phit bifu A sai vi ham mi ¢ tap xéc dinh 14 R. Phat biéu C sai vi ham
16garit chi xic dinh vdi = > 0. Phat bidu I sai vi tip gid tri clia him mii 12 (0; +oc0). Chi c6
phit biéu B 13 ding.
Viy ddp dndinglaB. 0
GIAT BAI TAP 2.26. Ham sb xéc dinh khi

{i:?ig @{zii aelcz<
PdpdndungiaC. [}
GIAI BAI TAP 2.27. Ham s6 x4c dinh khi
logi{z+1)>0e0<z+1<ler 1<z <0

Ddp dn dung ld B. : O
GIAT RAI TAP 2.28. Ham sb ¢6 tip xdc dinh D = R khi

2P —2mr+4>0VeeRe (z-—mP+4—m?>0V R 4~m2 >0 im| <2
Bdp dn dung la B. ) O
GIATBAI TAP 2.29. Tacd lny = zinz. Dao ham hai vé ta duge

@l

=hhz+tl=y =yllnz+1)=2z%nz+1).
Ddp dn dingla B. ’ ]
GIAI BAI TAP 2.30. Tacé

' = (sin(2z)) In*(1 ~ 2) + sin{2z) (In*(1 — 2)) = 2cos(2) (1 — ) — M‘kﬂ

I~z
Viay ddp dn diungia A D
GIATBAITAP 2.31. Tacé
) £ g T _ e—wy _ 3 2 2 —x
y—((s) 57%) —(5) ln5+5 In5.
Ddp dndingla A o
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GIAIBAI TAP 2.32. Tacé

;21 f_ 282 +%+1 L. 13
L yv'= 22 (z + 1)2 =93 = 36
Dép dn diingla B, ‘ ]
GIAI BAI TAP 2.33. Tacé
;_ 22logs (20 +1) _ 4logy(2x +1)
T {(2z+1)l2  (2z+1)m2
Ddp dn diing la B, a
GIAI BAI TAP 2,34, Tacé
(441 2w+l
Tzt +l 2z +l
Ddp dn diunglaB. 0

GIAI BAITAP 2.35. Ta c6

kil
y' = (cos2x) ™ = —25in(2r).e" % = y’(%r—) = —2sin %3&35 =—3c.
Ddp én ding 1A D. o
GIAIBAITAP2.36. Tachy = 3z*lnz = y' = 3(2¢lnz +m2%) — 3(2zlnz + )
= y'(3) = 3(61n3+3) =9 + 181n3.
Bdp dn ditng la C. 0
GIAIBAI TAP 2.37. Tacé

¥ = 4ln®(22)(ln 2z} = 41n3(2z)§ = gln“(2x).
Ddp dn diing la B. ’ - O
GIAIBAITAP 2.38. Tact
; P 1 , T 1
¥ =(~hfz+1)) = —Z—_H=>zy = et _1+m+1 =—-1+e¥=zay +1=¢ev
Bap dn diing la A. . O

GIAIBAITAP2.39. TacGy' = (3z + 4)e™, 3" = (9z + 15)e%®

¥’ — 6y + 9y = (97 + 15)e™™ — 6(3z + 4)e*® + %z + 1)e** = 0.
Dap dn diing la B. O
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CHUYEN DE 2.3 —
Tinh don diéu cia ham mit va ham l6garit

A.TOM TAT LY THUYET

1. Khia > 1, hai hiim s6 2% vi log, = déu ddng bién; khi0 < a < 1, hai him sd o® v log, x
déu nghich bién,

2. Néu f'(z) 2 0 trén khoa.ng I (v chi bing 0 tai hitu han dlem) thi ham ddng bién oén
khodng I. Ngudc lai, néu f'(x) < 0 trén khodng I (vA chi bing 0 tai hitu han di#m) thi
ham nghich bién trén khodng 1.

3. Khidao him d8i diu tit 4m sang dudng qua =, thi him sb dat cuc tidu tai zo. Nguoc lai,
khi dao ham ddi diu tit dudng sang 4m qua zp thi ham s dat cuc dai tai zg.

B. CAC DANG BAI TAP

Dang I1: Tinh ddng bién, nghich bién va cuic tri chia ham b

viDU 2.9. Hamsby = 111?:1: ding bién trén
A. (0; +c0). B. (%; +oo) . C. (0;e). D. (e; +00).

GIAL Ham sb x4c dinh trén (0; +o0)

1-Inx
Fla) = —3=
Chonén f'(z) > 0khiz € (0; ).
Vaydap andingla C. |
ViDU 2.10. Ham sby = z* — In(2z + 1). Khing dinh néo sau ddy ding ‘
— 1—4In2 1
A.ycr:l;ml’ail‘=l B-yCT‘:"’“”“ZlP‘-‘I@fI:'in
4dln2 . 1 In2 .
Cycq;——ntguc=-—. D.yccg=-];ﬁ—fl—t_al$=l.
4 2 4
GIAL Hamsomcdmhtren( %, +oo).Tac6
. 2 _L2i+z-1_ (z+1)(2e-1)
ki e A e R P

Nény' = 0khiva chikhiz = % Déu clia dao ham déi tit 4m sang duong khi qua % nén % 1a
diém cuc tiéu. T cdc suy luin niy ta suy ngay ra ddp 4n 14 B,
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1x4ln2
e T

C6 thé suy lugn cich khic nhu saw; Taiz = 1 gid tri cfia ham s6 khong bang én hai

dép 4n Ava D khéng diing. Tinh todn gid tri him sb tai z = 0.51 ta thiyné 1én hon 1_—:1‘i

Cho nén c6 thé du doan dap 4n 1a B. :
Viy ddp dn dung la B. O

li)n_:mgz: Gié tri nhé nhit, gid tri 1én nhit cia him s§ -

VIDU 2.11. Gid tri lén nhdt cia ham séy =¥z — 2Inx — 2.06n[0; %] 1
Al B.Q C -2 D. Khing co

GIAL Pitt=lnc. Licdét & [0;3] vy =% — 2t — 2 = (£ — 1) — 8. Do d6 gid tri 1én nhét1a 1
dat dude khi £ = 3.
Vay ddp ér diing la A, 0

VIDU 2.12. Tich cila gid tri lon nhér va gid tri nhé nhitcia hém séy = /22 + 3—zInz trén
[1;2] bang

Adln2—4v7 B.v/7T—4n?2 C.dln2 — 37 D.2+/7T—4In2

GIA’I Tacé
¢ = —I1-lnz<0, zell;2]
Y 7.3 s %)

Diénh gid cudi cling c6 dugcladolnz > 0vd ———— +3 < 1khiz € (1;2). Cho nén gii tri nho

nhét dat dudc tai z = 2, gid tri 1én nhét dat duqe tai z = 1. Ta thy y(1)y(2) = 2(v'7 — 2In3).
Nennch cin m 13 2(v/7 - 21n2),

Vay ddp dn ding 1 D. (]
C. BAIT@PT[_J’LUYEN
BAITAP 2.40. Gié tri nho nhit cahim séy = (2° + 4z + 1)e*~2 trén [-2; 3} Ix

A 22 B. —% C. _?23 D. _677

BAITAP 2.41. Cho hamsby = IC—H Menh dé ndo sau ddy ding?
eﬂ:
{z+1)%

B. Ham 56 dat cuc daitaiz = 0.

Ay =

C. Ham 56 dat cuc tiéu taiz = 0.

D. Ham s& dong bién rén R \, {1}.
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BAI TAP 2.42. Trong cic ménh dé sau, ménh da ndo diing?
. A Hamsby = log, ¢ vdia’> 1 nghich bién trén khodng (0; -+co).
B. ﬁém sy = log, £ vdi0 < @ < 113 ham ddng bién trén (0; +o0) .
C.Himsby = log, = vdi0 < a 1 ¢6 tAp xdc dinh 1A R,
D. D& thi haihim sby = log, zviy = logz » d6i xitng nhau qua truc hoanh.
BAI'TAP 2.43. Himsby = zlnz déng bién trén khodng:
A (0;+2) B. ('E“, oa) C.(G;1) D. (0; %)
BAITAP 2,44, Ham s f(z) = ze™* xdc dinh trén { = [0; +c0) . Ménh d& nio sau day diing?
A max f(x) = ? min f(z) = —.
B.max f(z) = —imin f(z) = 0.
C. I::JEII’} flz) = %, khdng t3n tai gid tri 16n nhit clia f{z) trén I.
D.max f(z) = % khong tdn tai gid tri nhd nhit clia f(z) trén I
BAI'TAP 2.45. Himsby = %
A. Cé mét cue tidu B. C6 mét cuc dai
C. Khéng cé cue tri D. C6é mét cuic dai va mét cyc tidu
BAI TAP 2.46. Him s y = e + e~* c6 bao nhigu cuc tri
A0 B.3 C.2 D1
BAITAP 2.47, Cho ham séy = = — &% Khing dinh ndo sau day diing
A, Ham s6 dat cuc tifu tai z = 0 ' B.Hamsb khongxdcdinhtaiz =0
C.Hamsé datcyc daitaiz = 0 D. Ham sb khéng dat cuc dai taiz = 0
BAI'TAP 2.48. Gid tri nh nhit, gi trj 16n nhit cha f(z) = z_j trén [~1; 1] theo thit t 1
AOva- ~ B.Ovie C.2vae D.1vic
BAITAP 2.49. Gid tri nhd nhit cfia ham sy = 497 % 4 427 = |3
A 2% B.5 C.2 D.4
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BAITAP 2.50. Gid tri nho nhét, gid tri 16n nhét clia him sb y = 217! t1én [~2; 2] theo thit ny 12
1 . 1 . 1 . N
A_—Zvati B.Zvatl C.Zval D.1va4
BAITAP 2,51, Gid tri 16n nhit clia ham sd y = 2% tén [-1; 1| &
Az B.e C.0 D. 2
BAITAP 2.52, Gl4 tri nhé nhit cia ham sby = z° ~ 41n(1 ~ z) trén [-2; 0] 12
Al B.1—4in2 C.0 D.4—4ln3
BAITAP 2.53. Gif tr] nhd nhitcfiabimsdy = ¢%(z — 2)® rén [1;3} 12
Ae B.0 C.é D.¢?
- ? b -, I'd
D. LOT GIAI VA DAP AN
GIAT BA! TAP 2.40. Quan sit thiy c6 hai phudng n chita gid tri am. Ta ¢6 y(-1) = -3V
2 e e 12 wra 2
y(-2) = _e3_4' Tuy nhién -5< —-:7 nén gid tri nho nhit sé 13 -5
C6 thé khao sat ham s& d€ di dén k&t qua nhut cac bai tap trudc.
Ddp dn dingla C. O

GIATBAITAP2.41. Tacé

;e tl) et we®
T (z+1? T (z+ D)
Dodéy =0khivachikhiz =0vay dﬁidiutiiémsangduang gquaz=0.Dodéz =012
difm cue tiéu chia ham s,
Ddp dn diing 1. C, o
GI&IBAI'D_‘T.PZAZ Viy = logy = = —log, z, db thihaihamsby = log,zvay = logy z déi

xing nhau qua truc hoanh.
Dap dn dingla D. O

GIAIBAITAP2.43. Tacéy =Inz+1.Nény > Okhivichikhilnz +1> 06z > %
Bdp dn diing la B. O

GIAI RAITAP 2.44. Tac f'(z) = €™ ~ ze™" = (1~ z)e™" Nény' = O khivachikhiz = 1.
Hon nita dao ham ddi dautududng sang 4m qua nghigm £ = 1. Suy ra ham s dat gid trj 1én
nhittaiz =1va f(1) = = Do F(0) = 0va f(z) > 0 véimoiz € [0; +0c0) nén ham sb f{x) dat

gi tri nhd nhét bang 0.
Badp dn ding 14 B. O
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e A - . . l-lnz __, son 1T
GIATBAITAP 2.45. Him sbxic dinhkhiz > 0. Tacé ¢/ = 22”. Nény' = 0 khi va chi khi
z = e. Hon nita dao ham d6i du it dudng sang &m qua nghiém z = e. Suy ra ham sb dat cuc
daitaiz =e.

Ddp dn dung la B, a

GIAIBAITAP 2,46, Tacéy' = " — e~ = 0 khi vi chi khi z = 0. Dao ham d8i ddu quaz = 0
nén him s6 ¢d 1 ey trj,

Bdp dn ding e D. (]
GIAIBAITAP 2.47. Tacéy = 1 —¢® = 0 khiva chikhiz = 0. Dao him d6i déu tix dudng

sang 4m qua = = 0 nén ham sb dat cuc dai tai z = 0.
Bdp dn dung la C. : O

GIAI BAITAP 2.48. Tach f'(z) = -“(—365-2—). Nény' = 0khivichikhiz=0(do-1<z < 1).
Tacd f(—1) =e, f(0) =0vA f(~1) = é Cho nén gid tri 1dn nhét 14 e vi gid tri nhd nhét 1A 0.

Néu quan sat k¥ ta sé thdy f(—1) = e, f(0) = 0 cho nén dép 4n diing phai 3 B.
Ddp dn diing la B. _ D

GIAI BAI TAP 2.49. Theo Bt ding thiic Cauchy ta cé
y=450"7 4 geo®e > 9\ /psinte gt = 9/F = 4.,

Déu béng xay ra khisin?z = cos®z = %
Ddp dn diingla D, O

GIAI BAITAP 2.50. Khiz € [2;2] thi =] nhan gi4 trj tit 0 dén 2. Do dé gi4 trj nhé nhét va lén
nhat thttrla2® = 1va 2% = 4,
Dip dn dung la D. a

GIAIBAITAP 2.51. Tacé y = z%* < e véimgiz € [~1;1] va diu bing x&y ra khiz = 1. Nén
gid trinhd nhit ca hamsd lae.
Védy ddp dn diing 14 B. . o

. x — 952 - oy

GIAIBAITAP2.52. Tacoy' = 20 + - 4 _4 *”12” ;” e *1“’}{2 %) Neny' = 0 khi
- - -

va chikhiz = —1. Hon nita dao ham d8i d4u tit im sang dudng qua nghiém = = ~1. Suy ra
ham 6 dat gid tri nhé nhdt taiz = —1, y(—1) = 1 — 41n 2,
Néu quan sat khéo ta sé thiy y(~1) = 1 - 41n2, Dayla gid tri nhé nhit trong 4 gid tri da cho.
Vivay ddp dnséla B.
Ddp dn diing ia B. . a
GIAI BAITAP 2.53. Tathiyy = e*(z — 2) > 0vay(2) = 0. Nén gid tri nhd nhit clia ham s5
lag.
Ddp dn diing I B. O

80 Luong Buic Trong-Nguyén Nhu Théng-Kidu Trung Thily



sphook.vn CHUONG 2. HAM S0 M{ VA HAM 6 LOGARIT

CHUYEN PFf 2.4 - )
Do thi ham so

A. TOM TAT LY THUYET
Mot 50 Iuu ¥ khi gap bai todn tim him sb khi bibt 43 thi ciia né.

1. Quan sdt d6 thi d4 cho xem d4 him d? thj di 1én hay di xubng. Khi d thi di 1én him
tudng ing sé téng; cn khi dd thi di xubng ham tuong ing sa gidm.

2. Quan st xem dé thi ¢6 tiém cin ngang hay tiém cin diiing khéng.

3. Quan sét xem d6 thi di quan nhiing difm dic biét nao, giao difm vii truc hoanh truc
tung Ia nhitng diém nao. ’ :

B. CAC DANG BAI TAP
VIDU 2.13. Khdngdink néo sau day sai

A. DG thi clia hai ham 6 y=2° vdy=log, z dii xiing nhau qua dudng thingz = y.

B. D4 thi ciia ham s6y = log, = ném phia bén phdi truc tung.

C. Db thi ham sy = 2% vay = 10-2 khéng cét nhay,

D. D8 thi hai hém séy = (%): Vay = —log, z dbi xiing nhau qua dudng thingc = ¥
GIAIL Ta di bibt dé thj cdc ham sb y = ¢" vy = log, = déi xiing qua dudng thing y = ¢
tién céc khing dinh A va D ding. Khing dinh B cting diing vi tdp xic dinh cliay = log, z 13
(0; +co). Khing dinh C sai vi chiing cit nhau tai {0;1).

Vity déip din ding la C, O
VIDY 2.14. D6 thj sau 1.8 thi ciia ham 56 nao

Ay=2* Jr

1\ ®
By—(i) +1

C.y=2_= 1\

Dy=3 0 o

GIAL Haiham sb ¥ = 2° vy = 3% Ia cdc hm téing nén 43 thi cita cling di lén néu ta nhin tit
trii sang phii. Do dé cac ddp 4n A va D 13 sai. D3 thi him s6 nhén truc hoanh am tiém cin
Dgang nén ddp dn phiila C' (ham s & B nhan dudng thangy = 11am tiém can ngang).

Vay dip dn diingla C.
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Vi DU 2.15. D4 thi sau ddy 1 db thi cia héam'sb ndo?
A

Ay=27-2

By=z-2*

Cy=20—-oz-1

D.y:m(a:—l)(:r.—%) 0 1 g

GIAI Vi 43 thi ham s§ di qua céc diém (0;0) va (1;0) nén céc dép 4n A va D khong ding.
Paraboly = z — 2 ¢6 bé 16m quay 1én trén nén B cling khong ding.
Vay ddp an ditngla C. m]
BAI TAP 2.54, Phét biéu ndo dudi day khong diing

A Ham sb y = ¢ khong chin ciing khdng 18

B.Hamséy = In(z + v/2% + 1) laham I&.

C. D3 thi clia him s y = ¢* nim phia bén trdi tryc tung.

D. Ham sé y = In{z + vZ + L) khéng chén ciing khong I&.

GIAL Vi 46 thi him s6 y = e* niim phia trén truc hoanh chit khéng phéi ndm bén trai truc
tung (ohu ham y = Inx).

Véy ddp dnla C. |
C. BAITAP TU LUYEN

BAITAP 2.55. Phit bifu ndo dudi déy khdng ding
A. Hai ham sb y = o* vA y = log, = ¢6 cling tap gid tri.
B. Hai d8 thi ham sb y = &* vy = log, = d6i xitng nhau qua dﬁbng théngy = z.
C. Hai him s6 y = 0" vi y = log, = ¢6 cing tinh don digu.
D. Hai d3 thi ham sb y = o” vy = log, = déu ¢4 tidm cén.

BAI'TAP 2.56. D9 thi sau day 1a dé thi clia ham s6 nao?

Ay=2 T

B.y= -2 9 »
Cy=-277 ~
D.y = hi(—1)
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BAITAP 2.57. D4 thi sau I3 d3 thi cfia ham sé nio

Ay=3—z_1

0 1 >
By=z—¢
Cy=-3+22+1
Dy=z+z

BAI TAP 2.58. D3 thi sau 1 dd thi ciia him sé nao

Ay=T

B.y=lg
0 0.5

C.y = In(3z) /

D.y = In(2z) '

BAITAP 2.59. D4 thi sau 1 dé thi cfia ham sé ndo

4

) F
Ay=lnz
By=~Inz )
C.y = —In(2z) 0 1 >
Dy=~e* \
D. LOI GIAI VA DAP AN

GIAI BAITAP 2.55. T8p gid tri cha himy = o* I {0;400), trong khi tip gid tri ¢lia ham y =
log, zla .
Dep dn diing la A. W

GIAI BAI TAP 2.56. Ta théy dudng cong di xubng khi nhin tit trdi qua phai. Cho nén ham sé
nghich bién. Ta loai dude A va C. Phtidng 4n D cling khéng diing vi him s xdc dinh ca khiz
dm va duong.

Ddp dn diing 1 B, a

GIAI BAI TAP 2.57. 'Ta thiy duting cong di qua hai di€m (0; 0) v& (1;0) nén cic phudng an
A, D khéng ding. Phudng dn B ciing khong diing vi bé 16m cfia dé thi quay Jén trén,
BdpandunglaC, ]
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' GIAY BAITAP 2.58. Ta thiy duding cong di qua difm (; ) . Chi 6 ham s6 & phuong dn D

¢6 tinh chit nay.
DdpdndingilaD. ’ O

GIAI BAI TAPZ 59. Dudng cong di qua didm (1;0) va di xubng (chitng té ham nghich bién).

Chi cd ham s6 & phudng dn B cd tinh chit nay.
Ddp dn diing la B. a
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CHUYEN BE 2.5 -
Phuong trinh mix

A. TOM TAT L¥ THUYET
lLa*=bozr=log,b
2. /@ o p e fizy=log, bviia> 0,0 # 1.
3. aft = g302) & fiz) = g(x)vdia > Oholica = 1.
4. 6°>0 Va>0zeR
B. CACDANG BAI TAP
@ng 1: Thit trwe tiép nghiérﬂ

Trong dang todn nay ngudi ta cho phuong trinh va mét sé phuodng dn cla nghiém. Nhigm vu
cliata }a chon ra ditng nghigm.

1. C6 thé thit tryc tiép timg phuong dn véi s gitip d& cfia mdy tinh. Quan sat khéo dé loai
ngay di nhiing phudng an sai,

2. C6 thé gidi phuong trinh dé tim ra nghiém,

3. Khi gidi phudng trinh chi ¥ phuong phdp dua vé cling co.s8, dit &n phu d€ dua vé
phuong trinh dai sé.

- VIDU 2.16. Phuong rinh 45 4 95*=41 _ g o5 nghiém I
Ary=1z,=2 Bz =~1,20=1.

C-SCl =0,$L'2=1. D.Il="‘-1,$‘2 =0.

GIAL Tathiys = 1131 nghiémva nghiém ndy cling 1a nghiém clia z* — & = 0. Him bac 2 6
1 nghiém nita l4 0. Phuong trinh ¢ nghiém 0, 1.
VaydapanlaC. O

VIDY 2.17. Phuong mrinkh 3+ 4 32-= _ g
Axz=0 B. V& nghiém, Cz=3. D.x=+1

GIAL C6 thé thit true tiép dé thu duge nghiém z = +1.

C6 thé ditng phuong phép logi trit nhy sau. Ta théy néu = = z, 12 nghiém thiz = —z, ciing
la nghigm. Cho nén A va G 14 sai, Mit khic ham s§ 32+* + 3%~ nhin 4 gid tri 16n hon 30 va
nhé hon 30, Cho nén phudng trinh bao gi¥ cling c6 nghiém. Vi véy D ciing khéng diing.
Nev'vidy dipénlaD.
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vi DU 2.18. Phudng trinh 35-15% 52 = 15 cd nghiém I3
Azx=1 . . Bx=2z=-—log5.
Cz=4, D.z =3,z =logs5.
GIAI Tathit ¢éc nghiém chin. RS rang x = 1 khéng 12 nghiém nhung = = 2 lai la nghiém.

Do dé B phdi 12 d4p an ding.
Vay ddp an la B. a

ngng: S6 nghiém ‘

1. D& tim ra phucng 4n chinh xdc, cdch "an toan" nhét1a tién hanh gial phudng trinh,

2. Ham 18 f(z) lubn cd sb 1& nghiém vi f(0) = 0 va néu zg 13 nghiém thi —xz; ciing la
nghiém

3. Néu f(z) 1a ham chin ma =z, 2 nghiém thi ~zo cling Ia nghiém. Do dé néu F(0) # 0thi
phitang trinh ¢6 sé chin nghiém. Ngudc lai, phudng trinh ¢4 50 i€ nghiém.

4. Ch ¥ tinh ting giim ciia ham sb & gidi phuong trinh: Myt ham ting hogc glam sé& co
khéng qué 1 nghiém.

5. Néu f lién tuc trén {o; ] ma f{a) f(?) < 0 thi phudng trinh f{z)} = 0 ¢ 1 nghiém trong
(a; b).

viDU 2.19. $6 nghiém ciia phuong irink 3% — 37 = 2 ¢6 nghiém ia
A. VB nghiém B.3 c.2. D.1.
GIAL Ditt = 3 > 0. Phudng trinh di cho trd thanh
3 3
t—2x2-ﬁt -2t—3=0

Do d6 phuong trinh c6 1 nghiém dudng va 1 nghiém 4m nén phuidng trinh ban diu chicd 1
nghiém (ting vdi nghiém duong clia phuong trinh béc hai). :
Vay ddp én la D. . a

Vi DU 2.20. 85 nghiém cila phuong trinh 37° = %z +1la
A2 B0 c1 D. V6 56 nghiém

GIAL Xétham f(z) = 37 — %:c — 1.Ta théy ham f lién tuc vi nghich bién trén R. Hon nita
£(~8) > 0, f(3) < 0. Cho nén phudng trinh ¢4 nghiém duy nhit,
P * -

P

Vay dap an ]
VIDU 2.21. S5 nghigm cila phuong trinh2® = 4x+ 114

A0 B.1 C.2 D.3
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GIAL Xétham f(z) = 2 ~4z—1.Ta thiy ham f1ién tuc trén R. Hon nita f(—2) > 0, f(0) <0
va f(5) < 0. Cho nén phuong trinh c6 it nhét hai nghiém. Ta lai thdy f'(z) = 2*ln2 —4 =0
c6 diing 1 nghiém. Nén f(z) khdng thé cé qua 2 nghiém. Vdy f c6 diing 2 nghiém.

Véy dép dnla C.

ngmg 3: Tinh chit cfia nghii;‘:I

0

1. Déxem nghiém clia phidng trinh ¢6 tinh chit nio treng cdc phuong dn di cho thi cic
“an toan" nhét 1 gidi phueng trink.

2. C thé udc lugng nghiém hay xét diu cfia nghism dé gitp tlm ra dép sé.

ViDUy 2.22. Phuong trinh 3%+ — 4.3 4 1 = 0 ¢f hai nghiémz,, zz trong dé z, < 4. Khing
dinh ndo sau diy diing.

Alm+z=0 Bozy + 235 =-1 Caop+xp=-2 D.oxygg =1
GIAL Ditt = 3" > 0. Phuong trinh d cho tr3 thinh
3P~ a4 1l=0et =11t = %

Do dd phudng trinh cé nghiém 140 va —1. Cho nén phuong 4n B i diing,
Véy dap én la B. |

VIDU 2.23. Phuong trinh 3+% 4. 31-= _ 1
A. Cd hai nhiém dm. B, Vb nghiém.
C. C6 hai nghiém duong, D. C6 mér nghiém dm, moe nghiém diong,

GIAL Ditt = 3% > 0, Phudng trinh da cho w3 thanh

3t+-§— =083 10t +3=0e¢, = 3,6, = %
Do d6 phurong trinh cé nghiém 13 1 vi —1.
Céch 13p luan khéc: Ta thay néu = = zo 13 nghiém thi z = —p ciing 14 nghiém. Cho nén A
va C' la sai. Mat khdc ham s6 3% 4 31~% nhan ¢4 gid trf 16n hon 10 v& nhé hon 10. Cho nén
phuong trinh bao gidl ciing ¢6 nghigm. Vi viy B ciing khéng diing.
Vay dap din 1z D. 0

‘ Dang 4: Bai todn chita tham sé

1. Bai todn c6 tham s6 trong thi trfc nghidm thutdng la bai todn d&. Cach lam don gidn
nhit 14 ¢6 1ap tham sb rdi khao sét him sé theo bizn z.

2. Cd the dua vé phttong trinh bic 2 c6 tham sé trong mét s6 trudng hop.
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viDy2.24. Timim dé phutong trinh sau co diing ba nghiém 4= g =m
A2<m<3. ’ B.m>3.

Cm=2. D.m=3.

GIAL Ta thiy néu z = 7o 13 nghiém clia phuong trinh thiz = —, ciing 1 nghiém. Do d6 d&
phuteng trinh 6 ba nhim thi né phdi cé 1 nghiém dudng, 1 nghi#m 4m vé 1 nhiém bang 0.
Thay z = 0 vio phuong trinh ta thu dugc m = 3. :

Nhit vy dép én la D, m|

viDU 2.25. Timm dé phuong trinh sau ¢6 ding ba nghiém 4% — m2et 4+ 2m = 0 ¢6 hai
nghigm e, =, théamanz, + 22 =3.

Am=4. Bm=2
Cm=1. D.m=3.
GIAL Phuong trinh cé thé viét dudc duéi dang
(2°)? — 2ma® + 2m =0 & £ —2mi+2m =0, t=2

Do dé theo dinh Iy Viet t,63 = 9719%2 — 9m, Nén 2m = 2% va kéo theom = 4.

Nhut vy dép én la A. m]
vipy2.26. Timm dé phuong trink sai c6 nghiém §° — F+m=0

Am > :11- B.m>0.

._C.mgé. D.om <0,

GIAL DPit3* =t > 0. Phudng trinh da cho tr§ thanh
B—t=—-m

Mién gid tri chaham t 2 ~tkhif > 012 [——-}1: +oo) .Dodé-me [—}—L; +so). Haym < -‘11:
Cich 14p luan khéc: Ta thiy 9° > 3° khiz > 0. Viviy khim > 0 phuong trinh chic chén vd
nghiém. Suy ra céc dap 4n A va B2 sal. V8im =0 ,phuong trinh tr8 thanh 9° — §* = 0 vané
¢d nghiém = = 0. Suy ra D cfing khéng ding. Viy ta chi con lai dép an C. :

Nht vidy dép dn la C. |

C. BAI TAP TU LUYEN
- -3z
BAITAP 2.60. Phuong trinh (%) — 247 — 3(v2)*® = ¢ co nghiém 12

A-1 B.log, 5 C.0 D.log, 3
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BAI'TAP 2.61. Tich hai nghiém ciia phuong trink 22¢+4=~6 _ g g2a*+4273 1 _ 013
A9 B.-1 C.1 D.9

3z-1
BAITAP 2.62. Phuong trinh 3% = (%) c6 nghiém 14

Al 51 . b
BAITAP 2,63. Tich cic nghiém clia phutong trinh 6° - 5° + 2° = 3% 13

A4 B.2 C.0 D.1
BAITAP 2.64. S6 nghiém cha phudng trinh 225 ~T7+% _ 113

A2 B.1 C.0 D.3
BAITAP 2.65. Phuong trinh ¢ — 3% 4 2 = 0 ¢ nghiém 1

A.x'=0,a:=th2 B.::=—2,a:=-]-I;—2 C. Dap dn khédc Dz=0zx=1
BAITAP 2.66. Phuong tinh (2 + v3)* + (2 - v3)* = m cé nghiém khi

Am<s Bm<5 Cm>2 Dm>2
BAITAP 2.67. S5 nghiém cfia phuong trinh 22+ 4. 22+ = 1513

A2 B.0 C1 D.3
BAITAP 2.68. Phuong trinh 2.25%"= = 905 _ 364 nghiém la

Az=(2k+UmkeZ B.z='g+2k7r,kez

c.m=§+k:r,kez Dz=kmkcZ
BAITAP 2.69. Téng cic nghiém clia phuong trinh 3° + 9(%)”."'1 —4=0Ia

A1 B.0 C.1 D.2
BAITAP 2.70. Phuong trinh 2954 4 4= _ 39 ¢4 nghiém fa

A zx=100 B.z =10,z =100 C.z=20,z=100 D.z=10
BAITAP 2.71, Tap tit i cic gid trj clia m d€ phudng trinh 222 4+ m?% _ m = 0 c6 nghiém 13
Am<( Bo<m<1

Cm>1 D.m <Ohodicm > 1
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'BAITAP2.72. Tap tht ¢4 céc gid tri cliam dé phudng trinh 227" +2m? —m —3 = 0 ¢6 nghiém
1a

' 1
A (0;1) B. (—1; %) C. (—;2—;0) D. {0; +o0)
BAITAP 2.73. Phudng trinh 64.9% — 84.12% + 27.16" = 0 cé nghigm 12
Ar=1z=2 B. V6 nghiém C.z=1%,a:=§ Dz=-1z=-2

BAITAP 2.74. Phuong tinh 9="+! — 35'+1 — 6 = 0 ¢6 nghiém [
Aax=0 Bz=-lz=0,z=1
Cr=-2z=0z=2 Drz=1zr=-1

BAITAP 2,75, Timm d€ phuong trinh 9% — m.3" + 1 = 0 c6 diing mét nghiém
Am==32 Bm=2 C.m=-2 Dm>2

BAITAP 2.76. Phuong trinh 4~ + 672 = 977 ¢6 nghiém I

2 §—-1
C.x=!og@§ D.z = logg 2

BAITAP 2.77. Phuong trinh (vZ — 1)7 + (V2 + 1)* — 2V/2 = ( c6 tich cdc nghigm 1
A -1 B.1 C.0 D.2

BAITAP 2.78. Phudng trinh 225%% — 5.27+! + 1 = 0 c6 tdng céc nghiém la

A4 B.5 C.—4 D. %
BAITAP 2.79. Phuong trinh 8.3% -+ 3.2° = 24 + 67 ¢6 tdng cdc nghigm 12 .

Ad B.6 C.2 ' D.3
BAITAP 2.80. Phudng trinh 47! — 2°*2 4+ m = 0 ¢6 nghiém khi

Am<O Bm>1i C.mz0 Dm<1
D. LOT GIAI VA DAP AN
GIAI BAI TAP 2.60. D3t 2° =t > 0. Phuong trinh da cho tr§ thanh

-2 —3t=0e@i(t+1)(t-3)=0wt=3=r=log3

Dip dn diing 12 D. ' o
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GIAT BAITAP 2.61. Ta thiy néu =z, la nghiém ciia phudng trinh thi —z, ¢iing 1 nghigm.
Nhung hiéu nhién z = 113 | nghiém. Vi vay nghiém kia la —1. Tich hai nghiém khi dé 1a
-1,

Bdp dn diing 14 B, a
GIAI RAI TAP 2.62. Tacé
N 32 Tz ] 6
5 = 3T: &3 =3Fasr= 7
Ddp dn ding la C. a

GIAI BAI TAP 2.63. Tathiy phuong trinh cé nghiém z = 0 nén tich céc nghiém clia phuong
trinh [a 0.
Bdp dn dungla C. O

GIAI BAI TAP 2.64. Ta thiy phuong trinh fuong duding vdi

(241

2x1—7:n+5=0®:c'=1,:r:=-.

V]

Ddp dn diing ld A. : a
GIAIBAI TAP 2.65. Diit &3 = t > 0. Phuong trinh d4 cho tr3 thanh

H-3tr2=0at= 1,t=3#e3xx1,es"'=2¢)m=0,x=%InZ.
Dﬁp dndingla A. 0
GIAI BAITAP2.66. Dt (2 + v3)* = t > 0. Phuong trinh 3 cho trd thanh ¢ 4+ % — m. Him
86 f(t)=t+ % khi t € (0;+00) ¢6 mién gid tri 12 {2; ++00). Cho nén phucng trinh cé nghigm
khivachikhim > 2,
Bdp dn diing la D. ) ) . O
GIAI BAI TAP 2.67. Ta thiy néu =, 12 nghi¢m thi —z ciing 12 nghiém vi = = 0 khong 13
nghiém. Ham f{z} = 2*** 4- 2°~* nhdn ci gid tri 16n hon va nho hen 15 nén phuong trinh
da cho luén ¢ nghiém. Suy ra phudng trinh cé s6 chin nghiém Ja 2,4,...Chi ¢6 phuong 4n 4
théa min,

Ddp dn diing ld A. O

GIAIBAITAP 2.68. D3t 2°°°% = ¢ > 1, Litc d6 27" 7 = gl~sin’= _ %.Phu’dng trinh di cho
tré thanh )
2t—z=3§2t2—3t-2=0¢>t=2.
Tiedbtacd . .
i "‘=2#sin2x=1®cosz=0¢x=§+k7r, keZ.

Bdpdn dinglaC. O
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GIAT BAI TAP 2.69. Phudng trinh da cho tuong dudng véi

3=+3% —4=0e @) 4T +3= 08 F =1 =3es=02=1
Pdp dn diing la C. ]
GIAI BAI TAP 2.70. Phudng tiinh da cho tuong dudng vdi
qlog® 4 gloET _ 39wy gl08T = §§ = 4% e logz = 2 & & = 100.
Viy ddp dn la A. : O

GIATBAITAP 2.71. Ham s6 = + 2%~ c6 mién gid tri I3 (0; +00). Do d6 phuong trinh cé
nghiém khiva chi khi ‘
m?>—m<0e0<m<l.

Ddp dn duingla B, ]

GIAI BATTAP 2,72, Ham 56 2 = 2%°~! ¢6 mién gi tri 14 (0; +00). Do d6 phuong trinh cé
nghiém khi vi chi khi

2m2—~m—-3<0®—1<m<%.
PdpdnliB. O

GIAI BAI TAP 2.73. Thitlai ta thy z = 112 m5t nghiém clia phuong trinh. Chi ¢6 phudng 4n
Alacd chita nghiém z = 1.
Ddp dn dungla A. O

GIAI BAI TAP 2,74, Thitlai ta thay z = 012 mdt nghiém cha phuong trinh; z = 1vaz = 2
khong Ia nghiém. Do dé dép 4n phaia A.
Ddp an diing la A. O

GIAI BAI TAP2.75. Ditt=3% > 0. Phuong trinh di cho ¢6 thé viét dudi dang ~mi+l=0.
Do ac > 0 nén phudng trinh béc hai ¢6 hai i nghiém phén biét thi hai nghiém cling im hoédc
ciing duong. Da d6 phudng tinh 43 cho ¢6 ding 1 nghism khi va chi khi phuong trinh béc
hai £ — mi + 1 = 0 c6 nghiém kép duong. Tt d6 ta Gm dugc m = 2.

BDdp dn diing ld B. g

-1
GIAIBAITAP 2.76. Chiahalvé cho 4% vaditt = (g) > 0, Phuong trinh tx& thinh

1+t=flaf_t-1=0st=

JE—1#(3)“5=\/5—1

2 2 2
1. CVE-1 1 3 3
@—;*log% 7 &2 \/5_1—108_@5—_15@53—108&15
logs
2 2
DdpdndungliaA. a
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GIAI BAITAP 2.77. Ta thiy néu phuong trinh c6 dang (V2 + 1) + (VZ + 1)* — 243 = p.
Cho nén néu z, 1a nghiém thi —z, cing 12 nghiém. Hién nhién = = 0 khéng 2 nghi¢m. Do
d6 tich cdc nghiém 13 s6 4m,

Ddpdn diing la A. O
GIAIBAITAP2.78. Dit2” =t 0, Phuong trinh d3 cho trd thanh

1 e_ 1z _]: _ _

§¢)2 —2,2 —S@z— l,z =-3.

Ddpdn diingla C. ‘ a

1
16t2—10t+1=0@t=§,t=

GIAI BAY TAP 2.79, Phudng trinh di cha tuong dudng vdi
32 -8~ 327+ 24 =06 (F~8)(3° - =0z =gz
Ddpandingla A O
GIAI BAITAP 2.80. Phutong trinh d& cho tudng dudng vii
4(F) -4t m=0e (227 — 1) =1—m.

Do d6 phuang trinh c6 nghiém khi vii chikhi1 — m >0haym < 1.
Ddp én ding 2 D. O
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CHUYENDE26 —
Bit phudng mi
A TOM TAT LY THUYET

1. Néua>1thie®*>b>0& 1 > log, b
. NEuO<a<lthic®2b>0&z<log,b

 Néue>1thia® > &2y

. Néua>b>0thie* 2t &z20.

2

3

4 NéubD<e<lthia®2a¥ sy,
R .

6. Néub>»a>0thia® 2 &z <0

B. CAC DANG BAL TAP
Bgzng 1: Bt phuong trinh cho biét nghiéll

1. C6 thé giai phuong trinh dé tim ra nghiém.

2. Khi giai phudng trinh chii § phuong phép dua v& ciing co $6, dit &n phu d€ dua vé
phutong trinh dai sb.

3. Xét titng phuong 4n. Chon mét sé diém trén khodng nghiém va thit vao bit phuong
trinh cin xét. Néu tai 2 diém khong théa man thi loai ngay phuong én d6. Quan sét
khéo d€ loai ngay di nhiing phutdng én sai.

4. Véi nhitng ham lién tuc, nghidm bt phudng trinh f(x) < g(x) chi bao gbm cac khoang
(hftu han hodc vb han}. Nghiém bét phuong trinh f(z) < g{z) chi bao gbm cac doan
{titc 12 cdc diu miit clia doan ciing la nghiém).

viDY 2.27. Nghiém ciia bét phuong trinh 3247 - 182" + 1 <0 la

1 1
Al 4, , — =
<r< B16<I<2

Co<z <4 D —4<z<-1L
GIAL Ditt =2 > 0. Bit phuong trinh da cho tudng duong voi

32#2—18t+1<0©(16t—1)(2t—-1}<0@1l6<t<-§-®—4<z<—1.
6 thé ¥am nhu sau: Thay = = 3 vao bit phuong trinh théy khéng théaménnén AvaC khéng
dung. Thay « = % vio ciing thiy khong thoa man. Vi vy B ciing khéng ding, Do do ta chi
con ddp an D.
Vay dép dn ditng la D. O

94 Luong Piic Trong-Nguyén Nhu Thing-Kiéu Trung Thily



sphook.vn CHUONG 2. HAM $6 MO VA HAM 56 LOGARIT

ViDU 2.28. Nghiém ciia bét phuang‘zrinh 3% _ 108 +3<0la
A[-1:1). B.[-1;0). C.i0;1). D, (-1;1).
GIAL Datt =3 > 0. Bit phuong trinh dé cho tuong dudng voi
3t2-—10t+.350®(3t-1)(t—3)50¢%$t£3®_1525 1.

C6 thé lam nhu sau: Do bit phudng trinh ungvdl ham lién tuc va iing véi < nén nghlem phéi

chita tit ca céc ddu miit cfia cdc khodng. Chi cé nghiém diu tién c6 tinh chit nay.
Vay dip an ding la A. O

LDangz- Tizh chét ciia nghiém
Dé nghién cifu tinh chét clia ngtuem, cdch "an toan" nhit 13 gidi bit phuclng trinh. Néu bax

fodn ho1 sb nghlem nguyén ciia bt phudng trinh thi cé thé thit céc gid oi nguyén "bé" rdi
dém 56 lugng cic sb thda man.

VIDU 2.29. $5 cic nghiém nguyén ciia bét phuong trinh (V10 — 3)5% > (VI0 +3)3 &
Al B.3 c.0 D.2

GIAL Digukién z + 1, -3. Bt phuong trinh di cho twdng ducng véi

# o t—3_z+1 8
(VIO +3)5 > (VID +3) 55 _1>x+3@(m+3)(r_1)<0@—3<J:<1.

C63sb nguyén nim txong khodng (-3;1).
Vay ddp dan diing la B, 0

Dang 3: Bit phuong trinh chita tham sé]

Ta thudng cé ldp tham s va khao sit sut bién thidn cfiz ham bién = 48 qua dé tim ra phudng
an diing.

vibuz3e. Timm dé bédt phuong trinh 27 49172 < nhdn meiz € (-1;1] lam nghiém
Am=3 Bom>2v2 Cm>3 Dom>4
GIAL Dart =z € [0;1] va f(£) = 2t + 2' . Ta ¢
R =2 -2""m2=0et= %

Tacé f{0) = Fy=371 (%) = 2v/2. Cho nén gia tri 16n nhit clia f(¢) én [0, 1] 14 3. Cho nén

taphdicém > 3. .
Vay dap én dingla C. 0
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C. BAI TAP TU LUYEN |
BAITAP 2.81, Tap nghiém cfia bit phuong trinh (2 — v3)® > (2 + V3™ 14
A (—2; +00) B. (—o0; —1) C. (~1;+c0) D. (—o0; —2)
o o\VETE  ro\®
BAI TAP 2.82. Tip nghiém clia b4t phuong trinh (g) > (’5‘) 1a
A (L2 B.(—o0; ~2)U(l;00) C.(1;+0) D. bap dn khac

BAI'TAP 2.83. Tap nghiém clia bit phuong trinh 2° > 3 —z 12

A (—00;3) B. (1; +o0) C. (—o0;1) D. [1; +c0)
BAI'TAP 2.84. Tap nghiém cfia bit phuong trinh 5.47 + 2.257 - 7.10% < 014

A [0;1] B.[1;2] C.[-%-1) D. [-1;0]

4z 2—z
BAITAP 2,85, Tip nghiém ctia bat phuong trinh (—2-) < (E) Ia

2
2 2 2 2
(-] 2 fg) e[Fr=) 2]
BAITAP 2.86. Tap nghiém cfia bit phuong trinh 47 - 27 -2 < 0la
A, (—oo; 1) B. (2; +00) C. (1;+00) D. (—o;2)

BAITAP 2.87, Ditt = 5 thi bt phuong trinh 5% ~ 3.5°*2 + 32 < 0 trd thanh phuong trinh
nao

AP -T5t4+32<0 . B.t* ~6t432<0

Ct*-3t+32<0 D2-16+32<0

H 41 N
BAITAP 2.88. Tap nghiém clia biit phuong trinh (é) +3 (%) >12R

A (—00;3) B.(-1;(0) C. {2;+o0) D.(2;4)
L 2 2-z -
BAITAP 2.89. Tip nghiém ctia bat phudng trinh 3—# >0la
A {~00;0] B. {b; %) C. [2: +00) D. @ 2]

BAI'TAP 2.90. $5 nghiém nguyén cita bit phuong trinh 51+=° — 5-=" < 241a
Al B.O C.2 D.3
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a

. . . . 1 VEIE5E—6 1) =2
BAITAP 2.91. 56 nghiém nguyén duong cla bit phutong trinh ( ) ( 3) 1

3
A6 B.7 C.8 D.9

BAITAP 2.92. Tim m d& bt phudng trinh bit phuong trinh 52" — 51~%" 5 1 66 t4p nghism
chita{r e R: |z} > 1}

Am<24 B.m <24 C.m>24 D.m=24
D. LOI GIAI VA DAP AN
GIAT BAI'TAP 2.81. Bit phuong trinh da cho tuong dudng véi
1
T > 2+ VATl e 24 VBTl c le s+ 2 < 0@ g < D,
21 vo" ( ( )
Bdp dn diing 1a D. O

GIAT BAI TAP 2.82. Didukién « < 2. Do co s6 cfia ham mi nhd hon 1, bét phuong trinh d3
cho tudng duong véi

Vi-z<zel-z<itr>00i+s-2>0,2> 00> 1.
K&t hop véi diéu kién ta dugc z € (1;2).
Bdp dn ding la A. O
GIAI BAITAP 2.83. Bit phuong trinh dé cho tudng duong véi 2° + ¢ — 2 > 0. Vi ham s&
f(z) = 2" +z — 3 ddng bién rén R va £(1) = 0. Chonén f(z) > 0 khiva chikhiz > 1.
Dédp dn diing 13 B. a
GIAIBAITAP2.84. Tathyz =0,z = 113 hai nghiém phuong trinh 5.47 + 2.25% — 7,10 = 0.
Cilng thiy z = % 14 1 nghi&m cfia bt phuong trinh. Cho nén nghiém cda bt phuong trink
lao;1)].

BDap dndiing I3 A. O
N . l 9\ 4= 9y%"2 .

GIAI BAT TAP 2.85. Ta viét lai bat phudng trinh dang (5) < (5) . Do cd s6 clia ham

mii nhd hon 1, bat phudng trinh d3 cho twong dudng véids > z — 24 2 > -5

Bdp dn diing li C. ]

GIAI BAI'TAP 2.86. Bit phucng trinh d cho tuong duong véi
(2 -2"-2< 0 (T"+1)(2" -2 <0& P <2az<
Dap dn diing la A. [

GIAI BAI TAP 2.87. Bét phuong trinh di cho tudng duong vdi ¢ — 75t + 32 < 0.
Ddp dn diing la A. ]
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o 2 i+l
GIAI BAI TAP 2.88. Ta thly x = —11a nghiém cia phuong trinh (:—13-) + 3(l) =12vi

3
, nNE L
hamsoz — (3) +3 (5) ddng bién trén (- 1;0). Cho nén ta s€ chon dép an B.
Dip dn diing 12 B. ' a

GIAI BAI TAP 2.89. Ham sb f(x) = 32~% + 3 — 2z nghich bién trén R va £(2) = 0. Cbo nén
F(z) > 0khiz > 2 f(z) < 0khiz < 2. Mitkhdc4® —2> 0khiz > %vﬁf <0khiz < 5.Do

- 46 nghiém ciia bat phuong trinh di cho 1& (% 2} .
Ddp dn dungla D. ]
GIAI BAI TAP 2.90. D#tt =5 > 1. Bit phuong trinh dé cho trd thanh
5t-%$24(:r5t2—24t—5<'0®—%$t55®5’2SS@ixlSl.
DapdndunglaD. a
GIAI BjITﬁP 2.91. bifukiénr < ~6hofcz > 1. Bét phuong trinh d3 cho tudng dudng voi

' > > -
\/_x2+52—6<a:+2®{z+2_0 @{m_ 2

22455~ 6 < (2 +2)° z < 10,

Két hgp-vét didu kién ciia z ta thu duge nghigm 1 < = < 10, C6 tét ¢3 9 s6 nguyén n#m trong
khoang nghidém nay.

Ddp dn dungla D. O
GIATBAITAP 2,92, D3t =5 > 5khils| > 1. Bat phuong trinh d3 cho trd thanh 5i— % > m.

Ham f() = 5t - 2 dbng bién trén [5; +00) VA £(5) = 24. Do d6 ta tim dugcm < 4.
Ddp dn dingla B. a
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“CHUYEN DE 2.7
' Phudng trinh 16garit

A. TOM TAT LY THUYET

Cdch tip cén céc dang todn déi véi phudng trinh l6garit ciing giéng nhu phuong trinh
mit. 3 day cht ¥ tim tép xdc dinh khi gidi phudng trinh. Loai ngay nhiing phifdng dn khong
thudc tp xic dj.nh.\ .
B. CAC DANG BAI TAP

Lang 1: Phuiong trinh cho biét nghii_‘:;I

VIDU 2.31. Phuong trink 2'°8s(z"~62+49) _ g2log (VE)-1 o5 nghiém i
JAr=2 Bzxz=4
Cr=2,z=4 D. Bdp dn khdc
GIAL Didukiénz > 0,z # 1,z £ 3, Phudng trinh d cho ¢6 thé viét duéng dang

1
Z2.—-=1
2om(’=6249) . 3597 1 o logy(? - 6:+9)=0sa’-6z+9=1oc=2,z=4

Tatnhiéntacé thé thitz = 2,7 = 4 va thiy ching 1 nghiém. Nlumg ta khéng bibt dép 4n ¢
hay D 1a ding. ) .
VAy ddip én diing 1 C. o
VIDU 2.32. Phuong trink log,(3°+ — 2) = 22 c6 nghiém 13

Az=0 B.z=log, 3

Cx =0,z =log,3 D. Pdp én khic
GIAL Phuong trinh d& cho c6 thé viét dutdng dang

337 -2=3" & (32 - 33" +2=0& (3° —1)(3* - 2) =0ez=0,z=Ilog,2

Tat nhién ta 6 thé thite = 0,2 = log, 2 vi théy chiing 12 nghi¢m. Nhting ta khong biét dap

dn G hay D 1a ding.
Vay ddp dn diing Ia C. ]

IEgngz: 86 nghiém —]

VIDUY 2.33. 56 nghigm ciia phudng trink log* = — 3log z = log(z?) — 4 I4
Az=1 B2 C.3 D.4
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GIAIL Didukiénz > 0. Phuong trinh da cho c6 thé viét dudng dang
log? z—3logz = 2logz—4 & log? z—5log z+4 = 0 & logz = 1,logz = 4 & £ = 10,z = 10000.

Vaiy ddp dn diing It B. a

F)gmg 3: Tinh chit clia nghiénLl

2
ViDU 2.34. Tich cdc nghiém cila phuong trinklog} (4z) + log, % =813

1 B c > DL

AT=1g 32 Bd "128

GIAL Didukiénz > 0. Dit ¢ = log, . Phuong trinh da cho c6 thé viét dudng dang
. ,
log§(4z)+1ogz%—8=0¢> t+2°+ (2 -3 -8=08+6-T=0@t=1t=-T

Tit d6 ta thu dudc nghiém ciia phudng trinh ban diulazr=2,2= fls
Vidy dip dn ding 13 C. m|

];e_:mg 4: Phiiong trinh chita tham séJ

Vi DY 2.35. Phuong trinhlogs = + floglz +1—2m — 1 =0 od nghiém rén [1;3‘/5] khi

Ame[0;2] B.m € (—o0; 0]V [%;+oo)

C.m € [0; +co) Dme (—oo; g]
GIAL Ditt = log? z. Liic d6 ¢ € [0; 3]. Phudng trinh da cho trd thanh

t+vVitl=2m+1
Him f(f) = ¢ + vE+ 1 déng bién trén [0;3]. Nén phuong trinh cé nghiém khi va chi khi
{}0) <am+1< f(3). Tu d6 ta thu dudem € [0; 2]
ay dap an dung la A. a
C. BAITAP TU LUYEN
BAITAP 2.93. Cho phudng trinh
1083, 47(0 + 122 + 42%) + logy, 45 (21 + 23z + 622) = 4.

Chon phit bigu diing
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A. Tép xac dinh clia phudng trinh 13 ( - g; +oo) ;
B, Phuong trinh c6 nghiém duy nhét;

C. Phuong trinh c§ hai nghiém trdi diu;

D. Phudng trinh ¢6 mét nghiém x = %

BAITAP 2,94. Nghiém ciia phuong trinh log, (log, z)) + logy (log, ) = 213

A2 B.4 C.8 D. 16
BAITAP 2,95, Nghiém clia phuong trinh log, (3z — 2} = 31

A I;_l B. % : C. 23—9 ’ D. 87
BAITAP 2.96. S5 nghiém cfia phuong trinh Pl # =1k

A2 B.1 C.3. b.4

BAITAP 2.97. $§ nghiém clia phudng tinh log, (2? + 4z} + logs {2z —3) =014

A3 B.1 C. Vo nghiém D.1
BAI'TAP 2.98. S5 nghiém ciia phuong trinh logl(5z) — logy,(57) = 312

Al B.2 C.4 ' D.3
BAITAP 2.99. Tim mm dé phuong trinh logl = + log, = + m = 0 cé nghiémz € (0;1)

Am<l B.mzin C.mgé , Dm>1
BAITAP 2.100. S6 nghigm cha phueng trinh log, |z — 2| + logz fz + 8] +log; 8=01

AD B.3 C.2 D.1
BAI'TAP 2.101. S5 nghiém ciia phuong trinh logy (z? — 6) = logg{z — 2) + 1 1A

Al . B.2 c.o D.3
BAITAP 2.102. $6 nghiém ciia phudng trinh 2 log.Q VZ+I=2-log(z—2)1a

A2 B.¢ C1 D. Dép s6 khdc
BAITAP 2.103. Phuong trinh #'°5* = 100027 ¢ tich cac nghigm 13

A1 B. 100 C.1 D. 10000
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D. LOI GIAI VA AP AN
GIAT BAI TAP 2.93. Didu lqen z > —=,z % —1. Nén A khong ding. Tét nhién cé thé thi truc

tiép d€ thdy D cling khéng ding. Ta con hai phuong an B, C. Viét lai phuong trinh dé cho

1085, 47(27 + 3)% + logyeys(22 +3)(3z +7) = 4 & 2logg,47(27 +3) + 1+ loggpys (e +7) =4

1
& 2logy,,r(22+3) + =3 & loggr(2m+3) = Llogy, (22 + 3) = 3

1
logg,7(2z + 3)
N 1 ., ia
Phudng trinh log,, . 7(2z + 3) = 1 v0 nghiém. Phudng trinh logg, 7(2% + 3) = 5¢0 nghiém

duy nhfitz = — i . Vay phutong trinh ¢6 nghiém duy nhét,
Ddp dn diing ld B. e O

GIAT BAI TAP 2.94. Thit truc tifp ta thiy z = 1612 nghiém.
Ddp dn diing 1a D. a

GIATBAITAP 2.95. Tacé

2!
1083(32—2)?3#3:c—2=33@m=._32.

Pdp dn diing 12 C. a

GIAI BAI TAP 2.98. Didukiénz > 0vaz # 1071,z # 10° Dit ¢ = logz. Ta viét lai phﬂdng
trinh d4 cho dudi dang

1 2
R

=le1 A5—1)=(5-1(01 2 =
it Tt Sl+t+2(5-f)=0G-t)(1+1)xt"-5t+6 07 ‘_

est=2t=3az=log2,z=1log3.
BDdp dn dingld A (]

GIAIBAITAP 2.97. Dibukién s > 5. Taviétlai phuong trinh dd cho dudi dang
logy(2? + 47) = log;(2z —3) @ 2’ +4z =20 -3 & 2" —22+3=0.

Phutong trinh cubi ciing v6 nghiém.
Bidp dndunglaC. . 0

GIAI BAI TAP 2,98, Didukién z > 0. Datlogs(52) = t. Taviét lai phuong trinh dudi dang
R 1 2
logg{bz) — 3 logs{sz) =3 <2t -t —6=0.

Phuong trinh cudi ciing ¢6 hai nghiém. Nén phudng trinh ban déu ¢6 hai nghiém.
Bdp dndinglaB. 0
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GIAI BAI TAP 2.99. D3tt = logy z thit & (003 0). Phueng trinh d3 cho trd thanh

2 ) 1)? 1
t“+t+m=0 t+'2' +m—z=0.
- Do d6 phudng trinh ¢ nghiémkhivéchikhim—iso';»ms .
Pdp dn diing 12 C, o

W

GIAI BAI TAP 2.100. Didukiénz # 2,2 # —5. Viétlai phudng trinh d3 cho
loga{z — 2| +logy |z + 5| — log, 8 =0 |2 — 2] + [z + 5| = 8.

Phuong trinh cudi cé hai nghigm nén phudng trinh 43 cho cho cé hai nghiém.
Ddp dndiingla C. O-

GIAI BAI TAP 2.101. Didukién 5 > V. Viét lai phuong trink dd cho
logy (s — 6) = logy(z — 2) +log, 3 42 — 6 = 3(z—2) > 2? — 3z = 0 e 3 = 3.

Phudng trinh 6 1 nghiém:.
Ddp dn ding I A ’ O

GIAI BAI TAP 2.102. Didukién z > 2. Vidtlai phtidng trinh 43 cho

.- 1
logy(z+1) +logy(z - 2) =logz 9@ (z+1)(z—2) =0 = +23\/§.
Phuong trinh ¢4 1 nghiém,
Ddp dn diing 1a C. ) O

GIAY BAITAP 2.103. Didukiénz > 0.Ditt = log . Liy légarit hai vé ciia phuong tinh -

(]ogm)2:210ga:+3®t2—2t—3=0¢$t=—1,t=3¢>m= 1—10,:1:=1000.

Do dé tich hai nghiém 1a %.1000 = 100. _
Bdp dn diing 1 B, O
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CHUYEN DE 2.8 _
Bat phuong trinh 16garit

A. TOM TAT LY THUYET

Céch tiép can cic dang todn dbi v6i bat phudng trinh I6garit cling gibng nhu bt phudng
tinh miv. O day chd ¥ fim tdp xéc dinh khi gidi phuong trinh. Logi ngay nhiing phudng an
khéng thudc tap xdc dinh. ’ )

B. CAC DANG BAI TAP
IE)qng 1: Bt phwong trinh cho biét nghiérﬂ

ViDU 2.36. Tap nghiém ciia bat phuong trinh logy (logs |z — 3]) > 012
A (0;2) U [48) B.[0;2) U {4;6) C.{6;2) U (46) D.{0;2]U [46]

GIAL V6iz # 3, bt phuong trinh da cho tuong dudng véi
D<logylz—3|<1el<iz-3 <3

Bit phuong trinh |z —3| > 1 ¢6 nghiémlaz > 4, < 2. Bit phuong trinh |z —3| < 3 ¢6 nghiém
0 < = < 6. Két hop lai ta dugc tap nghiém clia bit phudng trinh d3 cho 12.{0; 2) U (4;6].

C6 thé lam nhu sau: Thay cic gid triz = 0,2,4,6 vao bét phuong triinh chi thiyz=0vaz =6
thda man (¢ = 2, z = 4 khéng thda man), Ta chon nghiém chita 0, 6 vA khong chifa 2, 4. Chi
¢6 ddp an B thda man didu ndy.

Viy dép dn diing li B. O
viDU 2.37. Tdp nghiém ciia bét phuong trinkhlog, (2% — 1).1og, (2" —2) > 2 14

A (0;1og, 3) B (0; log, %) U (log, 3; +c0)

C. (0;1052 %) D. (logg 3; +o0)

GIAL Didukiénz > 0. Diitt = logy(2° — 1). Khi d6 log, (27! - 2) = ¢ + L. Bét phuong trinh
dicho trdthinhi(t + 1) > 2 2 +E-2> 0@t < -2, > 1.
Tacd . 5

t< 2@ log,(" -1l <227 < 4—®0<I<log2§.

t>1lelog,(2”-1)>1e2° >3 2> log, 3.
Két hgp lai ta thu dudc nghigém (0; log, %) U (log, 3; +00).

C6 thé 1am nhu sau? Thay cic gis tri z = log, plmita thiy vé trdi cfia bat phudng trinh

béng 2. Do dé bt phudng trinh s& c6 céc khodng nghiém nhan ca hai gid tri nay nhu la cdc
dfu myt. Chi cé ddp én B ¢6 tinh chat nhu vy,
. Vaydap dn dinglaB. m]
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jgmg 2: Tinh chét cfia nghiém

1+logy = -1

ViDU 2.38. 56 nghiém nguyén cia bét phuong trinh T e s
- 2

Al B.2 C3 D.4

GIAL Didukiénz > 0,z # 4. Ditt = log, z. B4t phutong trinh di cho trd thanh
L+t 2t—1 1
ELIAPN S e = 2 4,
T ie g > 0e g <t @SvVZca<
C6 2 sb nguyén nam trong khodng (v/2; 4). :
Vay dép andiingla B. 0

-

Dang 3: Bit phitong trinh chita tham 80 I

VIDU 2.39. Tim tham sém > 1 démoic € (%, 1) déu la nghiém ciia bdt phitong trink

log,, © >log. m

. Amz>3 Bl<m<3 C2<m<3 Dm>3

GIAL Difu kién 0 < x # 1. Bit phudng trinh tong dudng véi
1 - (log, )% —1
log,, x log,, =
1
1 1 3
— <z <mbDémoiz € (O; 5) déu 14 nghiém clia bt phudng trinh ta cin didu kién

™
1 1

(—;1) C (—;m) &S m > 3.
3 m

log,, z > > 0.

: 1. . PP . . :
Khiz € (551) ta c6 log,, ¢ < 0. Do d6, vdimoi = € (5;1), tadéucé -1 < log,z < 1 &

Viy dép dn diing 14 A. 0
C. BAI TAP TU LUYEN
BAITAP 2.104. Tip nghiém clia biit phuong trinh log, 4 (z — 4) + 1 > 012
13 13 13
A (4, ?J B. (—oo, ?) C. [?, +oo) -D. (4;4+oc)

BAITAP 2.105. Tap nghiém clia bét phuong trinh 2% 2+ < 3213

alol e efsd] el

BAITAP 2.106. Tap nghiém ciia bt phudng trinh log, = < log Allz-z)la

A (0;12) B. (0;9) C.(9;16) D. {0;16)
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BAI'TAP 2.107. Tip nghiém clia bt phuong trinh log, z > log,(2z + 1) I

AD B. (1;3) C. (~o0; 1) D. (»%; 0)

BAITAP 2,108, Tap nghiém ciia bt phuong trinh 2 log;(4z — 3) + logy (2z +3) < 214

foe) @) ol o

BAI'TAP 2.109. Tip nghiém clia bit phuong trinh log; (2° - 3) < 0la
A {log, 3;2) B. (2; +o0) C. (—c0;2) D. (0;2)

BAITAP 2.110. Tip nghiém cfia bt phudng trinh log 13,(:1:2 — 6z +8) + 2loge(x ~4) > 012
A. (4; +oc) B. (~c0;2) C.0 D. {0;1)

BAITAP 2.111. Tip nghiém cfia bit phuong trinh 2log,{z — 1) <log,(5—=z) + 114
A (1;5) B.[-3;3} C. [3;5] D.{1;3]

BAITAP 2.112. Tip nghiém cfia b4t phuong trinh £ + logy = > 113

A (0; 400} B. (0;2) C. (2; 400} D.{1; +o0)
i1 TR :a ERY - 2 +x =

BAITAP 2.113. Tap nghiém ciia bat phuong trinh logy [logg ) <0la
Al B. (-4 -3) U (8; +o0)
C. (—co; ~4) U (8; +o0) D, {—o0; —4) U (-3;8)

BAI TAP 2.114. S& nghiém nguyén thudc [1; 25] clia bt phudng trinh log, z — log, 4 < % 1a
A 15 B.8 c.0 ' D. 16

D. LOT GIAI VA DAP AN

GIAT BAI TAP 2,104, Difukién z > 4. Bit phuong trinh tudng dusng véi

logy4(z — 4) -+ logg 4 0.4 > logg 4 1 & logy 4 0.4(z — 4) 2 logg 41 04(z—4)<lez< }é‘?-'

Két hop vdi didu kign ta dudc z € (4; 1?3]
Bdp dn dungia A. 0
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GIAI BAITAP 2.105. Didu kién = > 0. Lay logarit co s8 2 hai vé ciia phuong tinh va dit
t = log, = ta dugc

'_Eugzw(log2m+4)55@t2+4t—550@—5$t§1®-‘%59:52.

Ciing c6 thé thit cic diu miit § A, B, C, D ta thiy gid tri & = % = = 212 nghiém ciia phuong
trinh z°82 =+ = 32 Tit d6 c6 thé dodn nghiém ciia bt phuong trinh I [%, 2] .
Ddp dn.dingla C.
GIAI BAI TAP 2.106. Didukién0 < z < 12. Tacé
logzz < log 5(12 ~2) & logzz < 2logy(12—2) B2z < (12-2¥ o2 <9 hoic z > 16

Két hop véi didu kign ban dAu clia x ta thu dugc nghiém « € (6;9).
Ddp andungla B. [}

GIAI BAI TAP 2.167. Didukiénz > 0. Tacé
logoz > logy{2z+ 1)@ z> 22+ 1oz < -1

Két hop véi diéu kién ban dau clia = ta thiy tap nghiém 12 rng.
Bdp an dungla A. ]

GIAI BAI'TAP 2.108. Didukiénz > ?I‘ Taco

(4z — 3)? (4z — 3)2
- 2 < < <
2log,(4z 3]+log%( %+ 3) <2 & logy 5213 <2& 3 =

Qﬁ—gﬁms.&

Két hgp véi diéu kién ban diu clia z ta thy tap nghiém 12 (%, 3] .
Ddp dn diing la C. a
GIAY BAI TAP 2.109. Diéukién z > log, 3. Ta c6

' logy (2" ~3) <0 2 -3>1@wz>2
Bdp dn diing 1a B. O
GIAI BAITAP 2.110. Didukitn = > 4. Ta cé

log%(sc2 — 6z + 8) + 2logs (i — 4) > 0 & —log;(w — 2}(z ~ 4) + logg (2 —4)* > 0

z—4 T ~4
1 AL
@ogszm2>0¢>x_2>
s sx—4 A 1 N « ia
Khi:c>4,ta1uoncoz_2<1nenbatphu:dngtrmhvo nghiém.
Bédpdndiingla C. . a
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GIATBAITAP 2.111. Khi z xhp » bing 5 nhung nhd hon 5 thi vé phéi ciia bit phuong trinh
12 6 am, trong khi dé vé phai 12 s& duong. Viy cdc phudng 4n A va C khong ding. Phuong

4n B ciing khong ding vi —3 khéng thugc tp xdc dinh.
Ddp dn dung lé D. '

a

GIAI BAI TAP 2.112. Ham vé phai ddng bién trén (0; +co) va nhén gid trjla 1 tai z = 1. Nén

ta chon phutong én D.
Pdp én diing la.D.

GIAI BAI TAP 2.113. Bét phudng trinh tuong duong véi

2 2
logei:: >1e 9;:: > 6 ez € (—4; —~3) U (8; +o0).

Ddp dn dungla B,
GIAT BAITAP 2.114. Didukiénz > 0,z # 1. Ditt = log, z. Bét phttong trinh trd thanh
3
2

Sl 1 1
t—- g€l -3%-2< —2 << — <z <16.
; S 3 <0s 2_#_2@16_3:__16

C6 tht ca 15 nghiém nguyén do nghiém phai khac 1.
Ddp dn ding la A,

a
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CHUONG3————— -
NGUYEN HAM-TiCH PHAN

CHUYEN B 3.1 ,
( Nguyén ham, tich phan cic ham co ban

A. TOM TAT L THUYET

1. Ham F(z) dugdc goi 1 nguyén ham ctia ham sf f(x) trén K néu F'{z) = f(z) v6i moi
rze K.
* Néu F(c}, G(z) ciing [ nguyén him cia f(z) tién K thi G{z) = F(z) + C véi moi
z € K, trong dé C lahding sé.

o Néu F(z} ]2 mt nguyén ham cila f(z} wén K thi moi nguyén ham cfia f(z) déu
cd dang F(z) + C v8i € [a hiing sé. Ki higu

b b
f @)z = F(z) + O j f=)dz = P@)| = F®) - F(a)

2. Tinh chit clia nguyén hiam, tich phan

(@) £ ng(e)ds = m [ f(&)ds £ [ ga)de
/ / /

b 5 b
f[mf(m)in.g(m)]dm:mf f(:z:)d:n:l:nf g(=)d=

| / ’ fleyas = [ #e / ' fe)a / ’ fledde = - | s
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3. Bang nguyén ham cac hdm cd bin

1]
fud.r ar+C / Odz =0
o+ a N 1 (a:;g+b)a+1
& = P S e S, C
f:c dx a+1+C [(qz+b)da: P ES +
1 aa.z+b
[ Pdy = — + C oty = —. +C
Ing Ino
1 1 1
]—dz—}.n}u:|+C' [MM ~lnjas+8j+C
1
/coswd:c =sing+C [cos(az—i-b)d:r,: —.sin(faz+b) +C
a :
1
[sm.cd.n— —cosz +C fsin(a,a:+b)d;c= —E.cos(a:r+b)+c
1
f0032$ .-tan:r+C’ /m(ﬁ'—; ta.n(rm:+b)+C
1 1
= —cot [ —_—dr = ——. coll ) C
,[sm mdx cot=+ fsinz(ua:+b) a ™ (az +8) +
Chii y: )
\/".'1:"‘'~—-:):%'L*‘—:':n_"l'i =z %:lne=1
!In 1 “,'_:r:m 1 K
B. CAC DANG BAI TAP

ViDU 3.1. Trong cdc khdng dinh sau, khing dinh néo sai?
A / 0dz = C (C 1 héing s6).

B. ]l¢m=m|m|+0(c 1 hiing s6)

C. fz- = &% ¢ (C' Id hang s0).
./d:r. =z+C(C la hdng s6)
GIAL Do/ —ln|x|+C'nenkhangdmhdphﬂdnganclasm
Vay ddp dén ditng la C. : O

B b . s d 6

viDU 3.2. Tinhgidtricial =[ f(x)dx bietr&ngj flz)dz =6 w‘z/ Flx)dr = 4, trong
déa<d<b - : ‘

Af=2 B =10 Cl=-2 DI=24
GIAL Tacéd )

b d b

I=[ f(:c)dmzf _f(z)d:r+] flx)dz=6+4=10.

a a d
Vay ddp dn diing 12 B. O
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VIDY 3.3, Ham sé F(z) = In [2sinz — 3cos z| id nguyén ham ciia ham sé nao?

Z2eosz + 3sinz 2cosz — 3sine
A.f(m}—_ 2sinx — 3cosz B. flz) = 2sinx — 3cosz
C (=)= 2sing ~ 3cosx D flz) = 2cosz + 3sinz

GIAL LAy dao him F(z) ta nhan duge
P(z) = {Zsinz —3cosz)  2cosz+ 3sing
" 2sinz—3cosz  28inz — 3cosz
Vaydipdndiinglad. O

Nhénxét: Trong vi dy ndy ta sit dung cdng thitc dgo him ham hop
(Fu(@)] = o'{2) F (u(=)).
Cong thiic nay con duge stz dung cho dang bai nhu vi du sau;

. vz .
VIDU 3.4, Chog(z) = / cos tdt. Dgo ham cia ham 56 g(z) 13
0

A sin(v/Z) B.cos (ﬁ) C. 2z sin{ V) D. “;i‘/f)
GIAL Dit '

z vE
F(z)= ./o costdt = g{z) =f0 costdt = F(v/z).

LAy dao ham hai vé ta duge
() = (VEY el
g(z) = (\/5) F'(\/E) = 2\/5?.(:0&.\[:5‘
Vay ddp dn diing la D. o

=2
viDu 3.5. Cho/ fl£)dt = z cos(mx). Tinh gid tri ciia fl4)
©Jo

Al B,

VR

C2 D,

-

GIAL Dit \
F(z) = / F)dt = F(z?) = f f(&)dt = zcos{ar).
0 0
L&y dao ham hai vé ta dudc

(=% F'(z®) = o', cos(mz) + z.[cos(mz)]" = cos(nz) ~ wz sin(nz).
Do dé
22f(2°) = cos(nz) ~ 7z sin(mz).
Choz = 2 ta dugc 47(4) = 1 nén f(4) = %.
Véy ddp dn diing e D. a
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VfDI_] 3.6 (Dé Minh hoa THPTQG 2017). Tim nguyén hamcia f(z) = V2z -1
A f Flz)de = %(m —WETI+C B, f Fz)ds = _%(2::: W —1+C

1

C.ff(w)da::—%\f2:z:—l+c D.jf(::)@-: SVE=14C

GIAIL Tzcd
1 (2z -2 1 1
_ oayifeg, o LB LT e 1) S(22 — —y

[f(z)dxf[(2z 1)V % SRR ERY 3{2:c 1) 3(2m v2z —1
Vidy ddp dn diing la B. ]
VIDU3.7. Ham s6 ndo sau ddy 1& nguyén ham ciia f(z) = sin 3z

A.—%cosScc B. -3cos3z C. 3cosz D.%cosSx
GIAL Tacé

fsin?.:cd:r = —%cos3a: +

Do 46 — - cos 3z 1 mdt nguyén ham clia f(z) = sin3z.

Vay dép dan ding la A. ]
VIDU3.8. Tim ham s6 F(z) biét F (=) ld mét nguyén ham ciia ham séy = ——5vaF(0) =1
€T

A F(z)=—tang B F{z)=—tanz+1

C F{z}) =tanz +1 D F(z)=tanz -1
GIAL Do F(z)languyén ham cua — ot En F(z) c6 dang

1
F(.L) —f (—EOsTI)CLU=*‘t&HI+C

Khiz = (thi F(0)=C =1,dodd F{z)=—tenz + 1, -
Vay ddp dn ditng la B. O

VIDU3.9. Cho f(x) = 2™ 4 sin® . Timm dé nguyén ham F(z) cila f{z) théa mdn F(0) = 1
war(Z) =1 "
1) "8

A.'mz—g B.m=

aa ] O

3 4
C.m——z D.'m.=§

“a

Chiing mink. Do F(x) la nguyén ham clia f(z) = 4% + sin? = nén F{x) c6 dang

4 ~ cos .
F(w)=f(£+sinzm)dx=f(i’£+ﬂ)ﬂ=(gng})w_bmzerC
T ™ 2 n 2 4
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Thaylinlugtz = 0viz = % ta dude

FlO)=C=1 c=1
F(f) =m+'3—-i-+c=% = m=—%

4 8

Vay dép dn ding I dép dn C. 0
VIDU 3.10. Tim ho nguyén ham cda ham s6 f(z) = coszcos 3z

A.sinx+su;3m+0 B.2sindz +sin2z + C

sindr sin2z sindz sin2z

C. . +—_ 7 +C D - R +C

GIAL Tach
c05(3z — z) + cos(3x +z)  cos2x + cosdr
coszcos 3z = =

2 N 2
Do dé nguyén him clia #(x) = cosz cos 3z 13

/‘ o8 & cos 3rdz = ( cos 25 -; cos4z) s — sm42z + sxn84:t: iC

Vay diép din diing 1 dép dn C. : o
Nhanxeﬁ Diém mdu chdt eda bai todn ndy Ié chuyén 13 biéu thifc tich hai ham lugng gidc
thanh ton, t8ng. Cong thikc duge sit dung & day lei

cos(a — B) + cos(c -+ 8)
3 .

cosqcos B =

- - 0 2 -
viDU3.1L Gia’s:?réng[=f %TJ’E‘*;-J
-1 -

gidtriciaa+b1d

dz = alng + b vdia, b i cdc 56 nguyén. Kni dé

A 25 B. 35 C. 45 D. 55
GIAL Khi chia da thitc 232 4 5z — 1 cho z — 2 ta nhdn dugc két qua
S22t 15z —1=(2—2)(2s +9) +17
Suyra
0
0 322 452 -1 °
e =f (2z+9+£~2—) = (2% + 9z - 17In |z — 2)

- z—32 -
1 1 1

2
=17in- :
17 3+8

Dodda=17,b=8néna+ b = 25.
Vay ddp an ditng la A. ]
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] _VIDIJF’..IZ. ﬁmnguyenhamfmdw

1. | = . 1, {z-3
Zlonl—— B.=
4‘3].HL:~3 +C 31“( z )*C
1 k- 1. |e-3
C'§ln(z-3)+c . D‘31“ p l-I-C‘
- g 3 _z—(z-3)_ 1 1
GIALDox—(x—S)—snenx(zds)« =3 7-3 m.Suyra
A o1 i
o fz:(m 3) (3(2~3) 3$)d$—§ln|:r—3|—§lnz+c
: 1
| =§m\_m_\+c.
V&ydapandunglaD _ O

Nhéin xét: D& thugn nen q carhe £ ghi nhd cong thiic sau dé & tdch phan thiic
~'__'_}___1_+ I
(r—a)(x—b) a-biz—a z-b
VIDU313 Tinh1= / -\/1+cos2zd:r
A \/' B.0 c2 D.2v2
T ' " .. 5 N . T .
GIAL Dol +cos2z = 2cos’x,cosz > 0khik € [0;—2-] vicosz < 0khize [E;GT] nén

T 2 x - Z T
j V14 cosZ:r:d:r’::f \/ﬁlcoszld:z:=f \/ilcosz|d:c+f V3| cos lds
0-

z
2

f V2coszdz — ffcoszd:r—fsm:n

. =2v2. , .
Vidy dép dn diing 1a D. i ]

\/isin:r:':

2

- . b . )
Nhén xét: Voi n’ch phan c6 chita tri tuyét di I = f 1f(x)|dz, ta cdn tim tét cd cdc nghiém cia
f (z) rrong khoang (a,b) va lwu y réing khi f(z) la ham lién tyc thi khodng gida hai nghiém
lign nep htzm Fflz) khing déi dau.
viDU .14, Bidt f (22 - 4)dz = 0, khi d0 gid i cab 12

’ 0

A b'=1 hodch =4 B.b=1hodch =2

Cb=0hodch=2 . D.b=0hogcb=4
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GHI Taco
b A b=40
f(2a:—4)da:=(:r:2—4m) = -db=0s .
- e o b=4
Vay dép dn diing 1 D, O
. 2
VIDU 3.15, Tinh! = [ 2e**dx
0
A1 B. 4¢* C.et D. 3¢*
GIAL
2
I=e" =ef-1.
Vay ddp dn ditng Ia A. a
- .,:.‘ . s 2 " P 12$+3 . P
VIDU 3.16. Biéta,b ld hai sé nguyén thod mén 22 dr=cln2+b timgidriciac
s 2—
AT B.2 C.3 D1

GIAL Chia 2z + 3 cho 2 — z ta duge két qud 2z + 3 = —2(2 — 2) + Tnén

12 1 1
f “’+3dx=f (—2+J_)dx=(ﬁ2m—71n|2nz|)| —7h2-2
0 2—x 0 2—z 0

Dodba="T7b= -2

Viy ddp dn diing Ia A [
. 1 o _
VIDU 3.17. Cho / ey = & 7 L s a,b € 2. Hoi khdng dinh ndo sau déy ding?
o
Aa=-b Ba<hb Ca>b Da=b

GIAIL Tg co

1 3z 1 3 _
f g =5 | =& 1.
[ . 3o 3

Dodde=3b=3néna=s
Véy dap én diing la D, O

|

viDy3.1a. Cho/

1

dz =e. Timgid tri ctiaa

2

A.a=1_e

Ba=e Ca=

[S-E ]
-
|
®
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GIAL Tacé -
u @ a -
/ m+1dz=f (1+-1-)d:c={w+1n|a:|)| =a+lnle|-1=¢
1 T 1 z 1
Chi c¢é métgid tria thodmanlie =e. )
Vay dép an ding la B. B
viDU 8.19. Tink nguyén ham j 2% 3% 7% dz
84" 2% 3= .7
— St C C. 84° D 84%Ing4

Afm mansnT #+C , n8é+ ¢

GIAL Tacé2%%.3°.7° = (2.3.7f° = 84" nén
/22’337‘d3=[84‘dx=§1—+6
o In84 :
Viy dip dn diing 13 A. m|
viDU 3.20, Trong cdc déng thitc sau, déng thilc ndo khong ding?
PR
2 _ = _:F_ —_ z_. 22 —_ 1 2
A.](z faz=2-Z4c B./: do =g+ C
r . L
C.j sinzde =cosz + C D. / 2@_ =In 4
O 2+ 3
GIAL Do . .
](zz—m)dx=%—%+0
nén ding thitc & ddp 4n A 1 sai,
Vity édp én diingla A. o
P 2 dz

viDU 3.21. Tinktichphanl = f —_—

: a1 1+t —2

A2In3 B.In3 C.ln2 D.1n6
GIAL Tacd

fz dz _f‘ da +f2 da _fldz+2dx'
L T1+l—a Joai+l-z S 1+l-zt Ja2-z Loz

1 b
=-lp2-gl 1+ln|$|\1:1n3+1n2
= In6.

Vaiy ddp dn dingla D.

a
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vi Du3.22 (Dé Minh koa THPTQG 2017). MGt 6 t6 dang chay véi vén téc 10 mis thi ngudi ldi
dap phanh; tiz thii diém d6, 6 t6 chuyén déng cham dén déu vdi vén thou(t) = —5t+10(m/s),
trong dot 14 khodng thoi gian tinh bing gidy, ké it Iic bt ddu dap phanh. Héi tit lic dap
phanh dén khi ditng hdn, 6 16 con di chuyén bao nhiéu mét?

A 02m B.2m C. 10m D, 20m

GIAL Goi S(t) 1a quéing dudng & t6 chuyén dong cho téi khi ditng hén, Khi d6 S(¢) 1& mét
nguyén him cfia v(2). Tai thdi diém ¢ = 0 thi §(0) = 0 nén

¥ t 2 t 2
S(t) = f v(u)du =/ (—5u+ 10)du = (—5i + 10'u) J = + 10t
o P 2 0 2

Tai thoi diém ¢ = T 6 t6 dimg hin thi »(T) = ~5T + 10 = 0nén T = 2. Do dé quang duding &
t5 di chuyén tritée khi dimglai la

S(T) = —5—? +107 = 10 (m).
Vay dép an dingla C. m]
C. BAITAP TU LUYEN
BAITAP 3.1, Trong c4c khéng dinh sau, khing dinh nio sai?
A. F(z) =T+ sin? z 1 mét nguyén ham clia f(z) = sin 2.
B. Néu F(z) va G(x) déu 14 nguyén ham cia ham sé f(z) thi f [F(2) — G(z)] d= ¢6 dang
h(z) = Cz + D v6iC, D 1 céc hing sb.

W@, _
C fmd.c— V(@) + C.
D. Néu f F)dt = () +C thi / £ (ult)) o (6)dt = Flulz)) + C.
[ . " s ! 5
BAITAP 3.2. Cho blet./; Fla)da =4vaf2 ¢(x)dz = 5. 'I‘mh/2 [F (=) + g(z)ld=.

A -1 B.g C.20 D.

U

. 9 g 9
BAITAP 3.3. Tinh [ [2£(x) + 39(x)] dz biét f Flo)dz = 37vA / o(=)ds = 16.
4] 1] 0
A, 122 B. 74 C. 48 D.53
BAITAP 3.4. Himsd F(z) = ¢* 1 nguyén ham cfia ham sb ndo

2

A. f(z) = 2ze* B. f{z) = e>= C. flz) =€ D. flz) = 5;;
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BAI TAP 3.5. Xac dinh a,b, ¢ d€ ham b F(z) = (az® + bz +c)e " 12 mét nguyén ham cla
ham sb f(x) = (2 — 3z + 2)e™*
Aa=1b=1c=-1 Be=-1b=1lc=1
Ca=-15=1¢c=-1 Da=1b=1lc=1
BAITAP 3.6. Tim him sb F(z) bitring F(z) = 4z% ~ 3¢> + 2vA P(-1) = 3
AF(z)=g*—2-22-3 B.Fx)=2-23—20+3

CFz)=z*—a®+2c+3 D.Fx)=z* +2®* +22+3

- - 5 - 4
BAITAP 3.7. Tim nguyén ham clia ham s f(z) = V22 + -

A.%%?+41n|z|+c B. V25 +dlnel + C
civms_Lic DVF -2 4c
5 x? T2

BAITZ_iPiB. Tim nguyén hé.m/ (ms - % + \/E) dz.

W 1 2

A %z4+21n|m|—§v;n3+6' B. 1x4—21n|:c]—§\/33+0
- 2 1 2

C. £m4+2-1n]z|+§\/$3+0 : D.Zz4—2ln]ml+§v::3+0

. . R . st N
BAITAP 2.9. Nguyén ham ciia ham sby=+v3z—1trén (§;+°°) 1a

Ayfi a0 B.g\/(Sx—1)3+C‘
C /@ -IPFC D.yf2er -z 4c

e dx
BAI TAP 3.10. Tinh nguyé&n ham [
: gLy e
c 2
A — B. —2v1 ~ c C. C D.Cv1-—
= T+ Ao + T
BAITAP 3.11. Ham sb y = tan® 2z nhin him sb nao dudi déy 12 nguyén ham?
A 2tan2z +x B.%taanmz C.tan2z — =z D.%ta.u2:c+m
BAITAP 3.12. Tim nguyén ham cha him sb f(z) = cossmcosz
A -2 sin 62 + sindz +C B.sinéz 4+ C !
2 6 4
C.cosbx +C D. -;— (511166.'17 + s1n442:) +C
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BAIT@P?:.I:{. Timnguyénhém](2+83’) dz.
4 32_2’_ Gz
B.4z+33 e +C

A.4m+i;e3=+%e5‘+c
L 4 5 1,
4z — = p D. o _ ~bx
C.dz 3¢ +Se +C 4z 3¢ e +C
AT T o [0 dz NP N
BAITAP 8.14. GlaSli/ C— =K. Gidtricha K 1a
Y -
A3 B.8 C.81 D.g
“ " . . . A . ;1;2+1 2
BAITAP 3.15. Tim nguyén ham F(z) clia hdm sb f(z) = p

2 1
B.F'(:.r:)=*~§~+5+2z:+c

1
A.F(m)—?—;+2m+c
3
-tz 2 2
_ 3 1 ¢ +1
C.Flz)= o +C ‘ D.S( - )+C
BAITAP316.TE ——cb,
mnguyenham/ P
1 (z-3
A—l |+C 3'5[ —1!+C’
Cln|2? —4:1:+3|+C D.In i:il+0
BAITAP3.17. Tinhtichphan7= [ =24
' 0 T+3r+2
A 5In2-3n3 B.5In2+3In3 C.3ln2—-5In3 D.2ln5 —-2In3
9 1 9 9 1.9
AIIniE B.Zlnﬁ C__lnl_s D.?]D.E
U A s . 432+ 85 -1 . 1
BATTAP 3.19. Tim nguyén ham F(z) ciia ham 56 f(z) = o bletF(l)_g
—? g —2 o) = 22 g 213
A_F(:r:)—a: +x+ _51 613 B.F(.L)—12+-17+w+21 3
x
CF(ﬁ) P 5 DF(E)H‘_2_+E+:C_+1_6
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BAI TAP 3.20. Déng thitc nio ding?

A/ |z—~2|dt—j 2 = lido B. [ e — 2|da:—j(.7: Ndz
Cf |x— 2|d:—f{z 2)dz — f(:r 2)dz Df |z 2|dI-[(:r: 2d:c+[ (x-2)dz

D. LOT GIAI VA DAP AN

i
GIAY BAITAP 2.1. %%dz —Infu(c)]| + C.

Pdp dn dungla C. =

. N w § L] 5
GIATBAITAP 3.2, / [f(z) + glz)ldz = f f(z)dz + f glz)dz = 9.
2 2 2
Ddp dn diingld B. O

. R N ] 9 9
GIAI BAI TAP 3.3, f [2f(z) + 3g(z) dz =2 fo f@)dz+3 f glz)dz = 122,
i) 1]

Dip dn diingla A. o
GIAIBAITAP 3.4. F'(x) = (2?).¢® = 2z.e*".

Ddp dn dungla A. O
GIATRAITAP3.5.

Fm) ={a® +br+ e+ (ar? +br+){e™™) = [-ez’ + 2z - b)n + b~ ] 2™
—a=1 a=-1
= {2a—b=—3 = {b:l .
b—e=2 c=-1
Pdp dn diing la C. ]
GIAI BAITAP 3.6. F(x}=](4m3—3m2+2)dx=m4—m3+2m+é

Pl-1)=C=3=Fl)=2t— 2+ 22+ 3.

Bdp dn dung la C. O

GIATBAITAP3.7.

jf(m)dm=f(mm )a‘:rﬂ 573 +4]n§:r|+C’-'~\/_+4]n|'r|+C

Pdpdndungld A O
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GIATRAITAP 3.8,

A
f(za'_g_,_ﬁ)dx:f(1,3_2+51/2)dx=$_q2]n|$|+2,/m3+0
oz T 4 3
T

= 3:3/2

Ddp dn diing Id D, O
GIAIBAITAP 3.9,

— 14372

]\/:m'_— Tds = /{3.».; — )2 = %(33—3/%3— +C= 5\/‘ Gz 1B +C.

Ddp dn dungla B. O
GIAI BAI TAP 3.10.

_ y1/2

f—,fai—x =/(1—£)"112d93=—ﬂ—%+0=—2m+0.

Ddp dn diing la B, D
GIAI BAITAP3.11.

1 1
ftan22$dz=f(—2-—1)dx=—tanZz—x+C.
cos® 2z 2

de dndunglaB. ) -
GIAIBAITAP 3.12,
f0055$coszdx _ f (cosﬁa: +cos4z) g = 5062 + sindz +c
2 12 8
bdp dn diing la D. .
GIAIBAITAP 3.13.

4, .
f(z + e Pdz = [ (4+4e* + ) dr =42+ Fe* + %e‘"‘ +C.

Ddp dn diing la A. . [}
GIAI BAITAP 3.14.
5 ds 1 5 1
_— 25 — = — = .
| mo1=gmks 1||1 5o =l3
Ddp an dungla A [
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GIAI BAI TAP 3.15. _
F(z)= d —'Mdm—/ 2194 2 dx—”—3+2x—l+c
@) = [ foye= [ Egmde= [ (ot 424 55 )d= 3 Z+C.
Ddp dn dilng la A. O
GIAI BAI TAP 3.16.-
1 1 1 1
dr = dr= | { 0—— ~ —— Vd=
/m2—4z+3‘°" f(:.:—n(mmsr” ](2(3:—3) 2(2:-—1))
1 1 1 r—3
_-z—lnlm—3]~§1n|$—1|—-§ln 33—1|.
Ddp dn dungla B. O
GIAI BAITAP8.17. ‘
Vg4 173 2 1
_ - = __ =(31 ~2 2
I ./o ($+1)(m+2)dz /; (:1:+1 m+2)dz (3lnjz + 1] - 2|z +2|) o
=5In2—3mn3
DdpdnlaA a
GIATBAITAP 3.18.
! dz i 1 1 1 1 1
- [ ervemn =, (g~ wm) = (ol -a- Finke3l) |,
2 2 1. 9
—ElnS-?lnal—?lnE
DdpdndungiaD. 0
GIAI BAI TAP 3.19.
432 43z -1 2 z? 2
= r T dr= ) —— = ——
F(z) / PR f(:s-l- (x+1)2)dm 2+$+z+l+c
5 1 13 2 z 13
=>F(1)—C+-2‘-—§=>C——E-¢F($)~?+$+m—"6—.
Ddp dn diing la C. O
GIAI BAI TAP 3.20.
3 2 3 2 3
f |x—2id;nﬂ/ |a:—2|d:c+f |x—2|d:z:=f(x—2)d:c—/(z—2)dx.
[} 0 2 0 2
Bdp dn ditng la C. ]
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CHUYEN DE 3.2 —
Phuong phap doi bién s

A.TOM TAT I¥ THUYET
1. Néut = t(z) thidi = ¢'(z)dx.
2. Wéup{t) = q(z) thip'(t)dt = ¢'(z)d=.

3. Cong thitc di bién s

f FIH) ¢ (2)da = f Fe)dt = F(t) +C = Ft(x)] + C

b t(b)
f Fle@l¢ @ = [ s
a t{a)

4. Mbt sb phép ddi bién thuding gap

t=ar+b=df =adr.
_® b= g™ = dt = e e
o t= V(@) =" = flz) = nt" tdt = f'{z)ds.

o
de'

. t=ln$=>dt=%.

o f=0n"=>dt=

e t =sinx = df = cosade.
e t =cosx = dt = —sinzdr.

e t=tanz =>dt =

cosly
1

o —da.

sin® @

M / ' fa)ee = / ' et

o t=cotz = dt=—

B. CAC DANG BAI TAP

viDU 3.23. Cho f fladdz =F(z)+ C thi
A.ff(a:c+b)d:z:= o Flaz +8) +C B.ff{ax+b)da:=aF(ax+b)+C
C.[f(a:c+b)dx=%F(a:c+b)+C D.[f(a$+b)d:n=F(ax+b)+C
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GIAI Ditt =az+bthiz= ?néndx: c—];dt, do dé

f Flaz + b)dz = f f(t).::dt = %F(t) +C= }IF{M B +C.
Viy ddp dn diing la C. o

' 1
VIDU 3.24. Cho f(z) la ham sb 16 va lién tuc trénR. Khi dé gid tricia | = f f{z)dz thod
: -1

man
AT>0 B.I=0 CI#£0 DI<(

GIAL Ditf = ~nthids = —dt, khiz = —1thif=1vakhiz=1thit=-1.Dodé
1 N =1 1
IE] f(w)dx=—f f{—t)dt=f Fl—t)dt
-1 1 -1
Mitkhdc, vi f(z) 1A ham 1& nén f(—t) = —f{f) Vinén
1
f=f. —fBdt=—F=>T=0.
-1

Vay ddp dn diing 1a B. m|

Nhén xét: Trong biéy, thitc tich phén thi viéc bidu dién theo dz hay dt 1& nhu nhay, két qud 12

56 khdng phu thudc vao bién
. b b
[ st = [ e
3

VIDU3.25. Tim ho nguyén him F(z) = f T da
A F(z)=tn|zt— 1|+ C B.F(z) = 3lnfs*~ 1| +C
<
C.F(x) = SInfa*~1|+C D.F(z) = lafe —1[+C
GIAL Ditt = 2% — 1thidt = 42%dz. Suy ra
_fdi/a fdt 1 1.
F(z)—/ [ =S+ C= -1+ C
Vy dép dn diing i B. 0O
viDy 3.26. TinhI = / w6 tldy
A= 40 BI=z&+0 CI=ze™1 40 DI=27"4C
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GIAL D3tz + 1 =1t thidt = 2zdz, do dé

I=f¢.ez2+ldx=fe Sd = leso= 2"""1-5-0

2
Vay ddp én ding 1a B. a
viDU 3.27. Tinhgiduil = f (1~ tan ml S -
1 1 1
J== Bi=< == L ==
AT 5 I 3 ) Cr 3 DI i
GIAL Ditt=tanzthidt = _Othit=0,khix=%thi =1.Xhid6
-8 1
= PN k) i B
f (1-eytar= - =2
- :. 0
Vay dap dn ding i A. : . ) . O
ViDU 3.28. Tim nguyén ham [ cos zsin® xdz.
3siuz —sindx 3cosz — cos Ju
Csin®z+C D.sinz.cos?z + C

GIAL Ditt = sinz = dt = coszde. Do db

3 .3 : e
fcosn:sin2zd1:=ftzdt=%+G._=sm :1:+C=35mz sm32:+a

3 12
Vay dap an ditng 1 A. 0

vi DU 3.29 (DéMMh hoa THPTQGZOI 7). Tinhtich phinl = / cos® . sin zdz.
0

AT=—tnt B.I=—x* CI=0 pr=-1
4 4
GIAL Ditt = cosz thidt = —sinzgdz vakhiz = 0thit = 1, khiz = 7 thif = —1. Suyra
-1 1 4.1
I= —t3dt =j t3dt = t—| =
1 -1 431
Vidy dap dn dingla C. O

- s z 8 dx
VIDU 3.30. Gid stZa, b Id hai 6 nguyén thod 'nf ———=aln3+ bin&. Tinh gid tri

L a LY ma. A alnd+ 0in 814 111
ctiaa® + ab + 3b°

Ad B Co D.5
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2 _
GIAL Ditt = viz T Ithig = %,dadédx = %dt.Khim: Lthit = 2vakhiz = 5 thi

t =4, Khidé . . .
5 dr 1 2 2
I= = .—dt= - dt-
flz\/3z+1 /2 t#-1 "3 _[2t2—1
—
3
‘Lai cé ,
2 2 _fe+p-(-1 1 1
21 (t-D{t+1) (-1 +1  t-1 t+1
Nén

= (A - 2 a=q In  ams—1
_f2 (ﬁ“?ﬁ) $= (nft~ 1|~ lnf+ 1)) | = 2In3 ~In5.

Suyrac=2,b=—1néna®+ab+3° =5
Vay ddap ér ditng la D. : o

1
ViDU 3.31. Tinhtichphinl = f z¥1 — zdz.
0

28 9 9 3
A.E B.—% C.2—8' D%
GIAL Piart = ¥T~zthiz =1—# néndr = -3%t. Khiz = 0thit = 1, khiz = 1thit = 0,
khi dé . .
o\ p 9
— 3 205 — 3 _ a4 2 _ 2 —
Ie= /1_(1 - t3)t.3t%d¢ /; (3t* — 3t%) dt (4 7) 1
Vidy dip én diing la C. . 0

ViDU 3.32. Tinh nguyén ham f zV/2? + 3dz.

AzP+3+C B.(z*+3)?2+C
2 2 2 3
&t e LRAGEL

GIAT Ditt = /72 + 3thit? = 22 + 3 nén 24dt = 2xde. Do d6

3 2 3
jm\/z2+3dx=]t2dt=%+0=—(x L) o)

3
Viy dép én diingla D o
viDU 3.33, Tink n;uyén ham f dz .
zlnx
Azt B.ln|z|+C Clo{lnz)+C D.in)lnz| -+ C
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GIAL Ditt = Ing thidt = ‘fg.Do a6

/ de__ dt =l +C=ln|lnz|+C.
zlnx
Vay dap dn diing la D, G
C. BAI TAP TU LUYEN
- 0 3

BAITAP 3.21. Cho f(z) laham sb chinva f f(z)dz = a. Tinh I = / f(z)dz.

. -3 a

Al=-a B.i=2a C.I=0 DI=g

BAI TAP 3.22. Cho ham sé f(z) c6 dao ham, lién tuc trén (e, ) thda man f(a) = F(b). K&t
qué nao sau diy ding?

A_f f(z)e @ dz = 0 B/f’(m)cf(’)dm#o
C. j Fle)efEdr >0 D. f F(z)efFdr < 0

BAI'TAP 3.28. Tinh tich phin [ = f (1 = cos )" sin zdz.
Q

1 1 1 1
n_-l-l‘ Bv :,v;——._i‘ C- %- Do ;-
BAI TAP 3.24. Tim ho nguyén him F(z) cfia ham sb f(z) = _1_;%'
AF@=-22% ¢ ' B. F(z) = ——— +C
imz sinx
C. Flz) = 2 D. F(z) =
BAITAP 3,25, Tim ho cdc nguyén ham clia tan® z.
A.tan?z 4+ In|cosz| + C B.%tan2:r:+1n|cosn:|+C'
1
C.E(ta.nzz+ln|cos:c|)+6‘ D.—%tanza:+1n|cosn:j+0
. Z
BAITAP 3.26. Tinh tich phan I = f tan zdz.
¢
A Ini B. lni . C.ln—@ D.lnl
2 2
som ¢ ln’g
RAITAP3.27. Tinh 7= [ ~Zdn.
1
1 3 1 1
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. : <% cos(ln x)
BAI'TAP 3.28. Tinh tich phan / = j ——dz.
. 1
A I'=cosl B.I=1 C.I=sinl D. Két qué khic
2 : B
BAITAP 3.29. Cho f T T Gidtrichacla
: o sinx +cosz 4 )
T T T T
A. 3 B: i C. ) D. 5
D. LOT GIAI VA DAP AN
0 0
GIAI BAITAP3.21. Ditt = —zthi ] = f - fl-2)dp = — j fle)dz = —a.
-3 -3
Ddp dn ditng la A. 0
GIAI BAI TAP 3.22. Ditt = f(z) = dt = f'(z)dz
" Fb
/ Fizye’ ) dz = ® etdt = etlm} =e/® e/l =g,
a Fla) f(2)
Pdp dn diing 12 A. O
GIATRAITAP 3.23. Ditt = 1 — cosz = dt = sinzda
1 n+t 1
I=ft"dt=t =
) n+1llo n+1
Ddp dn diing la A. 0
GIAIBAITAP 3.24, Ditsinz =t = dt = cos zds
cos g dt 1 1
F = de = dr = —_ = - = ——
(e) ./f(z) * fsinam 2 t +O sinz +C
Ddp dn diing la B. 0

GIAI BAI TAP 3.25. Diitt = cosx = dt = —sinzdz

s.3 2
. : 1t 1 1
3.4 =]sm.m =_f : _ _ :
/tan zdz P —Fdt= 5 +hft|+C 5% 2$+ln|cosz|+C

Ddp dndingli B,
GIAT BAI TAP 3.26. Ditt = cosx = dt = —sin zdr

“r% sing o Yogt 1 V3
I= dz = — - = — =nlf|| . =h—.
0 COSE 1t £t E4 2

Ddp dn dingla C.

O
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'GWBAITAP3.27 Dati=lz=> dt— -43-

t 1
>3 YR = =
I= ftdt 3

3

Bdp dn diéngla D. . O

P dz
GIATBAITAP 3.28. Ditt =Inz = dt = -

1.
DdpdndinglaB. O
. a f e ’ .
GIAIBAITAP3.29. Dt 1 = | — 0% _4p 5o f ST Khidé
v : p SInz +cosx o SILE 4 cosx )

® d(sinz + cos x)

I+.I=/ dr=a,J—T= >
o o sinz +cosz

a
=In|sinz + coszj 0 =In|sina +cosal.

— In|si 05 a)
SuyraI:a' |sing + cos |:1r

5 .
Ddpdn diingla B. : 0
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CHUYEN DE3.3 -
Phuong phap tich phén titng phan

A. TOM TAT LY THUYET
1. Cdng thie tich nguyén ham titng phin, tich phén timg phan

b b b
/udv =uv ~ f’udu;f udy = u-vl _f vdu
a a a

2, Mot sb dang thudng gip:

I P ﬂ$+bd d“t u= P(m) du N P’-i(-f)dz
= 2T
y / (w)e oo dv = e¥" o dy = v=12
Q
du = P'(2)dx
. <, Jo=P(x)
s [= /P(z)sm(a.m + b)dx, dat {dv — sin{az + b)dz = {'v _ _cos{az +b)
a
e e gy (4= P ciu='P'($)d.:n
. _f (z) cos(ax + b)dx, gt{dv=cos(a:r:+b)dz = o sin{ax + b)
: a

u = Infaz + &)

. I=ff(x)hl(aa:-!—b)d:z:,dét{dv=f($)dz

P

= { %™ alaz +b), trong d6 F(z)
v = F(z)

12 nguyan ham cia f(x).

B. CAC DANG BAI TAP

viDy 3.34. Tinh f In zdz

Azhz+s+C Bzwzhhz+C Calmx+C Dzlnz—z4+C
GIAL Dit
u=he a!u,=E
dv=dz i
v==mx:

Theo ¢ong thic tich phén timg phin thi
fhmdm:a:]na:«-'/:c.% =:c]n:1:—fd:c=xln:c—:c+0.

Vay ddp dn diing la D. O
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VI DU 3.35 (Dé Minh hou THPTQG 2017). Tinh tich phan [ — / zlazds,
. - 1

. e2—2 e +1
== CI= y

Al= B.I

LT

GIAL Dt

u=nz du =
dv = zdx z2

Theo cong thic tich phan tiing phén thi' -

z € “xidr €2 “ 2 gle o244
1_7-1“*1”f1 ?I—i‘fl =T ThT
Vity dip dn diing 1o C. o
viDU 3.36. Tim nguyén ham f ze"dz
. ze? )
Aze®+C B.I=T+C Czef +e& 4+ C Dge®-e*3+C

GIAL Dit

U=z N du=dz

dy =¢*dn- " |v=4¢"
Theo cong thifc tich phan timg phan thi

fme”dz=9:e¢—fc’dz=::c”—c”+6‘.

Vay dép dn diing la D, u

1
ViDU3.37. Tink tich phin [ = / 2¢~%do

]
2 2
Al=1 B.I=1—E CI:E DI=2-1
GIAL Pt
u=zx du = dz
{d’u =e “dg = {‘u =—gF
Theo cong thiic tich phan timg phin thi
1 1 1
I=—ge™* +/ e fdr=wel—g7F| =1-2¢1=1- g
0 o 0 «

Viy ddp én ditng lg B. |
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VfDI_I.3.38. Tinh nguyén ham / rcoszdr

Arsint+cosz+¢ Bzsing—cosz+C Corsinr+cosz D.zsinz —cosx

w=2a - du = dt
dv = cosxdz v=sine

Theo cong thitc tich phan ting phan thi

GIAL Dit

fu:cos:cdw = Trsinr — [sin:r;dm = zsinx +cosz + C.
Vity ddp an diing la A, o O
viDU 3.39, Tinhl = f zsinzdz
0
Al=n BI=-7 . Cr=-2 D. Ddp dn khdc
GIAL Dt : ' ‘
. U=z - du = dr
dv = sinzdx Y= —cosT
Theo cting thie tich phin tiing phén thi
™ T -
I=—mcosm| +f cosxdr =7 +-sinz| =T
1] [ [}
Véy ddp én ding l3A. . : g

o _
VIDU 3.40, Tinhtichphdnl = / e cos xdz.
o0 .

CAl=é+1 . BI=-£-1 - C.Iz~%(e”+1) ' D.I=%(e”—1)
GIAI D&t e : ‘
: S u =e’ du; = edx
iy, = coszdx v =sinz

Theo céng thitc tich phén timg phén thi
= o T V . -

— f e® sin sdx = —J.
¢ 0

© I'=¢%sinz

N . J
Dat I
fug =€ '=> du, = e“dzx
‘dup = singdz | vy = —cosz
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Theo cdng thitc tich phan titng phéin thi

. " .
J=—e’cos:c|0+f efcoswdr =e™ + 1+ -
0

N —
I

Dodél=—(¢"+1+1)nénl = —%(e" +1).
Vy dip dn diing 12 C. ‘ . u

. ° 6’ )
VIDU 3.41, Cho tich phén/ cos(Inz)dr = p + me™ ydim,p i cdc 6 hitu ¥, Gid tri cdam
A ]
thudc khodng néo?

A-1l<m<0 - Bm>1 "Cl<m<1 - Dom< -1

GIAL Dit

U = COSU.I!I) 'dul = _de
dy, =dz = e
1 h=x
Theo cdng thic tich phén titng phén thi
I= j cos{ln p)dx = zcos(lnz)l: +/ sin{lnz)de = —e™ — 1 + J.
1 i-

S———
J

dvp = dz

{u: =sin(lnz) - dug = cos(mi:c)da‘
Yg =T

Theo cdng thifc tich phén timg phin thi

J=xsi.n(ln:r;)|: —f cos(lnz)dz = 1.
1

Suyral = ~¢" —~1—Inénl= —% - %e", doviyp= —%,m = —%.
- Viyddip én ding la A ]
C.BAITAP TU LUYEN |
- 2
BAITAP 3.30. Tinh gi4 tri ciia tich phéin ] — f (2® - 1) In zds.
1
2 2 6ln2+2 2ln2 -6 Gln2 -2
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2
BAITAP 3.31. Tinh gid tri clia tich phan I = f (25 — 1) lnzdz
1

1
A.I=21n2-—-12- B.I=% CI=2m2+3 D./=2In2
= . —2
BAITAP 3.32, Tim nguyén ham ] ETzhfdx.
r2 Anz— 2
A - 22272 4 ¢ B.insl + 2oo— +C
21 Slnz —2
C.ln[cc|+-—-%+2~+c Dl - 2222 40
. . 42
BAITAP 3.33. Tim nguyén ham f %:de
2 —5 2z -3 —2x -5 —2z-3

1
BAI TAP 3.34. Biét a,b 12 hai s6 nguy@n théa man f {2z + 1)edz = a + be, tinh ab
. Jo
Al B-1 - C.—15 D.5
-~ ~ . 1
BAI TAP 3.35. Tinh tichphdn I = / zetdr
"Jo
Al B.2 C.3 D.4

BAITAP 3.36. Tim nguyén ham f 2z o8 zdz

A-szsi;%_cosfa:_l_C _,B'm_msi;2x+coi2n:+c
C'x+msi;2x_coi2m+c D.z+xsi2n2z+cos;2x+c

D. LOI GIAI VA DAP AN

e 3
GIAI BATTAP 3.30. Détu:lnm,dv:(mz—l)dmidu=%dx,v: %—a:

« gt 2 73 2 2 2
(E ks - f (E-1de=2m2—[Z 2| == z.
! (3 I) ‘”’L fl(a ) 3" (9 ‘”)L gi+s
Bdp dn ding ld A. 0
GIAI BAITAP 3.31. Diitu=1nz,dv = (22— l)dz = du = %d:r,v .
2 2 2 2 i
I={x2—m)1nz| —/ (:r:—l)d:c=2ln2—(——a:)| =2ln2-=.
1 1 2 1 . 2

Pdpdndungla A O
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GIAI BAITAP 3.32. Ditu = 2inz, dv = —%dx o du = %dm,v -1
. e
r—2 2 2
f‘?" 2ina:d$=1nz+ lnm_f_2d$=mz+21nx+2+c_
x T T x
DPdp dn diingla C. [
- - - —2r
GIAIBAITAP3.33. Ditu =15+ 2,dv = e *dz = du = dz,v = —=
z+2,  (z+2)e™ e (x4 2 %

/ e2s dz = 2 +[ 9 dz = ) - Z +C.
DdpdndinglaC. o
GIAIBAITAP 3.34. Dty = 2 + 1, du = ¢%dr = du = 2du,p = ¢°

1 1 1 1
f (23 + 1)edz = (2:r:+1)e’|0 —f 2e°dr =3¢~ 1-2%| =e+l
0 0
Bip dndingla A G
GIATBAITAP 3.35. Dijtu = ., dv = ¢*dzx => du = dz,v = ¢°
1 1 i
I=ze” —f efdr=e—€e°f =1.
] o bl
Bdp dn dingla A o
PR . sin 2z
GIAT BAITAP 3.36. Dt u = z,dv = cos 2zdz = du = dz,v = 5
focoszmd:c = f:t:(l+cos2a:) =z+ 251.1212:: - /‘51n22md$ =g+ :1:512112.1: + coz?a: +C.
' ]
Yy ddp dn diing ia D
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CHUYEN DE 3.4 :
Tinh dién tich hinh phang

A.TOM TAT LY THUYET
1. Dién tich hinh phing gii han b&i 48 thi ham sé y = f(z), Oz vA hai duiing thing

z=a,z=>bla

b
5= f |F(2))dz

2. Dién tich hinh phéng giéi han bdi d3 thi him s cic him sby = f(z),y = g(z) va hai
dubngthingz = o,z =513

B
§= f If{z) - g(z)ldz

B. CAC DANG BAI TAP '

VI DU 3.42, Viét cong thilc tink dign tich hinh phéng gidi han béi 46 thi cdc ham sb y =
(), v = glz) va hai dudng thingz =a,z = b

] b .
AS= f [fiz) — g{z)] dz B.5= f [f (=) — g(z)] d=
1 b &
c_.g:f f(:::)da:—/ g(x)dz D.S=f |f(x) — g(x)|
GIAL PdpdndinglaD. O

VIDU 3.43. Gid sit hinh phéng tao bdi cdc duting congy = f(z),y = O,z = a,z = b ¢ dién
tich 16 8y, cdn dign tich hinh phing tao bgi dudng congy = |f(z)|,y = 0,z = a,z = b cd dién
tich 12 Sy, con hinh phdng tao bdi duding congy = —f(z),y = 0,z = a,z = b c6 dién tich Ia
S3. Lyga chon phitang dn ding

A S =85 B.S =—53 C5>8; D.5; > 51.

GIAL Dién tich hinh phing gi6i han bdi cic dudng {y = f(z),y =0,z =a,z = b} 1a
b -
5 = / | Fz)|de.
Dién tich hinh phéing giéi han bdi cic dudng {y = |f(z)|,y = 0,z =a,z = b} A

b
S = f 1 ()| e

136 Luong Pite Trong-Nguyén Nhu Théing-Kiéu Trung Thily




sphook.vn CHUONG 3. NGUYEN HAM-TICH PHAN

Dién tich hinh phing giti han bi c4c dubng {y= —f(x) y=0,r=az=b}l

so= [ 1= sl = [ e
Vay dap an dingla A, ]
ViDU 3.44. Tinhdién tich hinh phanggzdz han béi dd thi ham sdy = 227 — 4z —6, truc hoanh
va hai dudng thangs = —2,z = —4
A54 2% ¢ 0.3

GIAL Xét phudng tiinh 222 — 4z — 6 = 0 ¢d ngluem z = —1 hodc x = 3-déu khéng thuge
khodng [— 2 4]. Do d6 dién tich h.mhphang cintim i

§= f |22 —4z-6|dz—-f (22% — 42 — G)dx] I(—a—Zz -—6z)|:j—_~

Véy dép dn diing la C.
vi DU 3.45. Tink dién tich hinh phdng (H) gidi han béi cde dubngy = =%, truc Ox va dudng
thidngz = 2.

18
3

A8 B3 C.16 D
GIAL Xét phutong trinh 22 = 0 ¢6 nghiém duy nhit z = 0. Do d6 dién tich hinh phéng cin
tim1a
32
— 2ar= | ar="|' =8
S—fD]dem—/ =S| =3
Vay dap dn diing Ia B, _ a

vi DU 3.46 (De Minh hoa THPTQG 2017). Tinh di¢n tich hinh phing gidi han béi dé thi
hamséy =~z vadd thiy =z — 22
37 9 81
A. 1_2' B- Z C. ﬁ Da 13
GIAL Xét phudng trinh 2 ~x—z—z e 7® 4+ o? —2a:—0003nghxem:r—0r—- lva
z = —2. Do dé dién tich hinh phing cin fim 1

S:] |% + z* —2z]dz+f |#* + 2* — 2z|dz.
-2 o

-

Sy 5
Laicd
4 xﬂ 2 0 8
S = |f (z*+a —2:c)da:l ( - )Imz =3
¢ oY 12 5
Sz—‘j (® += -2a:)d:c| (— ?—I)ID_E,
8 & 37
Suyralsjslzrsz\_§+ﬁ=1_2_
Vay dip dn diingla A, O
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ViDU 3.47. Cho hinh phéng (H) giéi han bdi cde dudngy = «* + 2ma® + m% 2 = 0,2 = L.
Timm d& dién tich hinh phéng do b&ng—;-

AT R S

Am=1hodcm=2 B.m =10 hodcm =

. _ 2
C.m=§hogcrn=1 D.m=0hogcm=—§

GIAL Viz* +2mz® + m? = (z? + m)? > 0 nén dién tich hinh phing H 12

1 3 3 1
- 4 2y mP e {54 e |= 2, 2m 11
S—./[;(m+2ma:+m)d1: (5+ 3 +mm)0 mi+——te=r
D0d6m2+2—m=0nénm=0h0§cm=—§.
Vay ddp dn dingla D. ) O

ViDU 3.48. Tink dién tich hinh phing giéi han béi cde dudngy = (z —1) Inx va dudng thing
Y=z 1 .
e’ +de+5 e? —4e+5 24 4e+43 et ded3
Ay B—— C—= D= |
GIAI BAI TAP 3.48. Phuong trinh (x — 1)Inz = & — 1 ¢6 nghiém = = 1 hodc = = e. Dién tich
hinh phéng cin tim 12

S=/1B|(:::—1)ln:r—(a:—1)|dm= f:(z—-l)(lua;—l)dz = |1

bt
dz
u=Inz du=?
dv = (z — 1)dz = 7
'U=—2——$

Theo cong thifc tich phin fimg phén thi

I=ft=(z-1)mzdz_/1=(m_1)dz=(i'f; ”)‘“:—f:(g—l)dw_(z_;{lf:

PR
2 4 1 2 4 4
de—e? -5
T a
Dodég == S24ets
V@y ddp an diingla B a
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- C.BAI'TAP TU LUYEN
BAI'TAP 3.37. Tinh di¢n tich hinh phing gi¢i han béi cac dé thiy = 2 + 2, Oz, z = 0,z = 1
A3 B.2 C.5 D. g
BAITAP 3.38. Tinh dién tich hinh phing giéihan bdi dd thihdmsdy = v+ 1,0z viz =3
16 1
B. A= — I = -

Ag 12 C.rI 3 D.I T
BAITAP 8.39. Tinh dién tich hinh phing giéi han b&i dd thiy = —222 + 2 + 3 vA truc hoanh
125 125 125 125
il = = Cl==— DIi==—

A 24 B.1 34 14 T 44

BAI'TAP 3.40. Tinh dién tich hinh phing giéi han bdi d8 thiy = z° v dudng thing y = 2z.

4 3 5 23
A B.3 C3 D
BAI'TAP 3.41. Tinh dién tich hinh phing gidi han bé db thiy = z? va dudng thingy = z.
1 1 1
Az B.% C3 D.1

BAI TAP 3.42. Tinh dién tich hin.. phing gi6i han bdi céc dé thi him sé y = (e + Ljx va
y=(1+e")z

e e ' 3
p R ' L= S
A, 2 B.2 C. 3 I b . I
D. LOI GIAI VA DAP AN
GIAI BAI TAP 3.37. .
1 1
.9=f |s? + zldz = I[ (@ + z)da| = 2.
0 0 6
Bdp dndingla D, ) a
GIAT BAITAP 3.38.
3 3
Sifwﬁﬂw=f¢mua=%
-1 -1
Ddpdn ditngli C ]
GIAI BAITAP 3.39. Phuong trinh —2¢% + 2+ 3 =0 g = —1 hodcz = g
3 i, 125
S=/ | — 22 + 2+ 8|ds = f (~22% + = + 3)da| = —.
-1 1 24
Bdp dn diing la A. 0
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GIAT BAI TAP 3.40. Phuong trinh 2* = 2z ¢ 7 = Oholicz = 2.

2 2 4
§= f [z? — 2z|dz = f (z? - 23:)(1::[ = .
o o 3

DdpdniaA. O
GIAI BAITAP 3.41. Phuong tiinh s = z & 2 = Ohodcz = 1. Dién tich hinh phing cén tim
& . . L )
5= / |#% — 2z)dz = / (2% — z)dz} = .
° 0 6
DdpdnlaB. : g o

GIAI BAI TAP 3.42. Phuong trinh (e + 1)z = (1 + ¢%)z < z = 0hodcz = 1.

.S'=j:|(e+-})z-—(1+e’”):c]da:=“/:(ez—e“w)da:

e
=z-L

i

Pap dn dingla C. o
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CHUYEN DE3.5 —
Tinh thé tich khoi tron xoay

A. TOM TAT LY THUYET

L. Thé tich cfia vit thé V gidi han béi hai mét phing# = g,z = b -

v = f bs@dt

vi S{z) la dién tich thiét dién tao bi vat thé V va mit phing » = ¢,

2. Thé tich ciia khdi tron xoay tao thanh khi quay hinh phéng (&) gi6i han béi dé thi
- y= f(z),0zvaz = a,z = b, quanh truc Oz la

ver| [Fe)de

3. Thé tich efia khéi tron xoay tao thinh khi quay hinh phing (H) giéi han bdi cdc db thi
y= flz),y=glx)vaxz =a,z=b quanhttucOzla

b
Ven ] [f() - gla)ldz

B. CAC DANG BAI TAP

Vi DU 3.49 (Dé Minh hoa THPTQG 2017). Viét céng thiic tinh thé tich V' cla khdi tron xoay
dugc tao ra khi quay hinh thang cong, gidi han béi do thi ham s6y = f(z), truc Oz va hat
dogn thingz = a,z = b (a < b), xung quank trucOx. .

b
A.V=1r./bf2(m)dz B.V=f £(x)
% : . Lo
_ C.V=‘1rf- faye D.V=j |f(z)idz
GIAL DipdndinglaA. 0

Vi DU 3.50. Tinhk thétich vat the tron xoay khi quay hinh phing gidi han bdi cdc dudng
Y= %,y'= 0,z = 1,5 = 4 quanh truc Ox.

AV=06n BV =dr CV=12r DV =28

Lutong Dt Trong-Nguyén Nhu Théng-Kidu Trung Thiy 141



On luyén thi tric nghiém THPT Quéc gia ndm 2017 mén todn sphook.vn

GIAI Thé tich khéi tron xoay cin tim la
d 2 4 4
V=1r/ (-4-) da::‘rrj 1—2da:=—m—1r = 12x.
1\ 1 & z h
Vay dap dn diing la C. O

VI DU 3.51 (Dé Minh hoa THPTQG 2017). Kf hiu (H ) la hinh phanggm han bdi db thi ham
séy = 2(z — 1)e7, truc tung va truc hoarh. Tinh thé tich V ciia khoi iron xoay thu dudc khi
quay hink (H) xung quanh truc Oz.

AV=4-2¢ B.V ={4—2e)x CV=ec?-5 D.V = (e? - 5)r

GIAI Xét phudng trinh 2(x — 1}¢® = 0 c6 nghiém duy nhitz = 1. Do dé thé tich khéi trdn
xoay cin tinh Ja

V= wful [2{z — 1)e*)* dz = 4ﬂf01(z —1)%*dz.
e du=2(x—1)
{u— (¢ —1)° - { .

Theo cong thiic tich phén timg phin thi

£2% 41 1
V=dnr({z— 1)2'7|n - 41rf (z — 1)e®dz = —21 ~ 47 1.

u=z-1 “=Iz:
= =
dv = ¢*dz -;_,:32...

Theo cang thitc tich phén titng phén thi

. %% (1 I el 1 %% 11 3 e?
=05l [ Fa=g- Tl =

a2
DovayV = —2r — M =m(e? —5).
Viy dap an ding la D. ]

viDU 3.52. Tinh thé'tich khéi trén xoay khi quay hinh phing gidi han bdi cdc dudngy = V7
vy = x quay xung quanh truc Oz

T
A.g B§5 (od)] D.

ENE
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‘GIAL Xét phuong trinh vz = = c6 hai nghi¢m = = 0 hoic = = 1. Thé tich khi tron xoay cin
fim la

1 ’ 1 1
V=7rf (x—\/i)zdz=1rj (:c2—2:r\/5+:r)da:=7rf ($2—2:r:3/2+:r)dx
i 0 0
x¥ 2252 2\ 1 ’
_“(?_ 572 +?) X
-
T30 .
Vay ddp andungla B. (]
VIDU 3.53. Tinh thé'tich kkdi tron xoay tgo nén khi xoay hinh phing gici han bdi dé thi cde
hamsby=tanz,z =10,z = g,y = 0 quanh truc Ox

™ ki - m
An(V3+3) B.vV3-% CVI+Z D (V3-%)
GIAL Thé tich khéi tron xoay cin tim 1
= =z "
mr | tantzde=m [ [ - e L X
V—--‘II"/[; tanwdz = A (cosza: l)da: 7 {tanz z)]u JT(‘\/_ 3).
Vay déip dn diing I3 D. 0

ViDU 3.54. Cho hinh phéng (H) gidi han béi cdc duing thdngy = =, truc hodnh va dudng
thangw = m,m > 0. Thé tich khi tron xoay tae bdi khi quay (H) quankh truc hoanh 1a 9
(dvtr). Tim gid tri cdam.

A9 B C3 D.393

GIAI BAI TAP 3.54. 'Thé tich khi tron xoay tao béi khi quay {(H) quanh truc hoanh Ia

L 3 3
oy Tm
V=7rf slz=nf = =9g
0 3 ] 3

Suyram® = 27 haym = 3. -
Vay dap din diing 13 C. . o

C. BAI TAP TU LUYEN
BAI TAP 3.43. Thé tich khéi tron xoay khi quay hinh phéng H gidi han béi cic dudng y =
vz —1, truchodnh, r = 2,z = 5 quanh truc Oz 13
5 5 5 5
A.f V7 -~ 1dx B.'rr/ vz — ldz C.f(z—l)d:c D.:rrf (z—1)de
2 2 J2 2
BAI TAP 3.44, Tinh thé tich khéi tron x0ay tao thanh khi quay hinh phing gigi han bdi cic
dulingy = z° + 1,y = 0,2 = 0,z = 1 quanh truc Ox

Fis T 23% 137
A3 B3 vy D=
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BAITAP 3.45. Tinh thé tich khéi tron xoay tao nén khi quay quanh trye Ox hinh phing gidi
hz_mbmcacduangy (-2 y=0,z=0vag=2

A 5n B. 5 C. E D. 37

BAI TAP 3.46. Tinh thé tich khi trdn xoay khi quay hinh phing (H) gidi han bdi cdc duding
y =sing,y =0,z = 0,z = m xung quanh Oz
2 w2 1.‘.2 21(2
A- E‘ B- ? C- I D. _""é""
BAI TAP 3.47. Tinh thé tich khdi trdn xoay tao nén khi quay hinh phing giéi han bdi céc
dubngy = z° — 4,y = 2z — 4,z = 0,z = 2 quanh truc Oz
167 i 167

A, -2 . ,— ), ——
i B. 67 C. —6m D. 5

BAI'TAP 3.48. Tinh thé tich vt thé trdn xoay kbi quay hinh phing () gi6i han bai cic dudng
y = z."? ¢ =1,z =2,y = 0quanh truc Oz.

A (e’ +e) B.z(e? - ¢) C.me? D. e

BAITAP 3.49. Cho hinh phing (H) giéi han bdi céc dulingy = zlnz,y = 0,z = e. Tinh th€
tich khéi trdn xoay tao thanh khi hinh (H) quay quanh tmic Oz

7 (5¢° — 2) 5T (5¢ +2) c (5¢% — 2) b.x (5¢*+2)
25 25 27 27
D. LOT GIAI VA DAP AN
GIAT BAI TAP 3.43.
S= ﬂ'fs(\/;——l)zdr =T 5(::: — 1)dz.
Ddp dndiingla D. ) ’ ’ O
GIAT BAITAP 3.44. ' 1
' Ve O(:c3+1)2d:n=%r-.
Ddp dn ding 1a C. ‘ O
GIAIBAITAP3.45. |
E V=1rf [(1-2)]dze=n 2(1-—:1:)4dm=—

Ddp dn ding 1 C. . a
GIAI BAI TAP 3.46.

V——-irf"smzzda::—
Ddp dn diing la B. ' " ’ ' O

144 Lutong Duic Trong-Nguyén Nhit Théng-Kidu Trung Thily




spbook.vn CHUONG 3. NGUYEN HAM-TICH PHAN

GIAI BAI TAP 3.47.
2
V=7rf [2* — 4 - (22~ 4))% dz = 257
A 15
DdpdndinglaD. ) (e}
GIAI BAI TAP 3.48.
2 ‘ ' 2
v =-1c/ (VE.e4 N dz = 1rf ze®dz = we?.
1 1
"Ddpdndingla C. : ]

GIAT BAI TAP 3.49. Phuong tiinh zlnz =0 ¢ ¢ = 1

w(5e® — 2)

v— & 2 _
V—:r)[l (zlnz)dr = 57

Dadp dn diing Ic O
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CHUONG 4 -
SO PHUC

CHUYENDE4.1 — —
Tim céac yéu to lién quan dén so phirc

A. TOM TAT LY THUYET
1. Khdi niém s6 phiic
o Sb phiic z = a + bi, trong d a,b € R, i 1a 56 0 thda man :* = —1. Tap cdc sb phirc1a C.
 Xhiz = a + bi thi ta néi phin thuc cia z 13 ¢, phdn do clia z 1 b,
o 36 phifc z = a + 0.4 V3 s thuc o; 56 phitc z = 0 + bi dudc goi 12 s5 thuén Ao,
o 86 phitc z = a + bi duge bidu dién bdi diém M (e; b) trén mit phing toa db.

2, Céc phép todn trén tap 56 phitc
Cho hai s6 phifc z = a + bi,w = ¢ + di. Ta dinh nghia cdc phép todn nhu saw:
o Phép déng nhit: z = wkhivichikhie = ¢,b = d.
e Phép cdng, trit: 2 + w = (a £ ¢} + (b d)i.
e Phép nhin: 2w = (ac — bd} + (ad + bc)i.

_ [ac+5d) +{be — ad):
N 2+ d2 )

3, Médum cia sb phifc, sb phic lién hgp

. Phépchia:Khiw#Uthi%

1. $6 phtic lién hop ciia 6 phiic z = o + bi 156 phitlc 2 = o ~ Bi.
2. V8iz = o + bi, ta dat |z| = +/a? ++ b? va goi |2| | médun clia 56 phiic ».
|

- z
3. 1212 0, I8 = lb o7 = 57wl = el | 2] = b, lem) = 1o
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3. Ciin béc kai cfia sb phitc
1. Khie < 0thi¢in bic hai clia 2 13 +iv/—q.
2. Khi phuong trinh bac hai: az” + bz +¢ = 0 v8ia,b,c € RmA A = ¥ —dae < 0, thi phuiong
trinh béc hai ¢6 nghiém
—bxiv-A
z1,2 = _2-——
12}

3. Phuong trinh bic hai a2” + b2 + ¢ = 0véia,b,c € C,a # 0ludn 6 hai nghiem phiic vi
hai nghiém nay théa man :

2l

b
Atn=-—=, nn=
. a
Hai hé thiic trén chinh 1 Dinh [¥ Viet.

4. Néu da thiic p(z) vdi hé sé thitc ¢6 nghiém phitc 1 z = a + bi véi b # 0 thi p(2) ciing c6
nghiém 7 = q — .

B. CAC DANG BAI TAP
Iﬂgng I: Tim dang tuting minh ciia s6 phﬁ’:|
Dang todn ny yéu ciu tinh mét sd phic khi né dugc & dang mét bidu thie nao ds.

1. Chil § cdc phép todn trén tap sd phiic. Céc hiing déng thitc vin diing cho tap sb phitc.

2. Khi gap lity thita ciia z vi s6 mii 16n thit tim xem 22, 2, ... ¢6 dang don gidn hay khéng,
Ciing huu ¥ réing

P R 1, kR

3. Néu tdng c6 dang chp sb cong hojc clp s6 nhan thi van dyng cdng thic tinh tdng da
biét.

VIDU 4.1 (Dé Minh hoa THPTQG 2017). Cho sé phile = 2+ 5i. Tim 56 phifcw = iz + 7.
Aw=7-3% Bw=-3-3% Cw=3+7 Dw=-7T-Ti

GIAL Tacé
w=i(2455)+ (2 —58) = —5+ 20+ 2~ i = —3 — 33
Ve ddp din diing 1a B. Q

VIDU 4.2, Séphiicz = 1+ (1+4) + - + (1+1)* bing

A—-(2"+1)¥ | B(@®+1) C (2% —1)i D (-2%% 1 1)i
GIAL Tacé Jio0
B N g (144001
z=14+(1+9+-+(1+4) =W a-1
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VA(3 +1)% = 2 nén (1 +9)'% = (20)% = 2°°(%)* = -2°°. Suyra

—9580
z=— L = (25 + 1})i.

Vay dap andiingla B, 7 .0

Iggmg 2: Tim nghiém phiic va s6 nghiém phitc ciia phuong :r‘th
Kht s& phitc cho & dang mét phuong trinh thi ta tim s6 phitc nhut sau:

1. Ta viét s8 phitc dudi dang dai sb 2 = = + yi sau 46 thay vio phuong trinh d€ thu duge

~ hai phuong trinh vdi hai inz, .

2. Gidi hé phuong trinh 4n z, y ta tim dugc z,y va tit dé tim dugc 2.

3. V6i phuong trinh chi chua bién z (khéng chifa z,}z],..) ta ¢6 thé diing cic kf thugt
truyén théng d€ gii phuong trinh. Chd § khong ding dude k thut danh gid bét ding
thiie, tinh don digu ciia ham sb. Chii ¥ diing céng thitc nghiém clia phutang trinh bac 2.

4. Sau khi fim dugc 7, ta c6 thé dé dang tinh toan dugc cdc bidu thitc lisn quan ciia 2.

VIDU 4.3. Tim s6 phiic z thda mén '

(3 %)z — 4(1 ~9) = (2 +8)z.

Aw=3+i Bw=1-3i Cw=3—-i Dw=-3-i

GIAL Taviét z = a + bi véia, b1a céc 86 thytc. Khi dé
(3-202—4(1—i) = (2 + i)z & (3 2){a — b)) — 41 —5) = 2 +8)(a + 1)
' ﬁ(3a—2b—4)+(—2a-—-3b+4)i=(2a—b)+(—a+2b)i. ‘
Tit do ta‘thudlil;iché 3a—2—4=20—b—2a—3b+4=a+2bSuyraa=23,b=~1.Dodd
V;;Ség;&ndﬁnglﬁ C O
VIDU 4.4. Tim s8 nghiém phiic ciia phuong rinh (z + 27)° = 8i.
Al . R2 -3 D4
GIAL Tavibtz = z + yi voiz, y 12 cdc 56 thutc. Khi dé
(24 25)° = (z + vi + 2z — 29)® = (3z — )2 = (2)° — 3(32)2 (i) + 3(3=) (i) — (wi)®

= (82° — 9zy?) + (¢ - 27x%)i.
Do dé

(2 +22) = 8i & (82° — 9zy?) + (y° — 272%y)i = 81 & Bz® — 9y = 0,)° — 27a%y = 8.

Hé phuong trinh cudi ciing ¢é 3 nghiém 1 (z;5) = (0;2), (:!:?; —1). Nén phuong trinh da '

cho cé 3 nghiém.
Véy dip én diingla C. : a
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Dang 3: Tim P phiie, im phan thuc phin do ciiash phl’icT
Vi dang todn tim phéin thuc va'phén 3o clia sé phiic, ta c6 thé 1am nhi sau:

1. Voish phu'c da cho b1 mét bidu thitc tuéng minh, ta riit gon vi viét so phiic dudi dang
a + bi 181 két ludn phén thuc, phin do. v

2. Néu sb phiic cho 8 dang mét phuong trinh thita tim sb p_l'n’rc nhu ¢ trinh béy & trén.
3. Sau khi tim dugc z, ta c6 thé dé dang tinh todn dude céc bifu thitc lién quan chia =,

VI DU 4.5 (Dé Minh hoa THPTQG 2017). Cho 56 phu'Cz = 3 — 2. Tim phdn thuc va phdn do
cua z.

A. Phin thyucla -3 va phan dold -2 | B. Phin thuc 1d -3 va phén a’o fa—2
C. Phén thuc 16 3 va phan-aa la2: D. Phin thucla3va phan do la2

GIAI Tacoz-3+2znenphanthuc]a3vaphaniola2 : .
ViyddpdndinglaD. . : (i

vi m} 4.6. Cho s6 phifcz théaman (3 + 52+ (2%+1)z — 3+ 4 =0. Tim phdn do cia 2°.
A-l0 - B. 20 clo D20
GIAL Viftz = 3 + yi. Ta b
(3+z’)2+(2i+1}z—3+4€=0@(3+i}(z i) + {1+ 2)(z+yi) —3+4i=0
Sdzc—y— 3}+(3:z: W+4)i=0&4r—y—3=3z—2y+4= 0@:—23,' 5.

© Suyraz® = (2-5i)%=—21—20i.Phindociazla ~20.

Vay dip dn ding1a B, | : . ' g

I Dang 4: Tim médun ciia sb phiic I

V3i dang todn tim mddun ctia s6 phiic, ta c6 thé lam nhu sau:

1. V8i s6 phiic da cho bdi mét biéu thitc tuting minh, ta rit gon va viét s6 phiic dUUl dang
o+ bi 161 tinh mbdun +/a? + 2. .

2. Néu sb phiic cho & dang mét phuong trinh thi ta fim 56 phitc nhi da trinh bay & tén.

3. Luu § mét sé tinh chit cla médun: |7 = |2|, J2> = 2z |2w] = |2|.}w], |§|

2" = 2™

il
Jes]”

VIDU 4.7 (D& Minh hoa THPTQG 2017). Cho hai sé philcz, = 144, 2, = 2 — 3i. Tim médun
: c&aséph&cz1+zg. '

Alzr 42| =vVIE  Blan+zml=v% c11+zz|~1 Do +2l=5
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GIAL Tacé .
stzaie (141) (230 =3 2= |o + 2| = VI F (—2)F = VI3,
Véy dip dn ditng 1a A Q

. viDbu4.s (Dé Minh hoa THPTQG 2017). Kihiduz), 23, 23, 24 [ bbn nghigm phiic claphuong
trinh 2t — 2% — 12 = 0. Tinh tong T = |21} + |oa| + |23] + L2a].

AT =4 BT=2V3 CT=4+2V3 D.T=2+2V3

GIAL Tacéd
2 12=0& 20 =42 = 34z = 44/3i, 2 = 42,

Do dé T = |V3i| + |~ VB3Il + 2| +| — 2| = 4+ 2V3.
Vay ddp én diingla C. O

C. BAITAP TU LUYEN
BAITAP 4.1. Phin thuc clia s6 phifc z théamén (1 +9)?(2 — i)z =8+ i+ (1 + 20)z &
A —6 B.-3 C.2 D. -1

244
i

BAITAP 4.2. Cho sb phiic z théa man hé thitc (i +3)z 5
philcw =z —i.
V26 VB c 25 V26

A= B3 5 D25

= (2 — i) Tim mddun cta sb

BAITAP 4.3. Phudng trinh z° +az + b = 0 v8i a,b € R ¢6 mdt nghiém phitcla 1 + 2i. Tinh gi4
trj ctta ab

A10 B. 10 C.12 D. -12

BAITAP 4.4. Goi z; VA z; 12 hai nghiém cfia phtong triinh 2% — 4z + 5 = 0, Khi d6 phén thuc
clia 22 + 22 bing

A6 B.5 C.4 D.7

BAITAP 4.5. Goi z, VA z; 12 hai nghiém cfia phuong trinh 22 + 2z + 10 = 0. Tinh gi4 tri clia
|21]* + $zaf*

A 18 B.10 C.20 D. 16
BAI'TAP 4.6. Cho sb phric = thda mdn hé thitc 2z +  + 4¢ = 8. Tim mé dun ciia 2%

A28 B.4 C.16 D.g
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* BAI'TAP 4.7. Goi 2 Vi 2, 12 hai nghiém ctia phuong trinh 222 + 4z + 3 = 0. Tinh gié tri cia
|21] + |22 S

A2 B.3 C.2v/3 D.v6

BAITAP 4.8. Phudng trinh (2 +1)z% + az +b = 0v8ia, b € C ¢6 hai nghiém a3 + i va 1 — 2i.
Khi d6 « bing

A -9-2 B.15+5¢ Co+2i D.15-5¢

BAITAP 4.9. Goi z; VA 2, 13 hai nghiém clia phuong trinh 2% — 2iz — 4 = 0. Khi d6 m6dun cia
56 phitcw = (2, — 2)(z — 2) bing

A4 B.5 C.6 D.7

+ % = 2. Tim phén thuc cha sé phitcw = 22 - z

BAITAP 4.10. Cho sb phitc z théa man T

A3 B.1 C.2 D.o

- . A

BAITAP 4.11. Cho 56 phic z = (1—27) . Tinh 2
A —i B.1 C.i D. -1

BAI'TAP 4.12. S8 nghiém phiic clia phudngtrinh 22 +z =012
A4 B.3 C.1 D.2

BAITAP 4.13. 55 nghiém phitc clia phudng trinh 4z + 8{z|% - 3 = 014
A4 B.3 C.2 D1

BAITAP 4.14. Téng binh phuong cdc nghidm phite eiia phudng tinh 2% + 3:2+2=0 bing
A6 B.-8 C.—6 . D.8

BAI TAP 4.15. Modun cfiasb phiicz = 1+ (1 —4) + (1~ i)® +--- + (1 — 1) bing

A.20 B.2Y¥ +1 C.1 D2 -1
D.LOT GIAI VA DAP AN
GIAIBATTAP 4.1, Tacd
(1+z‘)2(2—z’)z=s+i+(1+2z')z@(2+4i)328+z‘+(1+2f)z§z= 18:2’;_ =2 -3
Bap dn diing la C. a
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GIATBAITAP4.2. Ditz =z +yi. Tach

2
(i +3)z 4 222

=(2-die B+i)lrty)+1-2= 29—y
@(33: o+ 1} 4 (z + 3y — 2)i = (2 — ) — (2 + 2y,
Tt dé ta cd 3z — ‘u+l~"2'r—yva:z‘+3y 2=—z—2y.
V26

1
Suyraz = -1,y = 3 DodOw—z——a-—l—gzvaL | = -
Ddp dndingla A i a

GIAIBAITAP43 Thay z = 1+ 2i vao phu‘dngtrmhta dugc (14202 +a(l+24) +5=0.Do
dba+b=3vi2e+4=0Kéotheoa=-2vib=5
Pdp dn diingla B. O
GIAI BAT TAP 4.4. Phudng trinh c6 hai nghiém 13 z; 2 = 2+ 4. Do dé

' R =202+ (2+i)? =6

Co thé'dfmg Pinh If(Viet nhu sau; Z? <+ Zg = (21 + 22)2 —2z129 = 42 - 25=86.
Bdp dn ding la A. O

GIAI BAI TAP 4.5. Phuang trinh ¢4 hai nghiém Ja 2, = —1 + 3. Do dé
|2 + |za|? = | — 1~ 3i[* + | — 1+ 31 = 20.
Bdp dn diing 12 C. : ' a
GIAI BAITAP 4.6. Dtz = 7 + vi. Ta o '
22+ 24+ 4i= 9@2(z+yz}+(m ) +4i=9w 3z =9, y——4¢)m—3 y——4
Kéo theo z = 3 — 44. Suyra |*| = |z* = 25.

Ddp dn diingla A. N . .o
GIAT BAI TAP 4.7. Phuong trinh ¢6 hai nghigm 13 7, 5 = ?i ‘5’ .Do dé
24+ vE| |-2-VEH|
[21] + |22] = -;fz + 2\/-2-1. = /8.
Dip dn diing 14.D. ' ' : - O

GIAT RAITAP 4.8. Theo gid thifttacé _
2+DE+iE a3 +i) +b=(2+8)1 - 20 +a(l =2} +b=0
S (@B 4+ — (241 — 20 +al3+4) — (1—20)] =0
(2 +9(3+92 -2+ - 21)
(B34 -(1-29)
Pdp dn dingld A, : a

=g =

(2+z)(3+z+1—22)-—-—9 2.
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- GIAI BAI TAP 4.9. Theo dinh 1§ Viet ta c6 21 + 22 = 2, 212, = —4. Do d6
| w=zaz—Um t oz A= —4—2(2) +d=—di = |wj=| - 4i| =4
DdpdndingiaA b
' GIAT BAI TAP 4.10. Taviét phuong trinh v& dang z + (1 — 2)3 = 2  4i. Dt z = 7 + yi thi
(z+yz’)+{1—2:".)(a:—yz’)=2—4i@(2:c—2y)—23i=2—4i#x=2,y=1..

Dodéw=(2+4)2—(2+i)=1+3ivaphinthucchawlil.

Ddp dn diing 14 B, . ‘ O
L L4\ 2 ' )

GIAIBAITAP 4.11. Tacb z = (1—_—;) =17 Chonén 22 = 20072 = 3 = 4,

DdpdndinglaA . O

GIAI BAI TAP 4.12, Dit z = z + yi. Thay vio phudng trinh ta dugc

gty +e—pi=0a{(z -1 +2)+ 2oy -y)i=0eoz? -y +z =2y —y=0.

Hé phudng trinh cubi ciing c6 4 nghiém 1a (z;4) = (0;0), (~1;0); (%, t?) .
Do d6 ¢ 4 s6 phitc théa mén phudng trinh, _ '
DPdp dn diing la A, ) O
GIAI BAI TAP 4.13. Ta thiy vé trai clia phung trinh 12 hm chin cfia 7 va 0 khéng 12 nghiém
" chia phuong trinh. Suy ra phudng trinh cé s6 chin nghiém (néu z I nghigm thi -z ciing Ia
nghiém). Tuy nhién § day ta vin chua biét phudng trinh o6 2 hay 4 nghigm. Ta phii lam tiép
nhut san.
Do |2} 2 s thyc nén tit phudng trinh suy ra 2 phai 14 s thuc. Suy ra z phii 1a sé thyc hodc
-°thuén o,
Khi z 14 s thutc thi

422+8|z|2—3=0¢b1222=3¢>z=:l:%.
¥hi 2 14 56 thudn &o thi z = ib. Khidé

—4b2+8b2—3=04=>4bz=3®b=i§®z=i§i.

Do dd phudng trinh €6 4 nghiém.
Ddp dndingla A D

GIAIBAITAP 4.14. Tacd
2432242 =00 22 = -1,2% = ~2 & 219 = 4§, 23 = V3.

Do d6 téng binh phirdng cdc nghiém cfia phutdng tinh 13 —8.
Pdpdn dungla C. O
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GIAI BAITAP 4.15. Tacé

Lo Lo i® 1 (=20 1420
T 1-(1-4 i T

= (20 f ) s (2] =20 41

Ddp dn diing 4 B. (]
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CHUYEN P42 ~— )
Biéu dién hinh hoc clia s6 phiic

A. TOM TAT LY THUYET
1. 86 phitc z = z + yi s c6 bidu difn [3 {z;9). i
2. Khi cho z bdi mét bidu thic cy thé nhung "cdng kénh” thi trudc hét ta phéi rit gon s5
phitc vé dang o + &, sau d6 két luéin bidu difn cin im 1 (a;b).

3. Khi cho z bdi mét phuong txinh thi trude tign ta gidi phuong trinh dé tim 2 bing cich
ditz =z + yi.

4. Hai sb phifc z va Z c6 biu difn 12 hai diém déi xiing nhau qua truc hoanh,
B. CAC DANG BAI TAP
Ii)gmg 1; Bi€u dién cita mdt s5 phla

VIDU 4.9 (Dé Minh hoa THPTQG 2017). Cho sé phic = théa mén (1+44)z =3~ 4. Hdi diém
bidu dién cia z 1 diém néo trong cdc diém.

A M(1;2) B.N(~1;2) C P(-1;-2) D.Q(1:-2)
GIAL Tacé . ;
3—1 .
z=—=1-24
1+:

Nén diém biéu dién ca z 13 (1; —2).
Nhu'viy dap én li D, . ]

VIDY 4.10. Choz, z3 I hai nghiém cida phuong trinh 2* — 22 + 5 = 0. Goi Ava B thittela
diéim biél dién ciia =, va z,. Dign tich tam gidc OAB béing
Al B.2 C3 D.4

GIAL Theo ¢dng thite nghiém ciia phudng trinhtacd z; 5 = 1+2: Do dé A(1; 2) va B(1; -2).
Tam gidc OAB c6 déy AB = 4 va chiéu cao c6 dd dai biing 1 nén c6 dién tich 12 2.
Nhuw viy dip dn la B, a

!R_angz: Tap hop diém piéu din cita sb phﬁ’c]

Nhiéu bai todn vé sb phic yéu ciu tim t4p hp diém bidu difn clia s6 phiic = théa man mét
phuong trinh (b4t phudng trinh) cho trude. Ta c6 thé Fam nhu sauw:

Bude 1. Viét z = & + yi v thay vio phuong trinh dé dude phugng trinh chia z va .

Bude 2. Bién déi d€ don gidn hoa phuong trink ta sé thu dudc quan hé cla = vi y ma khéng
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¢6 don vi 4o i tham gia (thudng néu 6 can thitc ta 5 binh phucng hai vé).

Budc 3. Két luan tép hop didm 13 duding cong néo.

Bi todn cd ban. Tim tép hop diém biéu dién sb phiic z théamin |z — (a + bi)| = r viia, b7
lacdc so thute cho trude, r > 0.

Loi gmz

Taviétz = ¢ +yi. Khidé

r—{a+bi)| =7 & l[z—a) +ily B =7 & (2= af? + (= b2 =72

Suy ra tdp hap di#m bifu dién cua z13 dudng tron tdm I(e; b) ban kinh r.

Chil % Tap hop diém bifu dién sb phitc = thoaman Ih — (a + b)| < rlahinh tron tm I(a; b)
bén kinh r. .

Bii todn tong quat 1. Cho tm'éc céc sb phic o, 8,7,4 ddéa va -y khong dbng thoi bang 0.
Tim tap hap diém biéu dién s phic z thda mén mét trong cdc diéu kisn sau :

L |ez+ Bl = vz +4];

2. |laz+ 8| = |y2+ 5%

3. a2+ B = vz + 8|
Cdch gidi. Ta vibt z = ¢ + yi 16i thay vao phuong trinh, Tinh mddun hai vé rdi sau d6 binh
phuong hai vé, riit gon céc biéu thitc dong dang. Két qué thu dugc 1a mét phuong trinh ciia

= vA y. Phuong trinh thu duge chic chin s& 13 dudng trdn hodc duding thing.

Phudng trinh thu dirge [ duling thang khi va chi khi je| = iv|;
Phuong trinh thu duge I duding tron khiva chi khi je] # v].

Bai todn téng quit 2, Cho sb phic 2 thoa man mdt didu kidn cho trudc, Khi dé6 sb phitc
w = az + B chay trén duding nao? (o, 8 1A hai sb phiic cho trudcva e # 0).

Cdch gigi. Tacd z = wT Ding difu kién di cho clia z d€ im ra mc_:t phu'dng trinh clia w.

Tit d6 c6 thé két ludn tip hop difm w.
Trong trudng hop z chay trén 1 duéing thing thi w cung chay trén motduang théng,
Trong trung hdp 2 chay trén dudng tron |z — zi| = » (tam 12 diém c6 toa 5 tng vdi z va ban

kinh ) thi w ciing chay trén dudng tron jw — 8 — az| = r|af (t8m tai diém cé toa vi ing véi
B + azp va bén kinh r|a).

viDy 4.11 (Dé Minh hoa THPTQG 2017). Cho sé phifc z théa mén 2| = 4. Biét tdp cdc diém
bidu dién cdc sé phttcw = (3 + 40)z + 4 1d mot dudmg trén. Tim bdn kinhr ciia dudng tron.

Ar=4 Br=5 Cr=20 Dr=22

GIAL Tacéz = r Chc)nen; |— 44 hw—1 =20 Tavibtw = u+ i thi2 =

|w —i = 4/u? + ('u - 1)2 = u®+ ('u - 1)2 = 20%. Suy ra w thudc dudng trén ban kinh r = 20.
Néu di biét kit qua clia Bai todn tdng quét 2 & trén thi ta cé ngay ban kinh clia dudng tron 13
43 + 4i] = 20, _
Nhat vty dap dn la C.

a
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VIDU 4.12, Tim bidu dién cda tdp hop cdc 56 phitc z théa man |z| = 1z — 3 + 44},
A3r4+dy=12 B6z+8y=25 C.3x + 4y = 13 D.6z + 8y =27

GIAL Tavibtz =z +yi. Khid6 5 — 3+ 4i = (x — i) — 3+ 4i = (z - 3) + {4 — p)i.
Suyra |

el =12-3+ 4| & Vo = V537 + (4 - 9]

o+t =g’ — 65+ 9+y° —8y+ 16 & 6z + By = 25.

Theo Bai todn téng quét 2 thi bifu difn clia z 58 lamdt duding thing, Ta cd thé ding "meo"
dé€timra dap an nhut sau:
Xét dutng thang d A.Ta sé chon mit diém thuge duing théing nay (mi khéng thuge 3 dudng
thing kia). Ching han ta chgn diém (4;0) va sb phiic tdng fing 14 > = 4. Thay vao ta thiy
phitong trinh ban diu khéng théa méan. Viy dip 4n khéng the 13 A. )
Xét duting thdng & B. Ta chon difm thudc né 1a (%30) va thu dutge s6 phiic z = % Thay s
phiic niy vao phugng trinh ta thiiy né théa man. 'ITI dé kétlusn dép an diingla B.

Nhuvdy dapanlaB. ) O

C. BAITAP TU LUYEN .

BAITAP 4.16, Tir bidu dién cta tap hop cac 56 phifc 2 théa man [iz - (2 + )| = 2.
Alz-1P+(y+2)2=4 B.z+2y—1=0 '
C3z+dy—2=0 Dz—1)*+(y+2)°%=4

BAITAP 4.17. Tim biéu difn ciia tip hop cée s6 phite z thdaman 2|z - 24 34 = |20 — 1 — 23,
A 20z — 16y —4T =0 B. 20z + 16y — 47 =0
C.20¢+16y+47=0 D.20z — 16y +47 =0

BAITAP 4.18. Goi A va B thit tt1a diém biéu difn cdc s6 phitc z = 2+ 5i vaw = —2 + 5i.
Tim ménh dé diing trong cic ménh d8 sau

A. Ava B dbixing nhau qua gbc toa d

B. AvA B @i xiing nhau qua Oz

C. A va B d6i xiing nhau qua Oy

D. 4 va B dbi xiing nhau qua duding thazmg z=1y.

BAI'TAP 4,18. Tip hop céc diém trong mit phing phiic bifu difn s phiic z sao cho 2% 1a 56
thuén e, -

A. Tryc Oy B. Hai dudng thing z = yvaz = —y
C.Dudngthingz =y D. Tryc Oz
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BAITAP 4.20. Cho 5 phitc = thda mén |z ~ 3 + 44| = 2. Biét riing tip hgp cac diém bidu dién
cic 55 phifc w = 22 + 1 — i ]a mdt dudng ron. Tim tAm I v bdn kinh r chia dudng tron.

A I(3;—4),r=2 B.I(4;~5),r=4 ., C.IG~T),r=4 D. I{7;-9),r =4
BAITAP 4.21. Ba difm A, B vi C Hin lugt 12 bifu dién 3 sé phitcz) = 1 +4, z2 = (L +4)% va
23 = a —iv8ia € R, Tim e dé tam gidc ABC vudng tai B.

Aa=-3 B.a=-2 Ca=3 D. -4

BAITAP 4.22. Ba difm A, Bva ¢ linlugt la hidu difn3sb phitczy = 1 +5i, zp =3~ i v
23 = 6. Tam gidc ABC 14

A, Vudng nhung khéng vudng can B. Vudng cin
C. Cin nhung khéng déu D. Déu
BAITAP 4.23. Cho s6 phiic z théa man |z — I + 4| < 2. Tap hop cac diém bidu difn cha z 13
A. Dudng tron tAm I(1; —4) binkinhr =2 B, Hinh tron tam Z(1; —4) binkinh r = 2
C. Dudng tron tam I(~1;4) bankinhr = 2 D. Hinh tron tdm /(—1;4) bankinh r = 2
D. LOI GIAI VA DAP AN

GIAI BAI TAP 4.16. Taviftz = z+yi. Khi déiz— (241) = (iz—y) ~2—i = —(y+2) +(z— 1)i.
Suyra .

liz—(2+8)|=2 |-+ +(z—1)|=2e(z-1)2+(@g+2)" =4
Ddp dn dingla A 0
GIATBAITAP4.17. Taviftz =z + yi. Khid6z— 2+ 3i=(z - 2) + (y+3)i Va2 — 1 — 27 =
(=2¢ — 1) + (2y -+ 2)i. Suy ra
22— 2434 = (20~ 1 - 22| & 2)(z — 2) + (y+ 3)i| = {2z ~ 1) + (2y + 2)i]
o4z -2P+ (y+3)] = (22 - 12 + (22 + 2)® & 20z — 16y — 47 = 0.

C6 thé ding phuong phdp nhu trinh bay § vi du trén détim ra ddp 4n A.
Ddp dn ding ld A. O

GIAJBA.I TAP 4.18. RO rang A(2;5) va B(-2; : 5). Cho nén ta chon khing dinh B,
Ddp dn diing I3 B, g

GIA.IBAITAP419 Tavitz = 7 +4i. Thi 22 = (2* — 4%) + 2zyi. Suy ra 2% 12 56 thudn do khi
va chi khi z? ~yt =0z =dy
Ddp dn dingla B. |
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GIAIBAI TP 4.20. Tacs s = “ "1 ** honen Lt +4;’ =26 lw—T+9i] =4,

Taviétw = u + iv thid = jw— 74 9= Vu—T2+ (v + 92 & (u—17)2 + (v +9)% = 42,
Suy ra w thuge dudng tron tam I(7; —9) ban kinh r = 4.

Dimng két qua clia Bai to4n tdng quét 2 § trén thi ta cling thu dugc két qua tueng tr.

BDdp dn diungla D. O
GIAIBAITAP 4.21. Tacé A(1; 1), B(0;2) v Cla;~1).Suyra AB = V3, AC = /e " 121 d =
Va? - 20+ 5vABC = /4?2 + 9. Tam gidc ABC vubng tai B khi vi chi khi

AC?=AB*+ BC* & a* —2+5=2+a+9 & q = _3,
BDdp dn diing la A. ’ o
GIAIBAI'TAP 4.22. Ta c5 A(1;5), B(3; —1) VA C(6;0) = AB? = 40, AC® = 50va BC? = 10,
Ta thay ' :
AC* = AB* + BC®, AB + BC.
Cho nén tam gidc ABC vudng tai B.
Ddp dn dingla A O
GIAI BATTAP 4.23, Tavibtz — ¢ + yi. Khi dé
t—1+4il<2 e [(z—1)+ {y+4)5) < 2
ez-1F+@y+4% <4
Tép hgp céc diém (z; v) thda min phutong trinh cubi cung I2 hinh tron tm I (1; ~4) ban kinh

T=2.
BDdp dn diing 12 B, a
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CHUONG 5——
KHOI PA DIEN

~ CHUYENDES5.1 — - -
Céc bai toan vé thé tich ciia khoi da dién

A.TOM TAT LY THUYET .
1. Mt 50 céing thitc hinh hoc phing cin nh&
a) Heé thiic lugng trong tam gidc vudng:
Cho tam gidc ABC vuéng tai A c6 dudng cao AH, trung tuyén AM.
e AB? + AC® = BC® (Dinhly Pitago)
R N S
AH?  AB? ~ ACH®
» BA®= BH.BC;CA* = CH.CB
« AM = BM = CM = 3BC
e AC. e AB e AC o  AB
e sin ABC = Vol cos ABC = Tek tan ABC = i cot ABC = i
b) M#tsd cong thitc tinh dién tich:

« Dién tich tam giac:

S=%a.ha=%bcsinfl=ibf —or = Vi a) P -D (0.

4R
a3 av3

Djc biét: tam gidc ddu canh o c6 dign tich: § = —— vadubng cao: h = —=.
« Dién tich hinh vuéng canha: § = o,
« Dién tich hinh chit nhjt canh a, b § = ab.

e ——

« Dién tich hinh thoi ABCD: § = AB.AD. sin BAD = ZAC.BD.

bl e
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o Dién tich hinh thang: § = % (a+8).h
« Dién tich ti gidc ABCD ¢6 ACLBD: § = %AC.BD.

2. Mt sb kién thitc hinh hoc khéng gian cin nhé

a) Quan hé song song:

. {)mh 1 ba duing giao tuyen. Néu ba mit phang ddi mét cit nhau theo ba giao
tuyén phan biét thi ba giao tuyén dé hoic ddng quy hodc d6i mot song song.

« Mdt duting thing d song song vGi mGt mét phing {P) khi va chikhid khéng nim
trong (P) va song sang vdi mt dudng thing nio dé chita trong {P).

» Hai mat phang (P) va (Q) song song vdii nhau khi v& chi khi tdn tai hai duding

thing cat nhau a b chita trong (P) vi hai duding thing cit nhau o', & chita trong
(Q)saochoe | a”sb| V.

b) Quan hé vudng géc:

. Dtidng thang a vudng goc vii mit phang (P) néu o vudng géc vai hai dudng
théng cdt nhau chifa trong (P).

e Dudng thang avubng géc véi dudng thang bnéua vudng goc vii mat mit phang
(P) chita b,

Mt phang trung truc cha mdt doan thang la mit phang vudng goc vii doan
théng va di qua trung di#m clia doan thing d6. Moi diém thudc mit phéng trung
trye déu cdch déu hai diu mit ciia doan thing.

« Mt phing (P) vudng gbc véimat phing (Q) néu (P) vudng gdc vii mot dudng
théng a chita trong (Q).

~ Néu hai mit phéng vuong goc vii nhau thi moi dudng thing thubc mit
phing nay ma vudng géc voi giao tuyén efla hai mit phing thi sé vudng gdc
vdi mit phing kiz.

- Néu hai mit phang cung Vuong goc voi mdt phang thit ba thi giao tuyén clia
hai m#t phing dé ciing vudng goc véi mat phéng thu.' ba. ©

c) Cécloai goc trong khdng gian:
e Céch xdc dinh géc giita hai dudng thing o v b:
- Budc 1: Liy diém ! batKi (cd thé chon I € a hodc T € b).
- Budc 2: Qua diém I ké dudng thing <’ || a.
- Bude 3: X4e dinh duiing thing & sao cho: o' [} bva ¥ cit o’
Khi dé, géc giita hai dudng thing o vi b 14 g6c gifta hai duding thing o’ va ¢'.
= Céch xdc dinh gdc giita duting thing ¢ vi mit phing (P):
- Budc 1: Xac dinh giao difm I clia e va (P).
- Budic 2: Chon mét diém 4 bat ki thube a.
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~ Budc 3: Xac dinh diém A’ € (P) sao cho: A4’ L (P).

Xhi d6, gbc giita dudng thing & va mat phing (P) 12 ATA".

o Céch xdc dinh géc giiia hai mat phiing (P) va (Q):

~ Budc 1: Xéc dinh giao tuyén A clia (P) va (Q).
- Buéc 2: Chon mét mit phiing (R) sao cho (R) LA,
~ Buéic 3: Xéc dinh hai giao tuyéna = (R) N (P)vab = (R) N (Q).

Khi d6, gbc giita hai mit phing (P) va (Q) a gbc giita hai dubng thang a va b.

3. Thé tich khdi da dién
a) Thé tich khdi lang tn: V = k.S véi b 12 d6 dai duding cao va S 1a dign tich da gidc day.

Thé tich khéi hép chit nhit: V = a.b.c v6i o, b, ¢ 12 ba db dai clia hinh hap chit nhét.
Thé tich khdi 13p phudng: V == o® v8ia 12 dd dai canh hinh ldp phuong,

b) Thé tich khéi chép: V = %.h.s vii h 1a do dai dubng cao va 513 dién tich da gidc ddy.

B. CAC DANG BAI TAP
Dang 1: Tinh thé tich clia mdt khéi chép
Phriong phap gidi:

o Xéc dinh dubng cao ciia khdi chép, céc loai gid thiét v& géc, tinh d6 dai duiing cao v
dién tich da gidc day. Tit d6 4p dung cong thiic tinh thé tich cfia khéi chép.

» Chi §: Mt 56 dang duding cao thuling gap clia khéi chép

- Khéi chdp c6 mt canh bén vudng goc vdi ddy thi duding cao 1a canh bén dd.

— Khéi chép ¢é hinh chidu vudng géc clia dinh S trén ddy 13 H thi dudng caola SH.

— Khéi chép c6 mdt mit hén vudng géc véi ddy thi dudng cao clia khdi chép 12
dudng cao clia mit bén tng véi giao tuyén clia hai mat.

- Khéi chép c6 hai mit bén vudng goc vii ddy thi dudng cao 13 giao tuyén clia hai
mat bén,

- Khéi chép déu ¢6 duding cao 12 SO v8i O 12 tam clia da glic day.

Vi DU 5.1 (Dé Minh hoa THPTQG 2017). Cho khéi chép S.ABCD cé ddy ABCD I hinh
vudng canh o; SAL(ABCD); v SA = av/3. Tink thé tich khbi chép §.ABCD.
a2 a2 a3/2 a3v2

5 B.4 C.2 D.3

A
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-

GIAL
Tacé: .
SA= a\/ﬁ; Sasep = 6°
32

1 o
= Vs.apcp = 35A4.84pcp = —5—.

Véy dép dn li L D,

c

VIDU 5.2. Cho khéi chdp S.ABC ¢6 SAL(ABC), tam gidc ABC déu canh a. Canh bén SC
tao v6i ddy mt gée 45°. Tinh thé tich khéi chép S.ABC.

N & ) _ 2
A P B. - C. 5 D. 3
GIAL .
Vi SAL(ABC) nén gbe giita dubing thang 5C va
mit phing déy 1a 5CA, suyra: 5CA = 45° ¥

Xét tam gidc SAC vubng tai A4, ta cé:

SA — 3 o
== =tanSCA = SA = a.tands’ = a.
2
Tam gidc ABC déu canh e = Sape = = ;/5
Vay, thé tich khi chép Ia:
1 1 a3/3 a*V3
Vs.asc = §3A-SABC =3 =4
Viy dip dnla i A

B

VIDU5.3. Cho khbichdp S.ABCD céddy ia hinh vudngcanha, SAL(ABCD), canh bénSB
tao vdi ddy mot goc 60" . Tinh thé tich khéi chép S.ABCD.
/3 - @3 B3V3 N

B C.— D.

A'2 T4 6 3

GIAL Vi 5AL(ABCD) nén goc giita dudng théng S B véi mit day 1a géc §BA = §BA = 60°.
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¥ Xét tam gidc §4B vudng tai 4, ta cé:

tan SBA = 'XB" = 5S4 = AB.tan SBA

= a.tan60° = av/3

Tt gidc ABC'D 1a hinh vudng canh e
= Sapep = a2._
Vay, thé tich khdi chép la:

D
1 1 3
Vs.apep = =54 Sapep = Sa.a’V3 = a_@.
3 3 3
= Vay dép dnlalaD.

VIDU 5.4. Cho khéichép S.ABCD c6 ddy I3 hinh vudng, SAL({ABCD), canh bén SC tao vii
ddy mot goc45° va SC = av/2. Tinh thé tich khbi chép 5. ABCD.

3 3 3
A% =2 c Y3

%2
4 6 D. 3
GIAL .
Vi SAL(ABCD) nén gdc gita duding thang SC
véi mit day 1a géc SCA = S5CA = 45°.
Xét tam giac SAC vudng tai 4, ta cé:

54=35C.sin5CA=avZenas® =a
AC e
NNy

Tt gidc ABCD 12 hinh vuéng canh %

Khidd, AC = a=> AB =

= Sarcp =
Vay, thé tich khdi chép B

w| R,

1 1 o &8
Vs.aBcp = gSA,SABCD a5 =7

Vay dip dn lala A

VIDUS5.5. Cho khéichdp S.ABCD c6 déy I hink thoi canha, ABC = 60°. BiétSA1{ABCD)
vé: canh bén SC tao vdi ddy mét goc 60°. Tinh thé tich khdi chép S.ABCD.
a’ 3a® a® a®
bl B = el 2
A 3 2 ¢ 2 b. 4
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GIAL

Vi SAJ.(ABCD) nén goc gitta dl.fdng thing SC
véi mit diy 1 gbe SCA = SC'A 60°.

Tach: AB = BC = eva ABC = 60° = suy ra tam
gidc ABC ddu= AC =q.

Xeét tam gidc SAC vudng tai A, ta cé;

SA= AC.tan §CA = a.tan 60° = o3
Dién tich hinh thoi ABCD 13:

b Sapcp =alAB.AC.snABC
\ = g.q.5in 60°
. 5
¢ _@v3
2
; . L 1 2 3
Vay, thé tich khéi chép 13: Vi asep = %‘SA-SABCD = ga\/?_,.a f = %.

Véy dép nla I C.

VIDU 5.6, Khdi chdp S.ABC c6 ddy Id tam gidc vudng tai B, SAL(ABC), AB = a: AC = 2a.
Mgt bén (SBC) tao v6i ddy mjt géc 60°. Tink thé tich khéi chép S.ABC.

a? ad a>/3 a3
A. ? B. E C. T D. 4
GIAL
Ta cé: BCLAB; BCLSA = BC1{SAB), do dé géc
gitta hai mat phing (SBC) va (ABCD) 1 SBA s
= §BA = 60°.

Xét tam gidc SAB vudngtai A cé:
SA= AB.tan §BA = a.tan60° = /3
Xét tam gidc ABC vubng tai B cd:

= AC? — AB? = a3

Khi d6, dién tich tam gidc ABC la:

Sage = —AB AC = —a av'3
2\f

.42

B

2f a3

Vay, thé tich khdi chép 1&: Vs ge = —SA SaBc = —-a\/_
Vay dip dnlalaB.
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ViDU 5.7. Kkdichdp S.ABCD c6 ddy 1a hinh vudng canha, hinh chiéu vudng géc ciia S trén
mdt phdng (ABCD) la trung diém canh AB, SD = 3—2“- Tinh thé tich khoi chép S.ABCD.

&35 PN o3 a3v3
A 3 B. 3 C.? D. 2

GoiMla trung diém AB suyra SMJ_(ABC‘D)
Xét tam gidc AM D vudng tai A cé:

MD=+AMZ Y AD? = “‘/_

Xét tam gidc SM D vubng tai M cé:

SM=+8D*-MD?*=a

Dién tich hinh vuéng ABCD 1: Sazcp = o°
Vay, thé tich khbi chép la:

1 1 a3
= =5A. = —q. 2 .
Vs.apco 3-5' Sapcp 300" =3

Viiy dap én i la C.
vi DU 5.8. Cho khéi chép tam gmc déu 5.ABC c6 cdc canh ddy bang a vd cdc mat bén hap
vGi mdt ddy mot goc 45°. Tinh thé'tich khbi chdép S.ABC.

o &V a3 BVE
A. ‘2_4 B. 25 C. ? D' 25
GIAL '
Goi O tam cfia fam gidc ABC suyra SOL(ABCD).
Goi M 13 trung diém BC.
Ta co: BCL50 va BCLAM = BC_L(SAM) =
gdc giita mit bén (SBC) vai day 14 goc SMA
= SMA = 45° )
Tam gidc ABC déu canh a nén Sapc = ¢ ;/3_, va
a\/_ AM _ a
AM = —=0M=—= .
3 2/3
Xéttam glac SOM vudng tai O ta cé:
—— a o
50 = OM.tan SMO = —=.tand5" = —
an 573 an W

Vay, thé tich khéi chdp 14

Vs.asc = -50 SA.BC I5ATa =2

Véy dip én i la A,
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viDU 5.9. Cho khéi chép §.ABCD c6 ddy la hink vuéng canh a, hai mat phang (SAB) va
(SAC) cung vudng goc véi mét phang (ABCD), canh bén SC hop véi ddy mét goc 60°. Tinh
thé'tich Ichoz chép S.ABCD.

3 3 3 3

Ta ¢6: hai mit phing (5AB) va (SAC) cing
vudng goc véi diy = SAL(ABCD) = goc giita
dudng thing SC véi mit ddy ABCD 12 §CA =
5CA = 60"

Vi ul gidc ABCD 1a hinh vudng canh a nén
Sasco = a*v2 AC = av/2.

Xét tam gide SAC vudng tai A, ta cé:

SA = AC.tan §CA = av/3. tan 60° = avG

)
Vay, thé tich khéi chép la:
..'\_ 2 _ \/6
. Vs.apop = §SA Sapcp =3 m/_ -—5-—.
(o] ) Vﬁydap lalac.

vi DU 5.10. Cho khéi chép 5.ABC c6 ddy I wam gidc vudng cdn tai A, mdt phang (SBC)

vubng goc vdi mdgt phdng (ABC) va tam gidc SBC 1 tam gidc déu canh a. Tink thé tich khéi
chdp S.ABC.

V3 3 28 433
A 3 B. 3 C. ﬁ D. o
GIAL s
Goi H 12 trung diém BC = SH LBC. .
Ta cé: mat phang (5BC) vudng goc vdi mait
phang (ABC) v SH1BC = SHL1(ABC).
ViASBC d8ucanhanén BC = ava SH = g
Xét tam gidc ABC vubng cn tai A cé:
a
BC=a=AB=AC= —
: v

a?
= Sasc = -
Vay, thé tich khéi chép I3:

1 1av3a® &3
Vsasc = g8HSuse = 357 = S
Vay dap an la la D.

viDU5.11. Khéi chopS ABC ¢ ddy la tam gidc
déu canh e, mdt phing (SAC) vudng goc vdi mé: phang (ABC) va tam gidc SAC 1 tam gidc
cdn tgi 5. Canh bén SB tao voi ddy mbt goc 60°. Tinh thétich khdi chép S.ABC.

3 3 3 3
A,“;/g 3.—“;/§ c.“f 13."2‘/§
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. GIAL
GoiHIa trung ¢ didm AC = SHLAC.

Ta c6: mit phing (SAC) vudng géc vdi mét phang
{(ABC)vaSH1AC = SH.L(ABC) = g6c gitta SB va

mit phéng (ABC) A SBH = §BH = 60°.
Tam gidc ABC déucanha =

2
BH = %-5 vaSapec = g ﬁ
Xét tarn gidc SBH vudng tai H cé:

$H =BH.tan§BH
av3

= T.ta.nﬁOO =

da
2

2\/_ a®Vva3

Viy, thé tich khéi chop A Vsago =< SH SaBc 2

Vay dip dnlala A

wlr—o
*"’19

VDU 5.12. Cho khdichép S.ABCD c6 ddy 14 hinh vuongcanh 24, mdt phing (SAB) uuong
gbc vdi mit phdng (ABCD) véd SA = a, SB = av/3. Tinh thé tich khéi chdp 5.ABCD.

2233 ; 2033 2433 a3/15
A= B—— ¢ D=5
. GIAI L)
K& SHLAB (H € AB).

Ta c6: mit pha.ng (SAB) vudng géc vdi
mitphing (ABCD)vaSHLAB = SHL(ABCD).
Tit gidc ABCD l& hinh vudng canh 2a =
AB = 2av3 Sapcp = 4a”. Tam gidc SAB
ci; SA% + §B% = % + 3a® = 40® = AB*=
tam gide SAB vudng tai 5.

1 1 1 1 1 4

SR BT W T [ ©
o sg=2
Vay, thé tich khéi chdp la: LA
Vs.aBcp = %.SH.SAECD = %.aT‘/gAaz = Eu‘;\/gl
Vay ddp dn ld la A,
Dang 2: Tinh thé tich clia mdt khéi Eing tru
Phudng phap giai:

o Xéc dinh dudng cao ciia khéi lang tru, cdc loai gia thiét v& géc, tinh dd dai duding cao
vadién tich da gmc déy. Tir 46 ap dung cdng thitc tinh thé tich clia khéi lang tru.
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o Chd §: Mét s& hinh lang tru dic bigt:

- Hinh lang tru diing 13 hinh Mng tru €6 cdc canh bén vudng géc véi ha1 mit day.

- Hinh ling tru déulahinh l3ng try diing cé ddy Ja da giac deu

- Hinh hép Ia hinh ling tru c6 day 12 hinh binh hanh.

- Hinh hép ditng 12 hinh hép cé canh bén vudng goc vdi hai mit day.

— Hinh hép chiinhét 14 hinh hép ding c6 ddy 12 hinh chi nhit.

- Hinh i3p phudng 14 hinh hép cé tit ca cic mit déu Ja hinh vudng.
Vi DU 5.13 (Dé Minh hoa THPTQG 2017). Tinh thétichV ciia khbi ldp phuong
ABCD.A'B'C'D' biét AC' = aV/3.

A a® B. 3a*

A . .

C.3v/3a° D. 3v6d®

GIAL .

biit canh chia khéi }p phuong la z (z > 0).

Suyra: CC' = zvi AC = zv/2.

- Xét tam gidc ACC' vudng tai C, ta ¢b:
AC?=0C? + AC? 2 3a® =2 + 2zt @z =a

v Vay, thé tich khéi 1ap phudng 1a:

a

B85

Vasep.argorp =6
Véy dap anlale A

8 <
viDU 5.14. Cho ldng tru diing ABC.A'B'C' ¢4 ddy 1a tam gide vudng can tai A, biét ring
chiéu cao ling tru 13 3o va mdit bén (AA' B' B) o6 diuding chéo ld 5a. Tinh thé tich khoi ling tru.

A 2443 B.&* C.16a* D. 120°
it e -
Xét tarn gidc ABA’ vubng tai A, ta ch:

AB"™ = BB . AB? 7
& 250° = 94% + AB?
& AB® =164 N c
& AB=4da

Ta co: tam gidc ABC vu(‘)ng cintai A

= AB = ACI 4a,
= Sapc =< AB AC =

= (4«1)2 = 8a?,

Vay, thé tlch khoi ling tn_x la:

VAEC.A’B’C" = 3ﬂ.8&2 = 240.3

Vaydipdnlila A
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Vi DV 5.15. Cho Ling tru ditng ABC.A'B'C' ¢6 d‘ay i tam gidc vubng cdn tei B, AB = a.
Canh A'C tao vdi ddy mot géc bang 30°. Tinh thé'tich khi lang tru.

3 o33 N 233
T B35 c- 6 : D=3
GIAL i
A e Vi AA'L(ABC) nén géc gita duding thang A'C vk mit
day (ABC) la A/CA = A/CA = 30°.
‘~.,_\ - Tam gidc ABC vubngcintaiB= BA=BC=a
A 9 =>AC=G\/§V5.SABC = %az
\ Xét tam gidc AA'C vudng tai A cé:
‘-1‘\\ AA = AC.tan ACA! = av/2.tan 30° = %/-é:-
\ VAy, thé tich khéi ing tra 13
4 c
v 1 . a*/6
Vascarpror = = 2% &
N Viy ddp dn i la C.

VIiDU 5.16. Cho lingtru ditng ABC A'B'C" ¢6 ddy 1d tam gidc vubng can tai B, AB = 2. Mgt
phéng (A’ BC) tao vdi ddy mot goc bang60°, Tinh thé tich khii ling tru.

A6 B.4V3 C3 D.4

) o »
GIAIL N,
Tacé: BCLABvA BC1AA = BCL(ABB'A') S
= goc gifta hai mit phing (4'BC) va (ABC) 1a géc Y
ABA! = ABA = 60°. I N
Xét tam gidc AA’B vudng tai A cé: e

\'\.
AA = AB.tan ABA" = 2.tan60° = 2v/3
Dién tich tam gidc ABC' B Sagc = %AB.BC =2 .
Viy, thé tich khi chép 1a: A g
Vascarsror = 2/32 =43

Viy ddp an lila B. ' A

VIDVY 5.17. Cho ldng tru déu ABC.A'B'C' ¢6 canh ddy bang a. Biét dién tich ni gidc ABB' A’
béng4u®. Tinh thé tich khoi ling tru.

A 24/303 B. 4v34° C.3v/34d° D /38®
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N Tam gidc ABC la tam giac deu canh bang a
A Lot 2‘/5
’ = Sapc = g 1
Dién tich ABB' A’ bing 4e® -
B ' | = AB.AA =4d® =5 AA =t
' Vay, thé tich khdi lang tru 1a:
2
“Vabeapor = 0.2 f =a3V3
4 ¢ Vay dép énla 12 D.
B

VIDU5.18. Cho ldngtru déu ABC.A'B'C’ ¢6 canh ddy banga. Canh A'C tgo vdi ddy mt goc
bang60°. Tinh thé tich khéi ldng tru.
3a® o 2a® 3a®
A Ly ¢35 "5
GIAL Vi AA’' L(ABC) nén goc gifta A'C va mit phéng (ABC) 12 ACA =» ACA = 60°.
Xét tam gidc AA'C vudng tai 4 cé:

AA" = AC.tan ACA = a.tan60° = a3

2 A -
Dién tich tam gidc ABC B Sapc = = f N
Vay, thé tich khbi chép Ia: '-\\\
.
a3 3d® BT .
Vapo.a e = av3. ;/_ == .
) " g \\.
Vdy ddpanlala A .
.
A ™ c
B

Vi DU 5.19. Cho ldng tru déu ABC.A'B'C’ ¢é canh ddy béing a. Mt phidng {A'BC) tao véi
ddy mét géc bling 60°. Tinh thé tich khdi lang 1.
a3 333 20%/3 a3

B. C. D.

A 4 8 3 3
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CIAL X
. Goi D1a trung diém BC.
A o Tacd: BCLADVABCLAA = BCIL{AA'D)
N = ghc gita hai mit phing (4'BC) va (ABC) I
kY ADA = ADA = 61",
N Tam gidc ABC déu ¢ canh bing o suy ra:
] B’ .“.\ a
AD = % VA Sape = 2V3.
AN Xét tam glac AA'Dvudng tai A cé:
1 .
A . A4 = AD.tan ADH = 23 tanpo0 =
" N £}
Al - o
I ) Vay, thé tich khbi chép 1a:
5 .
p 3a a®/3 3\/§a3
Vapcapo = TR 5

Véy déép én 13 14 B.

Vi DU 5.20. Cho ldng tru tam gmc ABCA'B'CY cé day 16 tam gidc vudng tai A, AB = a,
BC = 2a Hinh chiéu vudng géc ctia B' trén mdt phdng (ABC) :mng vdi tém duding tron
ngogi tiép tam gidc ABC. Biét canh bén BB' tao vdi mat ddy mét goc 60°, Tinh thé tich khbi
lang tru.

3v3a® 3/3a3 ) 3q3 3/2a?
A= B—3 G D=7

GIAL

Gol H 12 trung diém chia BC.
Tam gidc ABC vubng tai A = H I tim duting
trom ngoai tiép tam g1ac ABC = F’ HJ_(ABC)
= goc gitia du'dng thing BB’ véi mat phéng day s
\a B'BH = BFBH = 60°.
Xét tam gidc ABC vudng tai A cé:
BC? = AB* + AC? & 42 = o + AC?
& AC? = 3a® & AC = a3
A c

2
Suyra: Sage = %a.aﬁ: g f
Xéttam gidc B'BH vudng tai H cé: H
=5

B'H = BH.tan ' BH = a. tan 60° = av/3.

Vay, thé tich khéi chdpla: Vago apgre = a\/_ \/_
Viy dip drlila C.
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vi DI_!.5.21. Cho lang tru tam gidc ABC.A'B'C! ¢6 ddy 1 tam gide déu canh 20. Hinh chiéu
vudng gic ciia B' trén mdt phing (ABC) iring vdi tim ciia tam gidc ABC. Biétcanh bén BB’
tao vdi mét ddy mét géc60°, Tink thé tich khoi lang tru.

A20%V3 B.3dV3 C.4a°V3 D.6a*v3
GIAL .
Goi H 13 tdm cfia tam g1ac déu ABC
A o = B’H.L(ABC) = goc gida canh bén BE va
mit phang day (ABC)la B'BE.
= B'BH = 60"
B Goi M 14 trung diém AC.

Ta cé: tam gidc ABC déu ¢é canh bing 20
= SABC = Gz\/ﬁvﬁBM = a\/g

= BH = g-BM - 2V8
Xét tam gidc BB'H vudng tai H cb:
B'H = BH.tan B'BH = 2“3‘/5. tan60° = 2a

Vay, thé tich khéi chép la:
Vasc.upcr = 2\@.:3\/5 = 2¢%/3.
Viy dap dnlala A

[Dgtngfi: Tinh ti 68 thé tich chia hai khi da dién
‘Phudng phap giai: Mot s6 dang i s6 thé tich cila hai khbi chép

« Loai 1: Cho khéi chép 5.ABC, trén cic doan thing SA4, §B, 5C lan luot lay ba diém
A, B, C’. Khido:
Vewme _ SA SB SC
Veasc  GA 5B SC

e Loai 2: Cho khéi chdp 5. ABC va mét difm $'. Khi do:

Vouse _ S _4(55(ABC))
Vsapc SH  d(Si(ABC))
d(S' (ABC))

4(S:(ABCY)

d(8(ABC) _ S'M
d(5.(ABC)) _ 5M

o Loai 3: Cho hai hinh chép S.ABC va S5 A'B'C'.Khi d6:

- Néu $'S || (ABC) thi

- NEuS§'SN(ABC) = M thi

Voarpre _ Vsiapor Vsame
Vs.ase Vs.apec Vsapc
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vi DU 5,22 (Dé? Minh hoa IHPTQG 2017). Cho ti dign ABCD cd cdc canh AB, AC va AD
déi mét vuonggoc vdi nhau. Biét rang AB = 6a, AC = Tu, AD = 4a. Goi M, N, P ldn lugt 12
trung diém ciia cdc canh BC,CD, BD. Tinh thétich tit didn AMNP.

A. 6a° B. 1462 C 1243 D.1a®

GIAL .
Ta cé: VABCD = %.AD.SABC = -S-.AB.AC.AD

I = 607040 = 280’
Theo gid thiét: M, N, P ciing-thubc mit phing
(BCD) suy ra khoéng cach tit difm A dén
mit phing (MN:I-’) chink' 14 khodng cich
tit A dén mit phang {(BCD). Do d6, hai
hinh chép AMNP vi A.BCD cing dutng
cao.
Mit khic:

1 1

Spnp = ZSBC‘D = Vamnp = ZVA.BCD-

A D VA, thé tich tidién AMNP 1

] Vamne = l.28a3 = 7a°.
S VaydipanlalaD.

vi DU 5.23. Cho hirh chép S.ABCD 6 ddy I hinh vuéng canh a. Mdt bén SAD 1 tam

gidc déu v ném trong mit phing vuéng goc véi ddy. Goi M, N, P ldn ludr lértrung diém ciia
§B,BC,CD. Tinh thé tich CMNP.

3 3 3 3
a3 5 4 V3 cé V3 D2 V3
48 96 24 32
GIAL
M3t khéc:

Vugnp _ d(M,(CNP)) MB 1

Vs.owp d(S,(CNP)) ~ SB 2

Suy ra,

Vernr = S Vsowp = 2.EV3 _ a3
CAMNP = 2 FONP = 248 = 96

Vidy ddp éan lala B.
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Vi DU 5.24. Cho hinh chép S.ABCD c6 ddy 1& hinh vudng canh a Mar bén SAD ia tam
gidc déu vii ndm trong mdt phdng vudng gic véi ddy. Goi M, N, P lan lugt 13 trung diém ctia
$B,S5C va §D. Tinh thétich ni dign CMNP.

a®v3 a3 V3 a*V3
A 48 B 32 c. 24 D. 96
KéSHLAD (H € AD).
Tacd (SAD) L {ABCD) = SH1{ABCD).
ASAD d8u c6 canh AD = a = SH = “—‘2/?_’ Suy
ra, thé tich hinh chép 5.BCD li:
1 1av3 1, 4%/3
VS_BCD = g.SH.SBCD = 5 TEG = 12 "
Mit khdc:
Yemwp _ d(C,(MNP)) _ CN
Vssnp d(S,(MNP))
Vspwp _ SM SN §P 111 _1
Vspop SB SC'SD 222 8
1 1 o® a3Vv3
Suyra VCMNP = = VS.BCD = g 2 = % N

Vay dip dn li 14 D.
VI DU 5.25. Cho hinh chop ut gidc déu S.ABCD. Mit phing di qua A vé vudng géc véi SC

I
¢4t SB,5C, 8D tai B',C", D' Biét S.S’B = 2 . Tinh 1 56 thé tich ctia hai khéi chép S.AB'C'D'
va S.ABCD.
i . 2 1 1
A 3 B. 3 C. 3 D. i

Goi H 12 tdm cla ABCD.suy ra SH 12 duding cao
clia hinh chép t gidc déu 8.ABCD, SH cét (P)
tai H'.
ViBD1(SAC)= BD1SCnén BD | (P).
Tit d6 suy ra (P) cét (SBD) theo giao tuyén B'D’
song song véi BD.
pods 52 _ SH. _SB _2
P SO " SH . SB 3
= H'la trong tdm cla tam gidc SAC
= C' I trung difm cfia 5C.
Ta cé:

VS.AB’D' SA SB' 8D %
Vs.apD T 8A'SB'SD T 9
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va
Vegorrr _ SB SC' SDY 2

Vssco SB SC 5D &
4 2
( + _) Vs AZBCD

Suy ra: Vg aprorpr = Voapror + Vomgrpr = 3%% =-Vs.a8cD.

VaydapanialacC.
C. BAITAP TU LUYEN

BAI TAP 5.1. Cho khéi chép S.ABC ¢6 SAL(ABC), tam gidc ABC vudng tai B, AB = q,
AC = a3, 5C = ov6. Tinh thé tich khéi chép 5.ABC.

a8 336 AN D PRVAT
6 3 T8

B. 5 C.

BAITAP 5.2. Cho khéichép 5.ABC c6 tam gidc ABC déu canh ¢, SC = ov/3. Hai mit phing
(5 AB) va (SAC) cling vudng géc véi day. Tinh thé tich khéi chép 5.ABC.
236 a3y a3 a3v3
9 B. D) C. 2 D. 2 -
BAX TAP 5.3. Cho khi chép S.ABCD c6 déy 12 hinh chiX nhit tim O, AC = 248 = 2,
8D = av/5, SA vudng géc véi ddy. Tinh thé tich khdi chép 5.ABCD.
3 3 3
25 AL N p. £¥8
3 3 3
BAI TAP 5.4. Cho khéi chop S.ABCD c6 déy la hinh vuong canhk ; §C = a3, Hai mat
phing (SAB) va (SAD) ciing vudng goc véi ddy. Tinh thé tich khéi chép 5. ABCD.
B3 @3 ad

3 e
3 B. 3 C.a D. 2 3

A

A

BAI TAP5.5. Cho khéi chép déu 5.ABC ¢ canh day biiing av/3 vi mat bén 1 tam gidc déu.
Tinh thé tich khbi chép 5.ABC.

aa\/‘ 3\/‘2‘ as\/g ' asﬁ
A 36 B. 12 c 4 D. 36

BAITAP 5.6. Cho khéi chép déu 5.ABCD ¢é canh diy bang o+v/3 va mit bén 1 tam giac déu.
Tinh thé tich khéi chép 5. ABCD.

3 3 3 3
A.a:_ B. ‘/_ C.3"2‘/§ D."""/E

BAI TAP 5.7 Cho khéi chép S.ABCD cé déy 14 hinh vuding canh 2a. Goi H 1 trung diém

clia AB biét ring SH 1(ABCD) va tam gidc SAB 13 tam gidc déu. Tinh th tich khéi chép
S.ABCD,

3 3 3 3
2033 B 4033 C a D2

A . 8 . —
3 3 & 3
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BAI TAP 5.8. Cho khéi chép S.ABC ¢ SA_L(ABC) tam giac ABC vuong tai B, AB = g,
AC = af 3. Biét riing gic giita SB va (ABC) ) biing 30°. Tinh thé tich khéi chép S.ABC.

o8 ad 3 3

\/_ B2 \/_ - C a®/6 D. 2236
18 3

BAX TAP 5.9. Cho khéi chép 5.ABC ¢ day ABC la tam glac déu canh a. Hai mat phing
" (SAB)va (SAC) cung vudng géc véi ddy. Tinh thé tich khdi chép 5. ABC bit ring 5B hop
vi ddy mot gde 30°.

a3/3 aa\/g a3 a3
A, 8 B. 7 C. Y D. E
BAITAP 5.10. Cho khéi chop S5.ABCD c¢§ ABCD 12 hinh chit nhit tdim O, AC = 24B =%,
SA vudng goc véi mat phing day. Tinh thé tich khéi chdép S.ABCD biét géc gifta SO va
(ABCD) bang 60°,

3 3
A2“‘/_ 13.‘“/§

3
L& D.L
C.a 3

BAI TAP 5.11. Khéi chdp S.ABCD cb day 1& hinh vuéng canh 3a. Tam gidc SAB nim trong
miét phing vudng géc vdi day. Tinh thé tich khdi chép S.ABCD biét ring tam gidc SAB déu,

. 3 3
A.963V3 B. % C. 9% D. 95»25

BAITAP 5.12. Cho khéi chép S.ABCD c6 ABCD 13 hinh chit nhit, AD = 2a, AC = 3a.
GoiHla trong tAm tam glac ABD, biét SH wvudng géc vai mit phéng ddy. Goc gitta SA4 va
(ABCD) bing 45°, Tinh thé tich khéi chép §.ABCD.

8 3
c.2 ‘/g p. £V8
3

BAITAP5.13. Khéi {ang tru diing ABC.A'B'C’ ¢ ddy ABC 14 tam gic vuéng cn tai 4, canh
BC = aV/2. Tinh thé tich khéi lang tru ABC.A'B'¢Y biét (A’ BC) hap véi ddy mét goc 30°.

J\/_ ad \/‘ as f a \/‘

A B~ 12 C. 36 D. 12

BAITAP 5.14. Cho khéi la.ug tru déu ABC.A’'B'C’ ¢6 canh ddy bang a, mét (A’ BC) hgp véi
déy mit géc 45°. Tinh thé tich khéi ling tru ABC.A'B'C'.

34° a®/3 a6 b VB
12

Ad® B. 24°

A B C =% '
BAI TAP 5.15. Cho hinh chép S.ABCD c6 déy Ia hinh chit nhat v8i AB = a, AD = av3,
SA =a. 54 vuong goc vii mp(ABC‘D) Goi I 1a glao diém cla BM vi AC véi M va N lin
Jugt I trung diém cfia AD v SC. Tinh thé tich dién AINB.

a®V2 a3y3 a®vE a3vB

A =36 LB C. 36 D
BAITAP 5.16. Cho khdi chép S.ABCD c6 day 13 hinh thoi canh a véi BAD = 60°. Canh 5S4
vudng géc vdi dayva SA = a. Goi €' la trung diém ctia SC. Mt phang (P) diqua AC’ visong
song vdi BD, cit cic eanh B, §D Win lugi tai B/, D', Tinh thé tich khéi chép S.AB'C'D.
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0.3\/5 a3\/§ a3\/§ - a‘?’\/g
A. o B. s C. 3 D. 5
D. LI GIAI VA DAP AN

GIAI BAI TAP 5.1, Xét tam gidc ABC vuéng & B ¢6 AC = «v/3vA AB = a= BC = V2.
XettamglacSACvuongdAco AC =aV3vaSC = avB= SA =aV3.

Suy ra: Vs apo = §-SA-SABC = g.a\/_.g.a.a\/_= @ g/—
Ddp dn diing la A. ) i
GIAT BAI TAP 5.2. Xét tam gide SAC vubng & A cé AC = ava 5C = av3 = 54 = a2

2
Tam gidc ABC déu canha = SABC = ;/5

2 o

Suyra: Vg ape = ‘g-SA-SABC = = mf ¢ f 1\2/6.
Bdp dn diing la B. ' 0

GIAI BAITAP 5.3. Xét AABD vubngtai A cd: AB = ava BD = AC = 20 = AD = uv/3.
XettamgiacSADvuongdAcoAD—aw/_vaSD—m/——_-> SA=aVv2
a*B

Suyra VSABCD-*“SASABCD—SI'E 2.0. \/_—~
Ddp dn diing la D, O

GIAI BAI TAP 5.4. Vi ABCD 13 hinh vudng canh bing a nén AC = av2va Sapep = .
Xét tam gidc SAC vuongﬁ Acd AC =av2va SC =av3=> §A=a.
Suyra: Vs apcp = -5 SA.Sapco =
Pdp dn dungla D, a
GIAI BAI TAP 5.5. Goi O 13 tAm clia tam gidic ABC, M 1 trung diém BC = SO la dudng cao
ciia hinh chép.
2

Vi ABC latam gidc déu canhhanga\/-nenAM = ?va Sane = # A0 = —AM =a.
Xét tam gide SAO vudng 8 O c6 AQ = ava SA = av3 = 50 = aV2.

1 3023 a®vB

Vi = .

1
Suyra: Vs ape = E-SO-SABC =3¢ 2

4
Ddp dn dungla C. a
GIAT BAI TAP 5.6. Goi O 12 tam cfia tii gidc ABCD = SO la dubdng cao cfia hinh chép.
Vi ABCD la hinh vung canh av/3 nén AC = avB v Sascp = 3a? = A0 = ;AC = #
Xét tam gidc SAQ vudng & O c6 A0 = % ViSA=a/3= 80 = ?
/6
_Suyra VSABCD"‘"ESO SABCD«-g.a—\/:. a;/_.
Ddp dn diing la D. ) 0

178 Lugng Dite Trong-Nguyén Nhut Thdng-Kidu Trung Thity




sphook.vn - CHUONG 5. KHOIDA DEEN

GIAI BAI TAP5.7. Vitam gidc SAB déu c6 canh AB = 2anén SH = av/3.

1 1 4a?
Suyra: Vi apep = E.SH.SABGD = 5.0.\/5.(2@)2 = as\/ﬁ.
DdpdndingliB. a

GIAIBAITAP5.8. Vi SAL(ABC) nén géc giita $B va mit déy la SBA = 30°.
Xét tam gidc ABC vudng & B c6 AB = o; AC = V3= BC = a2

X6t tam gidc SAB vuong & A cé AB = avi §BA = 300 = SA = %.

wls

1 1av31 a®
Suyra: Vg age = E.SA.SABC = 3 5 a\/_— f
Ddpdn diingla C. O

GIAI BAI TAP 5.9. Hai mit phing (SAB), (SAC) ciing vuéng géc véi day nén SAL(ABC) =
gbc gitia §B va mit ddy1a SBA = 30°.
Xét tam gidc SAB vudng & A c6 AB =avaSBA=30"= SA = %
1 av3 &?V3  ud
Su}rra:. VS.‘ABC‘-‘ g-SA-SABC— T 2 = o
Ddapandungla D. ]

| =

GIAI BAI TAP 5.10. Vi SAL{ABCD) nén géc giita SO vi mit ddy 13 SOA = 60°.
Xét tam gidc ABC vudng & B ¢6 AB = ¢; AC = 2a = BC = aV/3.

Xét tam gidc SAO vudng & A c6 AQ = %AC = avi 504 = 60° = SA = a3,

1 .
Suyra: Vg, apcp = §.SA.SABCD = %.a 3.0.0V3 = a®.
Ddp dn diing la C. g

GIAIBAITAP5.11. K2 SH1AB (H € AB).Vi(SAB)1L{ABCD) nén SHL(ABCD).

Xét tam gidc SAB déu c6 canh AB = 3a = SH = 23,
1 3 v‘_ \/:’?
SLIY ra: VS.A.BC.D b SH SABCD =3 c (3 )z "
Bdp dn diing Ia B " 3

GIAl BAITAP 5.z, vi 3H1(ABCD) = géc giita dubng thing SA vi mit phing (ABCD) 1a
SAH = 45°

Goi O 1a tdm cda hinh chit nhit ABCD.

Ta cé: H 1a trong tim tam gidc ABD = AH = —AO =3 % AC = -AC =a.

Xét tam gidac ADC vuong tai D cé AC = 3a, AD 2a= DC = av5.

Xét tam gidc SAH vuong tai H c6 AH = o, SAH = 45° = SH = a.
2

Suyra: Ve apcp = E-SH-SABCD = l.a.Za.a\/g: “ \/E_;

3 3
Ddp dn diing 14 C., O

I =]
i

P L]
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GIAI BAI Tﬁps 13. Goi H 1a trung difm BE = gdc gifta mit phing (A’BC) va mat ddy
(ABC) A ATHA = 30°.

2
Xét tam gidc ABC vudngcintai Acd BC = ov2= AB = AC=avi AH = i
Xét tam gidc A’AH vubngtai A cd AH = i T AHA=30"= AA' = a\/_
, ave 1 a6
Suyra: VABC_AIBICJ = AA " Sapc = '—'6——.5&2 = 2
Dip dn ding 14 D. o
| GIAI BAITAP 5.14. Goi H 14 trung difm BC = goc gifta (4'BC) v (ABC) 1a A/ HA = 45°.
Xét tam gidc ABC ddu canh binga = AH = 2_,\/__3_
; 5,
Xét tam gidc A’ AH vudng tai A c6 AH = o3 Tma AHA =45 = A4 = =
3 a® 3
Suyra: Vape.aser = AA.Sape = aT = ;/— ; .
Bdp dn diing I A, |
[ SN - Vaare _ d(NV;(AIB)y _1
AP 5.15. : = ==
GIAI BATTAP 5.15. Taco Vears — (5. (AIB)) SC =gz Vans = Vs INB:
- IA AM 1
B "t - = —
“itkhéc, vi AM || BC nén theo dinh Iy Talet ta ¢6: C B3 = A 3AC_‘
= Sarz= —SABC ; -;—.a..a. 72 2.
1 1 a?v2 @32 1a*v2 a2
§ : Ve == "4 Sarp = .0 = = = —.
u}( 1'-'% S.A1B = Sarp TR g = Vamns =3 8 35
Ddpdn dungla A, o

GIAI BAI TAP 5.16. Goi O 13 tdm cfia hinh vuong ABCDvATI = AC'NSO. Mit pha.ng (P)di
qua AC' va song song voi BD nén nd cit mit phing ($BD) theo mét giao tuyén song song
v86iBD =+ B'D'diqualva B'D' | BD.

1 /
Tacé: I = AC'N SO = I K trong tAm tam gidc SAC = 3L = % = % = %
Ve apcr SA SB SC" 1 . Vsacrpr SA SD’ SO’ 1

Khi dé,

Y — e
VS'ABC] SA'SBSC 3 Vs acD SA'SDSC 3
= Vsapop = E-VS‘ABCD-

a3 a3
6

1 1
SLIY ra: VS.ABC.D = —.SA.SABCD = E.a..ag.sin 6OD = = V:g.,qs:ctpr = I
Ddp dn diing la B. G
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CHUYENDE5.2 —
Cac bai toan veé khoang cich trong khéng gian

A. TOM TAT LY THUYET
Cic loai khodng cach trong khéng gian:
« Khodng cich tit mdt diém dén mot mit phing:
d{M;(P)) = MH vdi H < (P) sac cho: MH L(P).

. IG'lmz’mg céch giita dudng théng va miit phing song song:

Cd(A;(PY) = d(M; (P)) vii M ladiém bt K thudc A.
« Khodng cich giita hai mit phing song song:

d((P);(Q)) = d(;(Q)) véi M 12 diém bit Kl thudc (P).
+ Khodng cdch giita hal dudng thing chéo nhau: -

d(a;b)=ABviiA€ a; B €bsaccho ABlava AB1b.

B. CAC DANG BAI TAP
Dang 1: Khoang cich tit mdt diém dén mét mit phing
Phudng phap giai:

Cho diém M vA mit phing (P). Ta ¢in tinh khoang céch tit difm M dén mat phing (P).

a) Phueng phap 1: Ta cin xic dinh didm H 14 chin dudng vuéng géc ha tit M xubng mit
phéang (P), tit 6 tinh-dg dai M H.
+ Dang 1z M 14 chin duding cao O cfia hinh chép hedc hinh ling tu ban diu
- Buge 1: Tim du&ng‘théng a 13 giao tuyén clia mét phing (P) vl mit phing
ddy clia hinh ban dau.
— Budic 2: Xéc dinh mit phing (Q) di qua M va vudng géc vdi a.
~ Budc 3: X4c dinh giao tuyén b clia hai mit phing (P) va (Q).
~ Butdic 4: X4c dinh diém H € b sao cho MHLb.
¢ Dang2: M khic chan duding cao O ¢lia hinh chép hodc hinh ling tre ban déu
8t dung I thudt d&i dinh dé chuyén tit viéc tinh khodng cich d (M; (P)) sang
viéc tinh khodng céch d (C; (P)).
- Trudng hgp 1: néu MO || (P) thid (M; () = d(0; (P)).

~ Truting hdp 2: néu MO N (P) = row GMEEY)  MI

d(0; (B T oI
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b) Phudng phap 2: Khodng cach tit difm M dén mit phing (ABC) chinh I dudng cac h
cta hinh chép M.ABC. Xhi dé:

1 1 3V,
Vicasc = 3.h-Sasc = 5.4 (M;(ABCY) .Sape = d{M; (ABC)) = #ﬁc

Vi BU 5.26. Cho hinh chép tam gidc 5. ABC ¢6 ddy 14 tam gidc vudng tai B. Canh SA vudng
gdc vGi day. Biét réng AB = a; BC = 2a; 5A = aV/3. Tinh khodng cdch tit diém A dén mat
phéng ($BC).

; o/

: D,.‘f..@

C. 5

[¥ X
A3

@D

GIAL
* Cdch 1: Ta st dung phuong phdp xdc dinh chén duding vuéng géc.

KEAHI1SB(H € SB).
3 Tacd: BCLABva BC1SA =+ BC1(SAB)
= BCLAH ma AH1SB = AH1(SBA).

Suy ra: AH 13 khodng cich tit digm A dén mit
phéng (SBC).
. Xéttamgidc SAB vubng tai A, duding cao AH: |
11,1 114
AH? 27 ABT T a2 ' 3a? T 32
d = AH =

* Cach 2: Ta sit dung phuong phép thé tich.
2 Ta coi khodng cich fit difm A dén mit phing
($BC) 1a dudng cao clia hinh chép A.SBC, khi dé: d(4; (SBC)) = 3‘;*‘&
spC
a*/3
3

Ta co: VA.SBC = VS.ABC = %.SA.SABG = %SA%ABBC = %aﬁ.a.% =
Mzt khic: BCLAB va BOLSA = BCI(SAB) > BC1SB.
Xét tam gidc SAB vubngtai A c6: §B = /§A? + AB? = v/o? + 3a? = 20.

°v3
Do dé: Sgpe = %.SB.BC = %2&.2& = 20> = d(4;(§BC)) = -3-'5-&%— = g.

Vay dép dn I la D.
Nhiin xét: Méi phuong phép c6 v, nhuge di€m riéng. Phudng phdp 1 tinh toan it nhung
phéi vE thém hinh con phucng phap 2 tinh todn nhidu hdn nhung khéng c¢in phéi vé thém
hinh, Do d6, tly vao titng bai todn ma chiing ta chon phuong phép giéi cho pht hgp,
VEDU 5.27. Cho hinh chop tam gidc déu S.ABC c6 canh ddy béng o va mt bén tao voi ddy
mét goc 60°. Tinh khodng cdch tit A dén mét phing (SBGC)?
av3 3a av3 av2
A3 iy “5 b=
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GIAL
*Cach 1: Ta sit dung phudng phap xéc dinh chin dutng vudng géc.

Goi O 12 tAm clia tam gldc ABC, M 12 trung difém
BC= S0l dudng cao ciia hinh chép S ABC.
Vi A khong phdi Ia chin dudng cao cfia hinh |

chép 5.ABC nén ta sit dung Ki thudt ddi dinh:

d(4;(SBC)) AM
4(0;(SBC))  OM

= d(4; (SBC)) = 3d(0; (SBC)).

KEOHLSM (H € §M).

Ta c6: BCLAM va BCL1S0 = BCL{SAM) =
BCLOH ma OHLSM = OHL(SBC).

Suy ra: OH Ia khoang cach tit O dén (S'BC)

Vi BC L{(SAM) nén gdc gitta mat phing (SBC) va (ABC) la SMA = 60°.

‘Tarn gidc ABC déucanh binga = AM = T\/_ =0M = EAM— i

6
Xét tam gidc OH M vudng tai H ¢6: OH = OM.sin OMH = Lf.sm 60 = E.

=3

Vay, khoang cach tif A dén mjt phéing (SBC) 1a: d(4; (SBC)) = 34 (0; (SBC)) = 3—:-.

Viy dap dn lala B.

* C4ch 2: Ta st dung phung phép thé tich.

Ta coi khodng céch tit diém A dén mat phing (SBC) la duiing cao clia hinh chép A.5BC,

Khi d6: d (A; (SBC)) = M
Sssc
Xét tam gidc SOM vudng tai O ta co:

— a\/_ a2 a2 a
__,_ __ AM = 2 2 = L =
S0 =0M.tanOMS tanb0=2 = 8 /80% 5+ OM? =4/ 1 + 2= 7

2 3
Thé tich khéi chép A.5BC & Vi spe = Vs.ase = %.SO.SABG == %%" f =2 2’4/5
5 dide s . 1 la a3
va dign tich tam gidc SBC 1a: Sspc = E.SM.BC = i'ﬁ'a =5
; . " . . 3.“1 3
Suy ra: khoéng céch tit A dén mit phing (SBC) la: d(A; (SBC)) = = 2"‘3 = :%a‘
6

Vay dap dn lfz laB.

vi DY 5.28 (De Minh hoa THPTQG 2017). Cho hinh chdp tit gidc S.ABCD cé day la hinh
vudng canh o2, Tam gidc SAD cén mz S va mdt bén (SAD) vudng goc vdi mét phéng ddy.
Biét thé tich khii chdp S ABCD bang T' Tinh khodng cdch h ti2 B dén mdt phing (SCD).

20 4a 8a 30,
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GIAL :
* Cach }: Ta sit dung phutong phap xdc dinh chan duding vubng géc.

Xé SHLIAD (H € AD) = H I3 trung difm AD.
Mt bén (SAD) vuéng géc vii ddy (ABCD) =
SH 13 dudng cao ciia hinh chép S.ABCD. -

Vi B khdng phéi 14 chin duding cao cia hinh
chép $.ABCD nén ta sl dung ki thuit ddi dinh:

d(B;(SCD)) = d(4; (SCD)) = 24{H; (SCD)).

K& HKLSD (K € SD).
Tacé: CDLADvACDLSH = CD1(SAD)
= CDLIHK md HK 18D = HK L(SCD).

Suy ra: H¥ Ia khodng céch tit difm H dén mit
phing (SCD).
Mit khdc: ABCD la hinh vudng canh bing

ﬂ‘\/§=> HD = E——-\/gvéSABCD = 20.2.

2
D (=] 3
Vi thé tich clia khéi chép S.ABCD la 4% nén
S :
3.~a?
_ 3Vsagen _ 3%
SH = Sapcn 2 = 2a,

Xét tam gidc SHD vubng tai H véi duding cao HK, ta ¢é:

11 1 9 _ 2
BK: " He TED Caw T HE=3

Vay, khodng cdch tit B dén mit phing (SCD) 1&: d(B; (SCD)) = 2.% = 4—;.

Vay ddp dn lala B.

* Gich 2: Ta sit dung phuong phap the tich.
. Ta coi khoding céch it diém B dén mit phing (SCD) 14 duding cao ciia hinh chép B.SCD,
khi d6: d (B; (SCD)) = SVB:5€B, '

sz ? 14a®  20°
. o a
Tacé: Vp.sep = Va.nep = g'Vsapcn = 5.— = -
2
Xéttam gidc SHD vubngtai H tacé: $D = /SH2 + HD? = 1/4a? + ?52~ = %.
. 1 1 3a 3a*
VICDL(SAD) = CDLSD nén Sscp = 5CD.SD = E.ﬁ.m@ =5
Suy ra: khodng céch tit B dén mit phing (SCD) 1i:
23
3Vs.scp 3'5“ 4
d(B; D)) = =22 = = -,
(B;(SCDY) Tson 307 3
2

Viy ddp dn L 1 B.
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: i Dang 2: Khoang cich gitta hai du!dng thing chéo nhau
Phuong phap giai:
Cho hai dudng thing chéo nhau a v b. Ta cin tinh khoéng céch giita hai dudng thing.

a) Tnidng hop 1: Néu a va b vudng goc vdi nhau thi ta xdc dinh doan vudéng géc chung
AB cfia hai duding thing, tit d6 tinh d dii AB.

e Budc 1: Dung mit phéng {P) chita bva vudng géc véia.
» Budc 2: Xéc dinh giao difm A = a i (P).
» Budc 3: Xdc dinh difm B € bsao cho AB L.

b) 'I\nfdng hgp 2: Néu o vi b khéng vudng goc véi nhau thi ta dung mit phéng (P) chua b
va song song voi e. Khi d6: d (e;b) = d(a; (P)).

vi DU 5.29. Cho nf dign OABC cé cdc canh OA,0B,0C d6i mét vudng géc véi nhau vi
QA = 0B = OC = a. Tinh khodng cdch gifia hai dudng thing OA va BC.
a a a
A— ﬁ B- 73" C. ‘2— D.

sle

GIAL

Goi D 14 trung diém clia BC = OD1BC.
VIOALOBvaOALOC = OAL(OBC)= OALOD. &
Suy ra: 0D |14 doan vuéng gée chung cia hai dubing
thang OAVABC = 0D = a{04; BC}.

Xét tam gidc OBC vudng cin tai O ta cd:

op=1tpc-LtV/oEToci - LT 2l
2 2 2 2

Vay, khodng céch giita hai duiing thing 04 vi BC 1a:
a3

5
Vay dip dn lala A.
VIDU 5.30. Cho hinh chip 5.ABCD c6 ddy ABCD 1a hink vuéng tam O canh a. Biét réng
SAL{ABCD) v SA = a. Tinh khadng cich gitta hai duimg thdng SC va BD.

GIALK: QHLSC (H € 5C).
Tachd: BDLACVABD1SA= BDJ_(SAC) = BDI1OH.

Suy ra: OH la doan vuéng géc chung cia hai duding thang BDva5C = QH = d(BD;5C).
Vi ABCD la hinh vuéng canh a nén AC = av/2.
Ké AK1SC K € 5C.
Xét tam gidc SAC vubng tai 4 cé;
1 1 1 1 1 _§_

A A A T2 T T 52
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= AR = .“_‘/:
Tacé: OH || AK v O [a trung diém clia AC
= OH la duding trung binh cta tam gidc AKC

=>OH=%AK=“6ﬁ.

Vay dip én 13 Ia B.

Vi DU 5.31. Cho i dién OABC ¢6 cdc canh OA, 0B, 0C dbi mt vudng gée véi nhau vi

OA = OB = OC = a. Gpi I li trung diém cia BC. Tinh khodng cdch gitta hai dudng thing
Al va OC

4a a Ja,
GIAL
KLID | OC (D e OB).
= d(AI;OC) = d(OC; (ADI)) = 4(0; (ADD)). a

KEOHLAD (H € AD).
Tacoh: ID | OC va OCLOB = ID1OB ma
IDICA= IDI(AOB) = ID1OH ma OHLAD
= OH1{ADI}= OH la khodng cich tit O dén mit
phing (ADI).

Xét tam gidc AOD vudng tai O, duding cao OH ta
co:

1.1 _1.1 8
OH2 ~ QA ' OD? ~ o ' &% o
4
gOH:M I c
5
\/_ B v

Véy khodng cach gifta A7 va OC la; —
Viy dédp dn i la C.

vi DUS5.32. HinhchipS.ABCD cé ddy ABCD la hinhvuéng tém O canha. BzetSAJ. {ABCD)
vd SA = a. Tinh khodng cdch gifta hai dudng thdng AC va SD.
a2 ave av/3 av'3
A=y B “5 D3
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GIAL

KEDE || AC(E € AB).

Suy ra: d(AC;SD) = d(AC;(SDE)) =
d(4; (SDE)).

Ké AK1DE (K € DE) viké AH15K
(H € 8K},

Tacé: DELAKvADELSA= DEL{SAK)
= DE1AH ma AH18K = AH.(SDE)
= AH lakhodng cach tit A dén (SDE).
Tach: AE || CDVADE || AC= ABDC 1
hinhbinh hanh = AE = CD = .
Xéttam gidc AED vudng tai A cd:

1 _ 1,1 _ 1.1 2
AR AR 1A @ TET &
oA =22
Xéttam gidc SAK vubng tai A cb:

1 - 1 1 11 3 a3
amCastam et e T A s
2

: B A e o 2 s s, 0V3

Viy khodng céch gilta hai dudng thang AC va 5D la: -

VA dép dn 13 1 D.

C. BAITAP TU LUYEN

BAITAP 5.17. Cho ti dién ABCD ¢ ADL(ABC) v2 AC = AD = 4a,AB = 34, BC = 5a.
Tinh khodng céch tit A dén mit phing (BCD)? 7
Ba VvBa 12a 2v3a
A B. Y= il S
17 V1T V34 _ 17
BAITAP 5.18. Cho hirth chép S.ABCD ¢6 ddy 14 hinh thoi canh a, SAL(ABCD). Goi M 1
trung diém BC. Biét BAD = 120°, 5M A = 45°. Tinh khoang cach tit D dén mp(SBC)?
a8 g o8 c. a8 p, 28
3 6 4 2

BAITAP 5.19. Cho hinh chép S.ABCD c6 ddy la hinh vudng canh a. Biét SO = %"' hinh

chiéu vudng géc ciia § trén mp(ABC D) [a trung diém canh AB. Tinh khoéng céch tit A dén
mp{SBD).
a3 2u av'1b a7
A.« —‘2_'— B- ? C- T D. T
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BAITAP 5.20. Cho hinh chép 5.ABC cé déy 1 tam gidc vudng tai B, BA = 3a, BC = 4a, miit
phing (SBC) vudng goc vii mit day (ABC). Biét $B = 223 va §BC = 30°. Tinh khodng
céch tir B dén mp(SAC) theo a.

A i_ B. 6av/7 C. i D. av3
7 4

BAITAP 5.21. Cho hinh chdp 5.ABC ¢6 ABC Ia tam gidc dfu canh o, SA vudng vai (ABC),
SA = a. Tinh khoéng cdch giita AB va §G?

a.\/q 20,\/_ 2021 a\/ﬁ
C.
T 7 21
BAITAP 5.22. Cho hinh chép S.ABC ¢6 ABC la tam gidc déu canh 4, $A4 vudng véi (ABC')
goc gilta S5 va ddy bing 60°. Tinh khodng cich gifta AC va SB? ‘
av’3 av2 a/15 a7
A . B <= D=~
BAITAP 5.23. Cho hinh ¢chop 5.ABCD cd diay ABCD la hinh vuong canh e, SA vudng géc
vl mit phing (ABCD) gbc gilta SC va mit phing (ABCD) bing 459, Tinh khoéng cdch
gilta hai duding thing $8, AC.
av/10 av/5 av15 av10
A. 0 B. 5 C. 5 D. 5
BAI'TAP 5.24. Cho hinh chép S.ABC ¢6 ¢4y la tam gidc vudng cén tai A. Mit bén SBC 13

tam gidc déu canh o va mp(SBC) vudng géc vél dy. Tinh khodng cich giita hai dutng thing
SA,BC.

A @ B. a_\/§ c. i D. a_\/§
2 6 4
D. LOT GIAI VA DAP AN
GIAIBAITAP 5.17. K& AKLBC v AHLDK = AH = d(4 (BC'D))
1 1 1 1 117
et m = ap t A~ Ap T AFE T Ace Ac'2 = E}“ + 6 16a2 16a® = Toa?
is)
= AH =222
V34
Bdp én dungla C. 0

GIAI BAITAP 5.18. Vi AD )| BC nén d(D; (SBC)) = d(A; (SBC)).
K& AHLSM = AH = d(A; (SBCY).

Ta cé: tam gidc ABC déu canhae = AM = i = 854= i_ = AH = M

Ddp dn ditng lé C. O
GIAIBAITAP5.19. K¢ HK1BDva HEJ..S'K:.'» HE =d(H,(SBD)).

Tacé: HK = HB.sin KBH = _‘/_ = HE=1+ => d(A; ($BD)) = 2d(H;{SBD)) = 2?“
DdpdndinglaB. &
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GIAIBAITAP5.20. K2 HDL AC v HK 15D = HK = d(H;(SAC)).

" ViBH = SB.cos§BC = 30 = BC = 4HC = d(B, (SAC)) = 4d(H; (SAC)).
3a.\/'7 Bay/7
Ta cé: AC’—ua,HC’—a#HD—-S— = HK = = d(B; (SAC)) = —~.

Pdp dn ding la B. . O

GIAI BAI TAP 5.21. Ve hinh binh hinh ABCD.
= d{AB; SC) = d(AB; (SCD)) = d(A; (5CD)).
K& AELCDva AHLSE = AH = d(A; (SCD)).

Tacé: AE = %—vaSA=a=> AH = a\{‘,ﬁ:d(AB;SC) = “‘f_l.
Ddp dn dingla A a

GIAI BAI TAP 5.22. V& hinh binh hinh ABDC.
. = d(AC; SB) = d(AC; {SBD)) = d(4;(SBD)).
XEAK1BDva AH1SK = AH = d(A;{SBD)).

Tacé: AK = —-2£vaSA =av3= AH = “‘/_ = d(AC; SB) = ‘éﬁ
Ddp dn ding la C. o

GIAI BAT TAP 5.23. K& dudng thing d di qua B va song song vdi AC.
Ké AM Ldvi AH1SM. = d(AC; SB) d{AC; (SMB)) = d(4; (SMB)) = AH.

Tach: SA=AC =2ava AM = ﬁ = AH = a\gﬁ = d(AC,SB) = a\/ﬁ.

Bip dn diing la D. : ]
GIAIBAI TAP5.24. Goi H latrung didm BCvAkE HKLSA= HK a doan vudng goc chung
clla BCva SA o3 \/5 o f3

Taco: AH = 5 2VasH = -5 = = HK= - = d(BC;8A) = 4~.

DPdp dn diing la D. ‘ O
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CHUONG 6——
KHOI TRON XOAY

CHUYEN DE 6.1
Hinh nén

A.TOM TAT LY THUYET
1. Biém O dugc goi la dinh cfia hinh nén.
2. Puding trén tAm I, ban kinh » duge goila mat day.
3. D dai / = OF dudc goi 1a chidu cao cita hinh nén.

4. D6 dii doan thin; ! = /M dudc goila duding sinh elia
hinh nén.

5. Dién tich xung quanh cha hinh nén S, = wrl.

6. Thé tich ciia khéi nén trén xoay A V = %ﬂ' *h.

7. Gifar, [, hcombilitnhér? + h* =12
B. CAC DANG BAI TAP

Vi DU 6.1. Mot hink ndn cd dudng sink béng 2a va thiét dién qua truc I tam gidc vudng.
Tinh dién tich xung quanh S ciia hink nén va thé tich V ciia khéi ndn.

3 3
A 8.y = 22ral,V = Vina B. 8.y = V2ma®, V = 2v2a
Y j. q
3 D 3
C. Say = 232,V = 2——32—“- D.5., = V21a®,V = ;m
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) GIAL Do thidt dién qua truc cha hinh nén 1 tam gidc vudng nén AO M vudng cén tai I. Suy
mh=r= 5 = av/2 nén

V2

3
Seq = m.0V/2.20 = 2270,V = %(a\/ﬁ)z.a\/ﬁ = 2‘/35“ .
Viy ddp dn diing1& C. -

vi DU 6.2. Cho hirh chip tam gidc déu 8. ABC ¢6 canh ddy béing a vé goc gilia mdt bén v

day bang60° dién tich xung quanh ciia hink non dinh S vi ddy 1 hinh tron ndi tiép tam gzac
ABC li:
ma? wu? wa? 5ma?
A. T B. T C- T D. 6

GIAIL Goi0latim dubng trdn ndi tiép tam gidc ABC. Do AABC déucanh ¢ ndn OM = “_6‘@
véi M 12 trung diém clia AB. Vi géc gifta canh bén va mit day bing 60° nén SMO = 60° >

SM =20M = % Dovay,
ﬁ .Y

=r.0M.SM =
Vay didp dn diing la A. m]
C. BAITAP TU LUYEN
BAI TﬁP 6.1. Goil, h,r lin lugt 1a d6 dai duting sinh, chidu cao va bdn kinh mat day ciia hinh
nén. Bing thiic ludn diing 14
C O Al=h B.r=h ClP =R 4r? D.72 = h? 4 12

BAITAP 6.2, Goil, k,r 1dn lugt 12 d§ dii duding sinh ,chifu cao vi ban kinh mit déy cta hinh
nén.Déng thitc nio sau diy ludn diing?

11 ‘
AlP=n+ R B.é=ﬁ+§ C.RR=n241? D2 = ke

BAI TAP 6.3. Goil,h, R lan lugt 12 6 dai duding sinh ,chidu cao va bén kinh mat day clta
hinh nén.Dién tich xung quanh .., cha hinh nén (V) 1a:

A.nlRh B.wRI C.2nRl D. 7R

BAITAP 6.4. Goil, b, RIAn Iugtla do dai dudng sinh ,chidu cao va ban kinh ddy mét ddy clia
hinh nén.Dién tich toin phin $,, ¢lia hinh nén (N)

A TRl + wR? ) B. 2n Rl + 2w R? C. 7Rl + 2xR? D. wRh + wR?
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BAITAP6.5. Goil, h,r14n Iugt 13 6 dii dudng sinh ,chidu cao v bin kinh mit ddy ctia hinh
nén.Thé tich V clia hinh nén (V) 1a:

A xR B.7R%h CxRY D. %wﬁzl
BAI'TAP 6.6. Cho hinh nén ¢6 ban kinh déy 13 4a chiéu cao 14 3a. Dién tich xung quanh clia
hinh nén la;
A.20ma? B. 40ma® C. 24ra? : D. 12ra?
BAITAP 6.7. Cho hinh nén cé bén kinh ddy 13 3a chidu cao 13 42; Thé tich clia khbindn 1:
A. 21mg® B. 36ma® C. 15ma® D. 12nq®
BAI TAP 6.8. Cho hinh chép tit gidc déu 8. ABCD c6 canh ddy bing o va chifu cao bing 2a,
dién tich xung quanh clia hinh nén dinh S v ddy 12 hinh tron noi tiép ABCD 1

Ta? 3mra? c wazm D ma? /17
7 "2 - T8

BAITAP 6.9. Thift dign | qua truc ciia hinh nén 14 mot tam gidc vudng can cd.canh huyén 2a
Thé tich cfia khdi nén bing:

3
A ma? B, 2% c. ™= D. 2ra’
3 3
BAI TAP 6.10. Dién tich to3n phén clia hinh nén cé khodng cich tit tAm cia déy dén dudng

sinh bang v/3 va thiét dién qua truc Ii tam gidc déu la:
A 127w B. 207 C. 4?\/5 D. ST\/E

BAITAP6.11. Hinh nén cd du:dng sinh{, goc gilta duding sinh va mit phang day1a 30°. Dign
tich xung guanh ¢tia hinh nén nay 1a:

2 2 2 2
A /3l - fr\/s‘z c Tr\{fl D, mft

8

BAI TAP 6.12. Trong khdng gian cho tam gidec OAB vudng tai O cé OA =4,0B = 3. Xhi
quay tam gidc vudng O AR quanh canh géc vudng OA thi duang ghp khiic OAB tao thanh
mgt hinh nén tron xoay. Dién tich xung quanh, dién tich todn phin va thé tich cfia khéinén
14n hugt 12

A.157; 24m; 12 A.157; 24x; 6w A 15m; 240r; 14mr A 157; 24 2%
D. LOI GIAI VA DAP AN
GIAI BAI'TAP 6.1. Pdp dn diing 1 C. s
GIAIBAITAP 6.2, Pdpdn diing la A. ]
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GIATBAITAP6.3. 5., = rRL
Ddp dn diingla B, ]

GIAI BAI TAP6.4. Ta c6 cng thiic : Sy = S,q + Sggy = nRI + 72,
Ddp dn diing 13 A. 0
GIAI BAI'TAP 6.5, Ta c6 cong thiic: Vi, = %ﬂth.
Bdp dn diing Ia A, a
GIAI BAI TAP 6.6. Tact:

Suy = TR = m4al = dony/ A2 + B2 = dam+/9a? + 16a? = 4e.7 .50 = 2ral
Dép én dilng 13 A, o
GIAI BAI TAP 6.7.

Vion = %-.-rﬁzh = %ﬂgaz.tia = 12na®

BdpandinglaD. O

GIAIBAI TAP 6.8, O 12 giao diém hai dudng chéo ciia hinh vudng ABC'D. M 14 trung dim
cliza AB.

TadécdOM = . SM = VOMZ + 50° 3_°;

V2 Vi
Ssq = T.OM.SM = w.i}é.f/_‘% - 3“2 a?
Ddp dn diing 1&: B. a
GIAIBATTAP 6.9,
| R:a.,h=a=>V=-7rth=7rTa'3
Bdp dn diingla C. ‘ .

GIAI BAI TAP 6.10. AB 12 duding kinh ddy, 0 I trung diém clia AB. Do thidt dign qua truc
1a tam gléc déu = AB = AS = BS. Goi H 13 hinh chibu cia 0 1én S4 = OH = V3.
OH =0Asin(60°) = 0A=2;,5A=~ AB =204 =14 .

Sip=7%24+72% =12

Ddp dn diingla A. ;
GIAIBAITAP6.11,
V3 T./31%
= T = qu = 2
Ddp dn ding la D, [}

GIAI BAI TAP 6.12. Thé tich khéiném: V = %mﬂh .
Ddp dn diing la A. O
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CHUYEN DE 6.2
Mat tru
A.TOM TAT LY THUYET

1. Duding tron tam A, bdn kinh r va dudng trén tam B,
bén kinh r dugc goi 14 hai ddy ciia hinh tr.

2.D6 dail = CD dudc goi 14 dudng sinh clia hinh try.
3. D6 dai h = AB dugdc goi 13 chidu cao ciia hinh try.

4, Dién tich xung quanh cda hinh tru S, = mrl..

5. Thé tich cfia khdi nén trdn xeay la V = mrlh.

6. Giital,hco mbiliénhé h = 1.

B. CAC DANG BAI TAP

Vi DU 6.3 (D& Mink hoa THPTQG 2017). Tit mot thm ton hinh chit nhat kich thudc 50cm
240cm, ngudi ta lam cdc thiing dung nude hinh tru cé chiéu cao bing 50cm, theo hai cdc sau
(xem hinh minh hoa dudi diy):

o Cich 1; GO tdm tén ban ddu thanh mét xung quanh cla thing.

o Cich2: Céttém ton thanh hai tim béing nhau, roi gd mbi tdm dé thanh mét xung quanh

ctia mot thing.

K3 hidu Vi I thé tich cida thimng g0 duoc theo cdch 1 va Vs Ia tong thé tich cila hai thing gb

dutoe theo cdch 2. Tinh i s6 ;—;.
— =
==
1 Wi W

%
an_1 B PP Vi
% "3 % 72 by

|
'S

GIAL Chuvi day hinh tru theo céch 112 2 = 240.
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Chu vi day hinh tru theo cdch 2 1§ 2m~2- =120.Do dé r; = 2ry. Suyra

Vimmlhl=tmihs B 1(0) Ly
1—7”'.;‘:2— W2-¢V2—2 2 =2,

Véy diip dn diing i C. o

Vi DY 6.4 (D¢ Minh hoa THPTQG 2017).. Trong khdng gian cho hink chiz nhét ABCD c6
AB = 1v4 AD = 2. Goi M, N ldn luot Id trung diém AD va BC. Quay hinh chit nhdt d6 xung
. quanh truc M N, ta duge mdt kinh tru. Tinh dign tich todn phdn 8,, ctia hinh tru d6.

A Sy = 4x B.Sp=2x C S =6x D, Sy, = 10m

. ;e .. AD
GIAIL Dubng sinh elia hinh tryild ! = AB = 1, bin kinh mit daylar = -5 = 1. Do dé dién
tich toan phén cfia hinh trz 13
. Sip == 2wl + 277 = 4.
Vay dép an diing Ia A. O
C. BAI TAP TU LUYEN

BAI TAP 6.18. Goi h, R lan luot 1a d5 dai chidu cao va bén kinh ddy clia hinh try déng (7).
Dién tich ming.quanh S, cia hinh tru (T} 14

1
A. Spq = 2nRA B. 5., = 7Rk C. §ag = 57RA D. Szq = mR%A

BALTAP 6.14. Goi [, », R 1&n lugt I3 d6 dii dudng sinh, chidu cao vi ban kinh mit ddy cia
hinh try (T). Dién tich toén phén 5., clia hinh tr (T} 12

A. Sy = 2RIl + 2w R? . B.Sy =7mRh+R?

C. S, = 7RI+ 2xR? D. 5y, = nR%h + B2
» 1

BAITAP 6.15. Goi h, r lan lugt 13 d6 dai chidu cao va ban kinh ddy clia hinh tru (T). Thé tich
V clia khéi tru (T) 1a: :

AV = g-.-rth BV = %w}?h C.V =k D.V = nih

BAITAP 6.16. Cho hinh tru ditng c6 bén kinh déy 5 cm, chidu cao 4 cm.Dién tich toan phén
ctia hinh tru nay la: .

A. 907 (em?) B. 92r(cm?) C. 94n(cm?) D. 86x{cm?)
BAITAP 6.17. Cho hinh tru c6 bén kinh déy 6 cm, chiéu cao 10 cm.Thé tich clia hinh tru i

A. 3207 {cm®) B, 360 (err®) C. 340m(em®) D. 300 (cm?)
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BAI TAP 6.18. Hinh tru (7)) dugc sinh ra khi quay hinh chit nhit ABCD quanh canh AB.
Bift AC = 2ev3vA ACE = 45°. Dién tich toan phin &y, clia hinh tru (77 1

A. 8y = 16ma? B. S, = 8na® C. S¢p = 12ma’ D. 5y, = 24ma®

BAITAP 6.19. Cho hinh try diing c6 bén kinh ddy bing R va chidu cao bing %R. Mit phing

(o) song song vdi truc clia hinh tru vA cdch truc mdt khodng bang ? Dién tich thiét dién cla
hinh try véi mat phing (o) la:
3R%V3 g 23 c 3V3 p, 2RV2

2 Y3 )

A ) —

BAI TAP 6.20. Cho ling tru ding ABC.A'B'C’ cé canh bén AA’ = 2a. Tam gidc ABC vuéng
tai A ¢6 BC = 2a+/3.Thé tich c¢lia khéi tru ngoai tifp khéi ling tru nay 1a:

A 6na® B. 4mwa® C.27a® D. 8mwa®

BAITAP 6.21. Cho hinh tru ¢é ban kinh R. AB, CD 1in lugt 14 hai day cung song song vii

nhau vi nim trén hai duding trén ddy cé cing do dai bang R\/_ Mzt phing {ABCD) khéng
song song va ciing khong chita truc cfia hinh tru. Khi dé vt gidc ABCD R hinh gi 2

A, Hinh chit nhat B.Hinhbinhhanh  C. Hinhvudng D. Hinh thoi

BAI'TAP 6.22. Cho hinh lang tru tam gidc déu cé canh ddy bing a vA chifu cao bing k. Khi
d6 thé tich cfia khéi try ndi tiép ling tru s bing:
A mha? rha? 2wha? D drha?

2 B'3 7 C'Q T3

BAI TAP 6.23. Thiét dién qua tryc cfia hink tru (T) 13 mét hinh vudng cé canh bing . Dién
tich xung quanh S, cha hinh tru (T &
i

A ma? B. Eﬂaz C. 2ra’ D.a?

BAITAP 6.24. Mt hinh tru (7" c6 dién tich xung quanh bing 4r va thiét dién qua truc clia
hinh tru nay 14 mét hinh vudng. Dién tich toin phin cha (T) li:

A 8w B. 127 C. 107 D. 67

BAI TAP 6,25, Mot hinh tru ditg c6 ban kinh bing 5 em va chiéu cao bfmg 7 em. Citkhéi try
bang mot mit phang song song véi truc va cach truc 3 em. Dién tich thiét dién tao bai khbi
try va mit phéng bing:

A. 52 em? B.54 em? C. 56 em? © D.58 an?
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BAI'TAP 6.26. Cho hinh try déing ¢6 bén kinh R; AB; CD lin ot 1z hai day cung song song

v6i nhau nim trén hai dudng tron ddy cb cling 4§ dai Ia Rv2. Mit phing (4BCD) khéng

song song va cling khéng chita truc clia hinh try , géc giita {ABCD) va mit day bing 30°.

Thé tich khéf tru bang: :

nR3VE 5 TR/E 7’33 TR*V2
2 i 3

BAITAP 6,27. Mt hinh tru ¢6 chu vi clia dudng tron déy 4ma, chidu cao ¢. The tich cha khéi
tru nay bang:

A.

3 . C.

D,

. 4
A. 4ma® B. 2za® C. 167a® D. §m3

BAI TAP 6.28. Hinh tru c6 bén kinh déy bing 2+/3 va thé tich bing 24x. Chidu cao hinh tru
nay béng:

Al B.6 C.2v3 D.2

BAITAP 6.29. Mot khéi tru c6 thé tich bang 20. Néu ting bén kinh dubdng tron diy 1én hai
Ian thi thé tich cfia khéi try méi 1

A.60 B. 40 C.80 D. 120

BAI'TAP 6,30. Mot hinh tru ¢6 duting kinh d4y bing véi chidu cao ciia né. Hoi néu thé tich
ciia khéi tru bing % thi chidu cao clia hinh try 13 bao nhigu?

A VA B.2 C. V2 . D.¥4

BAITAP 6.31. Cho hinh try ni tiép trong hinh lap phudng cé canh béing z. T s6 thé tich
clia Khdi tru va khéi ldp phuong teén 1a: :

T F T 2

A B.z Cz D. 3
D. LOT GIAI VA PAP AN '
GIAI BAI TAP 6.13. Hinh tru diing c6 d5 dai dudng sinh 1 = h.
Ddp dn dingla A
GIAI BAI TAP 6.14. Pdp dn ding I3 A.
GIAI BAI TAP 6.15. Dip dn ding 12 D. o
GIAI BAI TAP 6.16. Hinh tru ding cé Sy, = 27 Rh + 27 BZ.
Ddp dn diingla A. [
GIAI BAITAP 6.17, Hinh tru ¢ V = wh%h.
BDdpdn dingla B. a
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GIAIBAITAP6.18. ABCD lahinhvudng, h = AB=BC=r= AC _ Ve

V2
Hinh tru cé Sy, = 2arh + 2702,
Ddp dn dung la D. . a-

GIAT BAT TAP 6.19. Thiét dién I3 hinh chil nhat ¢6 1 canh ba.ng chiéu cao h clia khcn tru,

canh con lai 14 d6 dai ddy cung clia hinh tron ban kinh R céch tim mét khodng bang 5
Pdp dn diungla A. - a

GIAIBAI TAP 6.20. Mit ddy clia khéi tru ngoai tiép lang tru 13 dudng tron ngoai tiép tam
giac ABC. Bén kinh clia dudng trdn nay la R = lBC =av3,
PdpdndingliA o

GIAI BAI TAP 6.21. ‘Ddp dn diing 14 B. : a

GIAI BAI TAP 6,22, Mt diy clia khbi tru ngoai tiép ling tru la duding tron ngoai tiép tam
gide déu ABC. Bén kinh clia dudng tronnayla R = % Puting cac khéi tru 12 k.

Thé tich khdi tru: V = 7R*A.
Ddp dn dungla B.

GIAI BAI TAP 6.23. Ddp dn dingla A,
GIAI BAI TAP 6.24. Dédp dn diinglaD.

oo oA

GIAI BAI TAP 6.25. Ddp dn diing 12 C. _
GIAI BAI TAP 6.26. Dubng cao khbitrula h = Rv3. tan % RT\/E

Thé tich khéi tru : V = wR2h.

Ddp dn diing la A. ]
GIAI BAI'TAP 6.27. Ddp én diing la A. : a
GIAI BAI TAP 6.28. Ddp dn diingla D. o

GIAI BAI TAP 6.29. Khéi try c6 V = wR%h. Néu ting bén kinh 1én 2 lén thi thé tich khéi try
sé ting lén 4 lan.

Ddp dn diing ld C. ]
GIAT BAI TAP 6.30. Chu vi duting tron diy bing chiéu cao k. Ban kinh R = 2£ Thé tich
hd i
o
Ddp dn dung id B. a
GIAT BAT TAP 6.31. Bén kinh duding tron déy clia tru A R = %
Dép dn dinglaA. a
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CHUYEN PE6.3 -
Mat cau
A TOM TAT LY THUYET

1. Mit cdu S(O; R) 1 tap hgp cdc
diém M théa man OM = R.

2. OHy < Rthi (Py) cét (§) theo mét
dudng tron ¢é ban kinh r thdéa man

r=4/R? - OH%.

3. OH, = R thi () tiép xtic (5), (P2)
duge goi la tidp dién cha (5).

4. OHy > Rthi (P5) khong cit (S).
5. 0K; < R thi A, cét (5) theo diy

cung AB théa man (P)
AB
5=y -OKL. (P2)
6. 0K, = R thi A, tiép xic (S), Az (P)

dudc goi I3 tiép tuyén cha (5.

7. 0Ky > Rthi A; khong cit (8).

8. Mit cu {§) cé ban kinh R, khi d6
thé tich va dién tich clia (5) 13

5 =4rR%LV = -:—WR3

B. CAC DANG BAI TAP

VIDU 6.5. Cho hinh chdp S.ABCD c6 diy ABCD Ii hinh vuéng canh o, S A vudng géc vdi ddy,
SB = av/3. Tinh dién tich mét cdu ngoai tiép hinh chdp $.ABCD

A8 =rmd? . BV= g'.'raz C.V =d4nd?® DV = 2na®
GIAL Goi I 13 tdm clia ddy ABCD va M H trung di€m S A. Tm cfia khéi ciu ngoai tip hinh

chép 1a 0 1a giao diém clia mit phéng trung tryc clia $A va duiing thing qua I vi vudng géc
véi ddy (ABCD).
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Do SA 1. (4BCD) nén OIAM lip thanh mjt
hinh chit nhit. Ta cé

SA=+/88% — AB? = /322 — 02 = 0/2

nén AM = —32'—4 = a\/_ . Lai ¢6 ABCD Ia
hinh vudng nén tdm I cua déyla giao difm hai

dudng chéo AC, BD. Do dé

1 a2
Al = EAC_ -

Suy ra béan kinh hinh cu ngoai tiép hinh chép:
R=0A=VAM? 4+ AI?=q

Do véy dién tich mat cdula V = 4rR? = 4na?.

Viy dép én diing la C.

i DU 6.6 (Dé Minh hoa THPTQG 2017). Cho hmh chdp S.ABC ¢6 ABC la tam gidc deu
canh béng 1, mgt bén SAB 12 tam gidc déu va ndm trong mét phdng vudng géc vdi ddy. Tinh
thétich V' eiia khéi cdu ngogi tiép hinh chép di cho.

5151 5157 4/3x 57
V= V= V= DV=22
AV 18 BV 54 C 27 V= 3

GIAL Gol I, K Ia tim dudng trdn ngoai tGép hai tam gidc ABC v SAB. Khi d6 tam khéi cdu
ngoai t1ep hinh chép 1 giao clia hai duding thingqua I vudng géc vii (ABC) va dudng thing

qua K widng géc voi (SAB).

Do ASAB déuva (SAB) L (ABC) nén OKIH 1
hinh chit nhét véi H 13 trung diém AB. Mit khéc,

1 i
= =4j12~-(2) = ¥2
SH=CH 1 (2) 5

nén SK = gSH - % OK = HI = —CH - ‘/?5
Suy ra bdn kinh khéi cdu ngoai tiép hmh chop 13

R=+/SKiyOK? = X2

Thé tich khéi ciu I v=dppe o SV
3 54
Viy ddp an ditng 1a B.
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C.BAI'TAP TU LUYEN
BAITAP 6.32. Dién tich clia mit cdu c6 ban kinh R 1a:

A 4w R? B. 2w R? C.2rR® D.arR®
BAITAP 6.33. Thé céia hinh ciu 6 bén kinh £ ;

A. é-n'R:'1 B.4rR3 C. 2 k® D. E:rrR3

BAI TAP 6,34, Khi ting bén kinh ciia hinh cAu 1én 2 n thi thé tich hinh cdu dé ting hodc
gidm bao nhiéu 1in?

A Tang 8 lén B.Tang 4 lan C.Gidm 414n D. Tang 8 l4n
BAITAP 6.35. Cho diém M thugc mét ciu (C) tim O bén kinh R. Hoi ¢6 bao nhiéu mit ciu
voibén kinh r < R tiép xtic véi mit chu (C) tai dim M?

Al B.2 C.3 D4

BAITAP 6.36. Cho hinh chép 8.ABC cd ddyla tam gxac ABC vudng tai A, cé SA vudng goc
v6i mét pha.ng (ABC). SA = 0; AB = b, AC = c. Miit cdu di qua cic dinh 4, B, S, ¢ ¢6 ban
kinh r bing bao nhigu?

2 2 2
A—g(“;’“) pye torte *’2” te C2/a@+t+? DV ib+a

BAITAP 6.37. S6 mit cu chita mdt dudng trdn cho tntdc 1
Al B.2 C.3 D. V6 sb

BAI ']:AP 6.38. Trong cic da dién sau diy, da dién nao khung luén ludn noi tidp dudge trong
mét mit ciu?

A Tvi dién B. Hinh chép ngii gidc déu

C. Hinh hop chit nhat D. Chép tit gidc *
BAITAP6.39. Cho hinh try ¢ ban kinh bing . Goi O; O' 1dn gt 1 tAm hai ddy véi 00" = 2r.
M6t mit ciu (C) tiép xiic vdi hai ddy ciia hinh try tai O v O'. Trong cic ménh d3 dudi day
ménh d8 nio sai?

A, Dign tich mét ciu bing dign tich xung quanh cfia hinh tru.

B. Dién tich m#t cAu bing % dién tich toan phin cfia hinh tru.

C. Thé tich khdi cAu bing -2— 14n thé tich khéi tru.

D. Thé tich khéi ciu bing % 14n thé tich khéi try.
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BAITAP 6.40. Trong cic ménh dé sau day ménh dé no sai?

A. Bit Ki mgt hinh ti7 dién nao ciing c6 mdt mit ciu ngoal tiép.

B. Bit ki m§t hinh chép déu nio cfing c6 mdt mat cdu ngoai tiép.

C. B&t ki m6t hinh h$p ndo ciing c6 mét mit ciu ngoai tiép.

D. Bit ki mdt hinh hép chit nhat nio cing cé mét mat ciu ngoai tidp.
BAITAP 6.41. Mgt hinh nén cé ban kinh ddy bing R, dudng sinh hop véi day mét gée 307,
Dién tich mit ciu ngoal tiép hinh nén nayla ;

2 2

B. 811';1‘. | C. 161;}?.
BAI TAP 6.42. Ménh d& nio sau diay 13 ding ?

A 4nR* D.3xR?

A TAm mit cAu ngoai tiép mét hinh hép ludn 14 glao difm clia 4 duding chéo hinh hép dé.
B. Cé it nhét hai hinh tru khéng biing nhau ciing ngoai tiép mét hinh ciu,
C. Cdc dinh cfta mét hinh chép tif gidc cling nim trén mét mat cu nao do.

D. Mt cdu 13 mit duge tao thanh khi quay mét duding trdn xung quanh mét dutdng kinh
batkiclané.

BAITAP 6.43. Ciu nio dudi dayla sai?
A. Hinh trdn xoay c6 it nhat mot truc 461 xing,
B. Mit cdu cé v6 sb truc dbi xing.
€. Hinh tru ¢d duy nhit mét tim d6i xing.
D. M3t ciu c6 duy nhit mdt mit phing déi ximg,

BAITAP 6.44. Cho haimat cau (S1) tAm Oy, bankmh Riva(Sy)tim O, bankinh Ry R, < Ry
tiép )mc ngoai vdi nhau tai P, ch {$1) la mat cAu dudng kinh AB ma 4; B 14 giao diém clia
mat cau (51) va (Sy) vi duding thing 0,0,. Mit phéng (o) qua Pva vudng goc vai 0,0, cit
mit cdu () theo mot duding trdn (C). HAL duding trdn (C)ed ban kinh 1 bao nhigu ?

A R1Ry B.2\/ RiRy C. LV 2R Ry D. Dé.p 4n khde,

BAI'TAP 6.45, Cho hai diém 4; B c dinh, phén biét va di€m M di dong sao cho MA = 2MB.
Tim qu¥ tich cdc difm M nhu vy,

A. Mit phing B. Duting tron

C. Mit ciu D, Tét cic phudng 4n da cho déu sai
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. BAI TAP 6.46. Cho hmh tty (T) 6 hai ddy 13 hai dudng tron (0),(0") tam O, 0’ cling ban
kinh r. Goi () 14 hinh cdu c6 dudng kinh 13 00" Néu (S)nm tiép (7)) thi hinh nén dink ¢
" déy O c6 diém tich xung quanh béng :
% 2 :
M BT \/_ C. w25 D.2xr? V5
BAI TAP 6.47. Cho mit cdu (S) tim O, bidn kinh B vA mit phéng (P) ¢6 d (O(P)) =R Mla
mft difm tity ¥ thudc (S). Dudng thing OM cét {P) tai N. Hinh chiéu clia O trén (P) I4 J.
Néu JON = 60° thi IV bing:

AR B.RV3 C.RVZ DER

BAI TAP 6.48. Trong mit phing (a), ¢ho dudng trén (C) tim O, ban kinh R va duiing thing

d nep xic véi (C)tail. (8) Ia mat ciu khi quay {C) xung quanh diting thing O7. Nhin dinh
nao dudi day la ding 2

A. (P) cit (S) theo mét dﬁbng dn B.(P)latiép diéncla S
C.d(0;(PY)>R D. Tit ¢4 céc phudng 4n da cho déu sat
D. LOT GIAI VA DAP AN
GIAI BAI TAP 6.32. Ddp dn ding I3 A. O
GIAI BAI TAP 6.33. Pdp dn diing I3 A. : o
GIAIBAI TAP 6.34. Ddp dn dingla A o

GIAI BAI TAP 6.35. Hai mit cu tiép xic trong vi tiép xtic ngoa.l mit ciu {C).
Ddp dn diing 1 B. a

GIAI BAITAP6.36. Liy M 13 trung difm clia BC; H 1 trung didm clia SA. Ta 6

2 2 P3 ¥] 2
r=0A= VAMI+OME = | 4 (L2 2*” y = Ve +2b tet

BDdp dn dingla B. ' O
GIAI BAI TAP 6.37. Bdp din diing I3 D. D
GIAT BAI TAPS. 38 Vivdichép t gide ¢6 ddy 1a mét tit gidc khong ni tiép thi s& khdng c6
hinh cdu ngoai tiép tit gidc dé.

Bdp dn dingla D. O
GIAI BAI TAP 6.39.

Sew 4.2 4mr?

2
Siptrw 2072 + 272 6wr? 3
Ddp dn ding li B,
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GIAI BAI TAPG 40. Khong phét hinh hép nao ciing ndi tiép trong mdt mat ciu,

Bdip dn ching 1a C. O
GIAI BAI TAP 6.41. Bén kinh mit cu la R = 27% Dién tich mit ciu ia

S=4rR”? = }Ef,}_{f_
Ddp dndingla C. 0
GIAI BAI TAP 6.42. Ddp dn diing la D. o

GIAI BAT TAP 6.43. Moi mit phing di qua tAm clia mét cdu déu 1h mit phing dbi xing cla
miit ciu.

Pdpdn diingla D. 8]
GIAT BAT TAP 6.44. Theo hé thitc Iugng trong tam gidc vuéng, ta ¢6 ;

= (2R))2R2) = R = 2/ RiRs.
Ddp dn dungla B. 0

GIAI BAI TAP 6.45. Goi C, D 1A nhitng diém chi trong vi ngoai doan AB véi ti 36 bing 2 thi
¢, D ¢8 dinh va CMD = 90°. Vay tip hop nhitng diém M i3 mét mit cAu.
Pdp dn dungla C. u|

GIAI BAI TAP 6.46. Dap 4n 13 C. Néu mit ciu ($) ndi tifp (7 thi duting kinh cia mit ¢in
(S) bing 2r = 00’ = 2r. Do dé dudng sinh cha hinh nén dinh ¢, day (O) 1 »v/5. Viy
ng = ar.ry/5 = i /5,

Dap dn dingla C. . O

GIAI RAI TAP 6.47. AION vubngtai I ¢6 TON = 60° nén IN = OI.tan60° = Rv3.
Ddp dn diing la B.

GIAI BAI TAP 6.48. Tathiy (P)LOJ tai f nén (P) 1a tiép dién clia (5).
Ddp dn ding la B. O
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CHUGNG 7 - -
PHUGNG PHAP TQA PO

TRONG KHONG GIAN

CHUYEN DE 7.1 - 7
Cac bai toan vé toa dd diém va vectd

A. TOM TAT LY THUYET
1. Hé toa d6 trong khiing gian

Hé gdm ba truc Oz, Oy, Oz dii mjt vuﬁng gbc vdi nhau dugc goi 1a ké truc toa dd Dé-cic
vudng goc Oxyz trong khong gian, hay ddn gian 13 ké tpa d§ Oxyz.

o Goi 7, 7, & lin hugtIa cc vectd don vi trén céc true Oz, Oy, Oz.
O dudc goi la géc toa do.

« Céc mat phing (Ozy), (Oyz); (Ozz) d6i mot vudng géc vii nhau dugc goi la cic mdt
phdng toa 46,
‘2, Toa dd cha vectd

* Trong khéng gian Ozyz cho vectd & véi o = T7 + y? +zR. Khi ds, b ba s (z:y; 2)

dugc goi 1a toa 44 ciia vecto T dbi véi he toa 40 Ozys va dude ki higu 1a: ¥ = (z;y;2)
hodc W {z; y; z).

* CAc biéu thifc toa 45 cla vecto:
Cho hai vecto & = (z1;y1; 21) VAt = (za; 423 22) va hiing sb k € R:
s@l=Ben=mp=yma=mn
o W £ = (3 Loy £ 1021 £ 2)
o ki = {kz1; kyr; kza)
s wl @b e ke R0l = ke & w = kaoiyy = kyz 21 = kzg

o W= I‘HIJ‘@LCOS (ﬁ. 17%) =T+ Yz + a2

L
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! 2
o [@] =yl = /a}+ef+ 22

_)
o cos (@ 175) _ FYERTES _ 122 + iy + 2122
[aal -T2l /zF 08 + /23 + 4 + 2

s wlil e cos(l; @) =0 ulil =0e nz+nm +2ze =0

3. Toa 46 clta diém
* Trong khéng gian Ozyz cho diém M ity ¥ véi OM = (2ar; yas: 2ar)- Khi d6, b ba sb
(ar; yar; zar) dudc goi 1a toa d6 ciia digm M dbi véi hé toa dd Oxyz va dudc ki hiéu la:
M (20e5 Ynrs 2ar)- :

* Céc bidu thiic toa dé clia didm: ,
Cho bén difm: A (z4;94;24); B (28:98;28); C (2e:ve: z0); D (Tpiyp: zp).

e AB = (xr —zaiym —yz};ZB“zA)
. 'AB=\/(-’£B—:rA)2+(UB—yA)2+(zB—2A)2
NéwMTA = k3B (k # 1) thi g = 42201y, PAZSUE,,,, 242 R0

“% -k 1—k
o Néullitrung diémcia AB thi: z; = =4 ;wa;y; =34 ;ys;z; = ZA-;ZB

o Néu G 13 trong tim tam gide ABC thi:

_Zatzptzc, G_'yA+y3+yc_z _ZAatze+zco

ke 3 Y 3 3 3

e Néu G la trong tAm tit dién ABCD thi:

1o = mA+m5+Ic+zD_y _ yA+ya+yc+yp_z _zatzg+tzc+zp

1 e 4 ¢ a

4. Tich ¢6 hudng ctia hai vecto

* Trong khéng gian Oxyz cho haivectd ¥ = (a;h;¢) v& ¥ = (o;i¢/). Tich c6 huéng cha
hai vectd & va ¥'; dudc ki hidu [@; 7] holic ¥ A ¥, 12 mot vectd dudc xic dinh bai:
b e c e a
; ; = (bc' — b'e;ea’ — dajab’ - a'h)
b’ cl cf a’ a’ bf

(2] =

* Cdc tinh chit co ban:
. [ﬁ),ﬁ} =0y ['Tf, T'}}] =0:[d; ¥ = - [T 7]

* Véc td [3; 7] vudng géc véi c hai vecto ¥ va 7.
o [ %) = 2. 19| sin (F; 7).
» Haivécto 7, ¥ cing phuong« 7 || 7 & [¢;7] = 0.
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* Cécing dung clia tich c6 hudng:
« Bavecto @, ¥ va o déng phing « [o; ¥].W =0.
« Néu ABCD I hinh binh hanh thi: Sascp = \ [ﬂ?’; ﬁ] |
Xhi d6, Sasc = % \[2B; 1] |
« Néw ABCD.A'B'CD la hinh hp thi: Vanop. amrcror = | [AB; AD] A4
Khi d6, thé tich t6 dién ABCD K Vagep = % |[42:4¢] 4B},

B. CAC DANG BAI TAP
Dang 1: Tim tga d6 ciia mét vectd vi cic yéu 16 lién quan |

Phutong phap gidk: S dung dinh nghia, khai niém cé lién quan dén vects va cdc biéu thic
toa dd.

ViDU 7.1. Trong khéng gian Oxyz, cho bavecto @ = (5;7;2), T = (3;0;4), @ = (-6, 1; -1).
Héy tim toa d6 cia vecto ™ =39 - 20 + 7.

Am=(322-3) Bm=(3-3%22) CHB=(-3322) D= (3223)

GIAL St dung céc biéu thitc toa 46 clia vectd, ta cb:

3d = (18;21;6)
07 = (~6;0;—8) > M =33 —20 + ¢ = (3;2%-3)
¢ =(-61-1)
Vay dép dn laA. u

ViDU 7.2. Trongkhong gianOxzyz, cho bon vectd @ = (2 1,0),
va @ = (3;7;=7). Hdy bidu dién vecto ¥ theobavecto @, b, 7

3

AT=37-10+7¢ Bd=F-30+7¢
Co=28+3b+7¢ Do=2d-3b+72

7= (1;-3;2), @ = (22 -1)

GIAL Gidsittacébibudifn @ =m@ +nb +p¢, khidé:
H=(2m+ntdpm—ntinin-p=(37%5-7)
2m 4+ n 4+ 2p =3 m=2 5
Swyra{m~n+2p=7 @{n=-3=>" =24 -3b+7

2n—p=-T7 p=1
Vaiy ddp én 1aD. o
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Dang 2: Tich vd hudng va cac iing dung cilia tich v huéng
Phudng phap gidi: S dung dinh nghia tich v4 huéng va bigu thite toa dd cha tich v6 hudng.

ViDU 7.3. Trong khéng gian Ouyz, chovectd @ =i + 7 + 2k . Bidt| 2| = v/5, khi dé gid
trf eciam bdng? '

AD B.1 Cz ' D.-1
GIAL S{t dung dinh nghia va céng thiic tinh 46 dai chia mét vects, ta co:
T =(mL2) == vm2+12+22 = v/m? +5.

Khi dé:
[Z]=v5e vVmi+5=vEeml=0cm=_0
Viydap anla A u

ViDU 7.4. Trong Oxyz, cho ba dism A (1;0;=2), B(2:1; -1} va C{1;—2;2). Tinh dé dii ba
canh AB, BC vi CA clia tam gidc.

A1 V3 2E B.V3;v19;2v5 C 2v5v19;v3 D.v/3;2v/5: /19
GIAL $it dung bidu thiic toa dd clia diém, ta cé:
4B = (1;1;1), BC = (-1 -33),CA = (62 —4)
Do dé: AB=|E|=m=x/§
BC = [§5| =/ (1% + (~3)2 +32 = /10

cA=|TA| = \Jor+ 22+ (-9 = VIO =25
Viy dap an la B. m]

VIDU 7.5. TrongOzyz, cho ba didn A(~1;-2;3), B(0;3;—1) va C (4;2;2). Tink AB.AC va
cosin ctia géc BAC.

. 23 . -9 ., 9 —-23
A 23va B.-2%va C2Mva—— D —23uva
6v/35 2+/35 2+/35 6+/35

GIAY. Sit dung bidu thitc toa dé ciia tich v6 huéng, ta cé:
AB =(1;5-2) , AC = (5:4;~1) = AB.AC = 1.5+ 5.4 4+ (—2) . (—1) = 27.

Theo cdng thiic tinh gdc gifta hai vectd, ta cé:

SBAC = con (AB; AC) = BAC . _ -
03 BAC = cos (4B; AC) [4B|.|&C]  Jramecori et
27 9

T V0. a2 273
Vay dap dn la C. O
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: [Dang 3:Tim toa d9 ciia dim dic biét I
Phu’dng phap gidi: St dung cong thic va cdc tinh chit hinh hoc djc biét d€ tim méi quan hé
giita céc vectd, tit d6 tim toa d ciia diém déc biét.

VIDU? 6. TrongOzyz, chobad:emA(l 0;-2), B(2;1; -1) va C (1;—2; 2). Tim toa dé trung
didm M cia canh ACT va trong tdm G cida tam gidc ABC.

A M(L-1;0) vaG(4; —1; 1) B.M(1;-1;0) vaG (é -=; w—)

C M{2;-2;0) va G(4;-1; 1) D . M(2;-2;0) va G (‘—1—1—1)
. 1 2] A 31

GIAL Theo cong thic toa d6 cira trung didm va trong tam, ta cé:

_Tatrc . yatve _ 24+ 2o
M= =Ly = 2 Lzy = — =0
N _ZTatzptag 4, _Yatystyc _ l _*atzg+sc _ 1
Ve Fo= Zs'lyc"l 3 B 3 =73
S ML =L vaG | o5—=—= .
uy ra: M( l.ﬂ)va (3 3 3)
Viy ddpdnla B. . O

vipy 7.7. Trong khdng gian Oxyz, cho ba digm A(—3; ~2;0), B(3;-3;1),C(5;0;2). Tim toa
dg didm D sao cho tit gidgc ABCD lg hinh binh hanh.

A D(-1;1;1) B. B(2;1;1) C.D(-1;2;1} D.D(1;1;1)

GIAL Goitgadd DA D (zp;yp; 2p). Kii dé: AB = (6;—1;1) va DG = (5 ~ 205 —ypi 2 — 2p}.
Theo tinh chit hinh binh hanh, 28 = DO nén:

S—zp==§ rp=-1 :
—“yp=-1 =qyp=1 =D(-L;1;1).

P

Z—zp=1 Zp =l

Vay dép dn la A, _ o
C. BAI TAP TU LUYEN

BAITEP 7.1. Trong khong gian v&i hé toa dp Ozyz, cho vecto & = 27 + k khi dé toa dd
clia i déi hé toa do Ozyz I

A (1) B.(2;0;1) C.(2;1;0) D.(1;0;2)
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BATTAP 7.2. Trong khong gian vii hé toa d§ Ozyz, cho ba vectd 7 = (2:31), T =(L1-1)
va ¢ = (2;3;0). Tim toa d& cila vectd dbigtd =247 +702

A. (5;7;0) B.(2:3;1) C. (531 D.(-2;-1;1)

BAITAP 7.3. Trong khong gian véi hé toa d8 Ozyz, cho vectd ¥ = (e;b; ¢), khi d6 16 dai cha
7 dugc tinh theo cBng thitc nao sau day?

AvVat+b+e B.a+b+ec C.vVa2+b+c2 D.a®+8 +¢2

BAIJAP 7.4. Trong khéng gian vdi hé toa d6 Ozyz, tich v hudng efia haivectd @ = (us; az; ag)
vd b = (b1; ba; b3} dugc tinh theo cong thifc nao sau day?

A. a1hz + a2l + asbs B.aiby + aghs + aghs
C. aibs + ashys + azby D. aibs + azhs + agh
. - .
BAITAP7.5. Trong khong gian véi hé toa d6 Ozyz, chohaivecto @ = 7 -3k va® = 1 +&.

Khi d6, tich v& hudng clia hai vectd @ va 7 142

A -3 B.-2 C.3 D.2

BAI TAP 7.6. Trong khong gian véi hé toa dd Ozyz, cho hai vecto 7 = 27 + mE +37 va
¥ = 7 — k. Timm dé tich v hudng cfia hai vectd 7 v 7 bing 22

A2 B.3 C.0 D.1
BAI TAP 7.7. Trong khéng gian vdi hé toa d5 Ozyz, cho hai vects @ = (L;1;2) va b =
(J::O;l).'['itﬂ:r:>0dé"?+?| = 26?

Ax=3 B.z=—4 Cx=-2 Dzx=4

BAI TAP 7.8. Trong hé toa dé Ozyz, cho hai vectd OM =37 — KvaON = 7 — %.Tinh
d5 dai doan thing MN?

A3 B.4 C.V3- D.2

BAI TAP 7.9. Trong khong gian véi he toa d9 Ozyz, cho vecto OM = —k — 37 . Goi M’ la
didm i xiing ciia M qua goc toa d6. Tim toa 46 cia didm M*?

A 30 B.(3;3;1) C.(0;1;3) D.(1;3;0)

BAl TAP 7.10. “Irong khng gian véi hé toa 8 Ozyz, cho hinh binh hanh ABCDvéi A(1;2;1),
B oY v (15 2), Tim toa @6 dinh D?

Al B B.{1:1;3) C.(1;,-2;-3) D.{-11;1)
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BALTAP 7.11. Trong hé toa d¢ Osyz, cho ba vectd @ = (1;,1;0), b = (-2 —-2;0) va 2 =
{-1; 1;1)Chon ménh & sai trong cic ménh 48 sau?

AT B.|7| =2 CFL? DE-T=2
D.LOT GIAI VA DAP AN
GIATBAITAP7.]. Tach: ¥ =27 407 + 1.k = o = (2;0;1).

Ddp dn diing 13 B. D

GIAI BAITAP 7.2, Tacé: d = (24+1+23+1+%1—1+0) = (57;0).

DdpdndinglaA 0

GIAT BATTAP 7.3. Ta c6: d6 dai vectd'?la &) = va? + 82 + 2.

Ddp dndingla C. O

GIAT BAI TAP 7.4. Tich v huéng clia hai vectd @ va b 13: 2.5 = aras -+ biby + ¢y¢s.

Ddp dn diing 13 B. 0

GIATBAITAP7.5. Tact: d = (0;1;-3) VA ¥ = (1:0;1) = & = —

Ddpdn dingla A. 0

GIAIBAITAP7.6. Tac: & = (3;2m)va ¥ = (;0;—1)=> . ¥ =3 —-m=2=>m=1L

BapdndunglaD. a
GIATBAITAP7.7. Tact: @+ = (z + 1;1;3) = |z? +"f3*| =2 4+22+11 = 26 = & = 3 holic
‘g = ~5 (loai). .

Ddp dn diing ld A. ]

GIAI BAITAP 7.8, Tac6: M(v3);0;—1vaAN(0;1; -1} = MN = 2.
Ddp dn diingla D, 0

GIAI BAI TAP 7.9. Ta c6: M(0; —3; —1vao(0; 0; 0} 1atmngd13mMM’=>M’(0 3;1).
Ddp dn dingla B.

GIATBAITAP 7.10. Goi D(e;bic) = AB (0, —1; —1) = DO (1 — a5 —b; 2 ~ ¢} = D(L; 1:3).
Ddp dn diing la B.

GIATBAITAP 7.11. Tacé: @ — B = (3;3; 0)#?=>men.hdeDsaJ ‘
Didp dn diing 1 D. O
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CHUYENDPE7.2 X X
Céc bai toan vé phu'ong trinh mat cau

A. TOM TAT LY THUYET
1. Phui¢éng trinh chinh tac

Trong khéng gian Ozyz, mit ciu (S) ¢6 tam I (a; b; c) va bdn kinh R > 0 c6 phuong trinh
chinh tic 2 .

(z-a)+{y—b)*+(z—c) =R?

2. Phitong trinh tdng quat .

Trong khéng gian Ozyz; mét mit cu ($) bat K c6 phudng trinh tng quét 1i:;

Ayt + 2y +2+d=0 (®+5+F~d>0)
Khi d6. tAm J (~a; —b; —c} vabdn kinh R = v/a? + b2 + ¢% — d.
B. CAC DANG BAITAP
Dang I: Cho biét phuong trinh miit ciu, hiy xic dinh tim vi bin kinh clia mét cau dé

Phuong phap giai: Bién ddi phucng trinh d3 cho vé dang phudng trinh chinh tie:

(z—a)+ (-0 +(z-c) = R?

Vi DU 7.8. Trong khing gian Oxyz, héy xde dinh tam va bdn kinh ciia mdt cdu cé phuong
trinh tong qudt saw:  2* + 4% + 2% — 6z + 2y — 162 — 26 = 0.

A I(3;~1;8),R =10 B.I(-31;—8),R=4V3
C.I(3;-1;8), R = 4v3 D.I(-%;1;-8), R =10
GIAI Phuong trinh mit cdu da cho c6 thé viét duge dudi dang:
P4y 22— 6o+ —162—-26=0
@ (z-374+@w+1)*+(z—8°-100=0

& -3+ @@+ 1)*+(z—8)° = 10?

Suy ra, mit cu di cho c6 tim I(3; —1;8) va ban kinh R = 10.
Vaydapanla A O

| Dang 2: 13p phwong trinh mit cAu khi bit tim va bén kinh ciia miit cau déJ
Phuong phép giai: Stt dung phudng trinh chinh tic clia mit cu.

VIDU 7.9, Ldp phuong trinh mdt cdu c6 duimg kinh AB véi A(4; ~3;7), B(2:1;3).
A-32++1)°+(z-57" =6 B (-3 +y+1) 2 +(z-57=3°

Cl-102+@E+2)?+(z-2)7=¢ Diz-12+(@+22+(z-2°% =3

212 Lutong Diic Trong-Nguyén Nhi Théng-Kidu Trang Thily




sphook.vn CHUONG 7. PHUGNG PHAP TOA BO TRONG KHONG GIAN

GIAL Mt chu duding kinh AB cé tdm 12 trung diém I ciia doan AB va ban kinh R = A5
cr_ (%At yatys zateze)  [4+2 ~3+1 7T+3 _ re 1.

Taco.I—( TR )—(2, 5 g ) =&i-L8).

Mitkhdc, AB = /(2 4 + (1 +3) + (3 - 7)> = V36 = 6suyra R = 3.

Vaydip dénlaB. i 0

VIDU 7.10. Trong khong gian Oxyz, ldp phuong trink mdt cdu di qua dién A(5; —2; 1) vé c6
tam I(3; -3;1).

A@-30+y+3)7+(z-1)%=25 B+3’+@-3+(z+1)2=25"
Cla+3f +@—-3)"+(z+1)2 =5 D(x-3°+@+3+(z-1=5

- GIAL Mit cu c6 tam I va di qua diém A nén bén kinh ctia mit cu R = IA.
Do dé,

B=IA= /G5 +(-3+27 +(1- 1D = V&

Vay phudng irinh mit cu la: d

(z-37+w+3 2+ (-172 =5
Vay dip dn la D. 5 O

j J—— .

viDU 7.11. Trong khong gian O:c;n,}?:; de;&'.c dink tém va bén kink ctia mét cdu di qua bon
digm A(1;,0;0), B(0; —2; 0), C(0;0; 4) vé géec toa d8 0.

AIL%3),R=2 B.I{-1;2:4), R=1D
c.r(%;~1;2),12= g D.I(-1;1;1), R= 3

GIAL Phuong trinh mit ciu (S) cin tim c6 dang: 2 + 12 + 22 + 2az + 2by + 2z + d = 0.
Theo g4 thidt, ta ¢6:

Ae(=>1-2a+d=0 (1) Be(S)=4+h+d=0 (2)
Ce(§)=16—8c+d=0 (3) Oc(S)=d=0 (4

Gidi hé phuong trinh trén ta c6:d = 0,0 = —, b= —1, ¢ = 2,

Suy ra, phudng trinh mit cdu ($) cAnfimlx 22 4+ 4° + 2% — 2 + 2y ~dz = 0.
Phutong trinh mit cdu cé thé viét dudi dang:

142 2 . 21
“a (x—a) ‘1“(1"-!-1) -5'{2—2) ——E.
Vay miit ciu {$) cé tam I (%;—1;2) véb'énkinhR:Ig.
VaydapanlaC. O
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C. BAI'TAP TU LUYEN

BAI TAP 7.12. Trong khong gian v6i hé toa d Ozyz, mat cau tim I(1;3;2), bdn kinh R = 4
¢ phuong trinh:

Alw—-12+ -3 +(z~2)" =16 Bz—-1¥+{y-3)2+(z~2" =4

Cla-1+@w-3)+(z—2) =16 D.(z—1+{u—3)+(z—-2)=4

BAI TAP 7.13. Trong khéng gian v5i hé toa dd Ozyz, mit ciu tim I(l 2;3), di qua diém
A(1:1;2) c6 phuong trinh: .

Al—1)+@-1"+(z-2"=2 B.(:r:—-1)2+('y—2)2+(z—'3)2=2
Clz-D+{y—-2)+(z—-3)=v2  DE-D+y-3+(z-2)=vE

BAITAP 7.14. Trong khéng gian vdi hé toa d§ Ozyz, cho hai difm A(1;3;1) va B(3; 1; 1). Mt
cau dudng kinh AB cé phuong trinh:

AGE-22+ -0 +(2z-1)%=v2 B.z~3) + -1 +(z-1)%=2
Clz-1)+ -3+ (z—-1)=2 D.(r—2)+(y~2)+(z—l)§2

BAI TAP 7.15. Trong khéng gian véi hé toa db Oxyz, cho bdn difm A(2;0;0), B(1;2; 1),
C(-1;0; —1) va D(0;0; 1). Tim toa d6 tam I clia mit chu di qua bon difm nay.

1.1 1 1 1
ami(iad)  owi(lel)  er(hiel)  ovo(-acd)

BAI TAP 7.16. Trong khong gian vdi hé toa d6 Oxzyz, cho mit cAu (S} : 2 + v + 22 — 2 —
2y — 2 = 0. Chon phdt bidu sai trong céc phat bifu sau?

A Tam I(1;1;0) vibinkinh R = 4 B. Diém A(1; 1; 2) thudc mit ciu.
C. Piém B(1;2; 1) nim trong mit ciu. D. Diém C(3; 1;0) nim ngoai mjt ciu.
D. LOT GIAI VA DAP AN
GIATBAITAP 7.12. Phuong inh matciulk; (z — 12+ (y —3)% + (z — 2)® =186,
Ddp dn dung la A. ]

GIAIBAITAP7.13. TacG: R=IA=+2
= phuong trinh mitcdula: (s - 1% + (g - 22 + (z = 3)* = 2.
BDap dn dung la B. O

GIAI BAI'TAP 7.14. Ta c6: trung diém clia AB I3 tam I(2;2;1) vi bén kinh R = % =2

= phudng ifinh métciuld: (z - 2) + (-2 + (2 —1) =2
Ddp dn diing 1a D. 0O
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- GIAT BAI TAP 7.15. Phuong trinh tong quat clia mit cdu c6 dang:
22 ¥y + 22 + 22 + 2y +2cz+d=0.

Mit cau di qua 4 didm A, B, C, D nén ta c6 hé phutong trinh:

1
da+d+4=0 e=-3
Za+4b+2c+d+6=0 b= -1
—20-2c+d+2=0 c=l
2e+d+1=0 : 2
d=-2
4 1 1
Suyra: tam[(-?:,l;—i).
Bdp dn diing ia C. ]
GIAI BAITAP 7.16. Tac6:tam I(1;1;0) vibankinh R = 2.
Khido, IC' = 2 = C thudc mat ciu = phét bidu D sai.
Ddp dn diing la D. O
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CHUYENDE7.3 —
Cac bai toan vé phuong trinh mit phang

A.TOM TAT LY THUYET
1. Véc to phap tuyén ciia miit phang
* Vécio 7 # T 12 vecto phép tuyén cua mit phang (P) néu gid ciia né vudng gée véi
mit phing (P).
* Chiy:
» M§t mit phing bit Ki c6 v6 sb vectd phdp tuyén.
» Tat ¢4 céc vectd phdp tuyén clia cling m6t mit phing ciing phudng véi nhau.
2. Phidng trinh mit phing

. Mit phang (P) di qua mét difm M (zo; yo; z0) v nhdn 7 = (4; B; O) lam vectd phép
tuyén ¢ phuong trinh Ji:

Al —zo) + By ~w)+Clz—z) =0

* M6t mit phing bit ki ¢ phudng trinh tSng quét 13:
Az +By+Cz+D=0viididukitn A2+ B2+ C* £0

Khi d: vects W = (A; B; C) la mét vectd phdp tuyén chia mét phing.
3. Cac truing hop diic biét
* Phuong trinh céc mit phang toa 6 la: (Ozy) : z = 0; (Oyz) : © = 0va (Ozz) 1y = 0.
* Miit phang (P) khéng di qua gbc O va cit céc truc Oz, Oy, Ox Lan lugt tai A(a; 0;0),
gi(rtljl;'xbl;‘a.q)' C(0;0;c) véii abe # 0 duge goi 13 mit phang theo doan chan vi cé phuong

E + E + f =1,
a b ¢
4.Vi tri twong dbi cia hai mit phing
Cho hai mit phing (a,) Az + By + Clz + D =0va (an) : g + Byy + Coz+ Dy = 0.
Goi i} ni = (Ay; B1; €1) v 73 = (Ag; Bo; Cp) 14n higt )3 hai vectd phép tuyén clia (e) v (az).
Khi dé:
=t _ 1=}
m = k‘nz e - A, A
o {e3) || {a2) & {Dz £ kD, vdi k 1a mdt s6 thuc.

o (m) L (o) & ATLAS & Al = 0 & Aidg + By By + C1Cs = 0.
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5. Khoang cdch tit mit diém dén mat miit phi’ing

Trong khéng gian Ozyz, khuang céch tit diém M (29; vo; 20} dén mat pha.ng (o) : Az +
By + Cz+ D = ( dudc tinh bdi céng thite:

d(M;{a)) = lAzo + Byo + Czo + D|

VAT L BT CE
B. CAC DANG BAI TAP
[ngg 1: Viét phutong trinh téng quat clia mit phing
Phuong phap giai:

* Loai 1. Viét phuong trinh mat phing () c6 vectd phédp tuyén 7 = (A4; B; ¢} va mdt
diém My (zo; yo; zo0) thude (o).
- Phudng trinh (o) c6 dang: A (z — z0) + B (y — vo) + C (2 — 20) = 0.
- Khai trién, rit gon rdi dua phucng trinh v& dang tdng quit: Az + By +Cz+D =0
v6i D = —(Azo + Byo + Cz).

* Loai2. Viét phlidng trinh mit phing () diqua didm Mo (zo; yo: zo) vavectd phép tuyén
song song vii mot vectd ‘& cho truedc.

- Chon vectd phap tuyén cfia (o) sao cho: # |} 7.
— Viét phuong trinh mit phing (o) theo loai 1.
* Loai 8, Viét phudng trinh mit phing {c) di qua difm My (zxo; yo; 20) Va vectd phép tuyén
7 vubng goc vdi hai vectd @ va & cho trude.
— Chon vectd phip tuyén cia (@) sao che: 7 || & A 7.
- Viét phuong trinh mét phing (o) theo loai 1.
* Loai 4. Viét phwong tiinh mit phiing () biét vecto phdp tuyén & = (4; B; C) va mét
difu kign c6 lisn quan dén mit phing {dd dii doan thing, khodng cich,...).
— Phegng trinh (@) ob dang: Az + By+ Cz+ D =0().
— Tit difu kién cha mat phing tim D.
VI DU 7.12 (Dé Mink hoa THPTQG 2017). Trong khéng gian Ozyz, cho hai diém A(0;1;1)
vé B{1; 2; 3). Viét phuong trinh mdt phing (o) di qua A vé vuéng géc vdi AB.

Ars+y+2z-3=10 Br+3y+4z—-T=0
Cr+y+2z— =0 Dz+3y+4:-26=10
GIAL Mzt phang {a) vuong géc vdi AB nén vectd phép tuyén 7} clia (o) song song vdi E
Tacd: AR = (1;1;2) = ta chon 2, = (1;1;2). Khi d6, phuong trinh mat phing («) la
iz +1y-1)+2(z-1)=0&z+y+2:-3=0.
By dép an L A. =
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VfDU 7.13. Trong khéng gian Ozyz, cho phuong trinh mdt phéng (o) : 2z + 3y~ 42 -2=10
va didm A(0; 2;0). Vide phatong trink mét phang (8) di qua A va song song véi ().

Al2r+3y—42+2=0 Bor+3y—4z-6=0
Cl2r+3y—42-3=10 D2x+3y—42-5=0
GIAL Vi mt phing (8) song song véi (o) nén vects phéip tuyén 7} clia () song song vdi
vectd phédp tuyén A7 cha ().
Tacb: 7ig = {(2;3; —4) = chon 7} = (2;3; —4). Suy ra, phudng trinh mit phing (8) ¢6 dang:
2{z—0)+3{y—-2)—4(z—-0)=0
< 2r+3y—-42-6=0
Viy dap an la B, O
V’fDI_I 7.14. Trong khéng gian Ozyz, viét phuong triri.il métphdng(o) di quadidm M (2,5, -7)
vé song song vai gid ciia hai vecto @ = (1;-2;3}va b = (3;0;5).
Abr—2y—32z—-21=0 B.—5x+2y+32-21=0
Co2—2%—32+21=0 . D.-Sz+2+3z+21=0

GIAL Tac: @ A D = (—10;4;6) = —2(5; —2; —3). :
Do dé, ta chon vecto phép tuyén cfia mit phing (o) 1a: 7 = (5; —2; ~3). Suy ra, phutong trinh
matphang(a)la E(z—2)—2{(y—-5)—-3(z+7)=0&52—-2y—3z—-21=0.
Vey dép an la A. O

VIDi) 7.15, Trongkhénggian Ozyz, viét phutong trinh mdt phing (o) di qua ba didm A(2; —1;3),
B(4;0;1) va C(—10; 5; 3).

A~r-—2y—2z—-6=0 B.—z—-2y—2:-5=10
Cr+2y+22-3=0 Dz+2%+2z—-6=0

GIAL Vimitphing () di qua ba dim 4, B, C nén vectd phap tuyén 7, clia (o) vudng goc
vdi hai vectg A ?'1
Do d6, n, || @ = AB A AC = (12;24;24) = ta chon il = (1;2;2).

Véyphﬂdngtrmhmatphang ()l l{z-2)4+2(y+1)+2(z-3) =0 z+2y+22~6=0.
Vay dip dn 1a D, O

Vi DU 7.16. Trong khéng gian Ozyz, vidt phu‘ang trinh mat phang (o) song song vdi mgr
phéng(By iz —y+22—-1=0 dbng thdi(a) cdt cde true Oz, Oy ldn lugt rai hai diém M, N sao
cho MN = 2v2.

Ar—y+4+2:-2=0 Ber—y+2:+2=0

Cz—-y+2z=0 Dzwys+2:+2=0

218 Luong Dite Trong-Nguyén Nhu Thing-Kiéu Trung Thily




sphoole.n CHU'ONG 7. PHUGNG PHAP TOA B0 TRONG KHONG GIAN

GIAL Tacé: (o) || (B) = e || ip = (1;—1;2) = chon &} = (1; -1;2). Phuong trinh mit
phing (o) cé dang:z — y + 22 +D =10.
Theo gid thiét, mit phing (o) ct bai truc Oz, Oy tai hai diém A, N suy ra M(—D;0;0) va
N(0; D; 0).
Khidé, MN =2v3 & VDI + D? =22 2D =8e D =4 & D = £2
Véy dap Gn 12 D. o
ViDU 7.17. Trong khéng gian Ozyz, viét phuang trinh mét phéng (o) di qua ba diém A(1;0;0),
B(0; —2; 0} va C(0;0; —3).
ABr—3y—2:+6=0 B6z—3y—2:-1=0
Cbr—3y—2z—6=10 D6z —3y—2:+3=10

GIAL Ap dung phudng trinh mit phing theo doan chin ta duge phuong trinh mit phéing
@l T+L+Z1et-sy-2-6=0
Vay dip dn 1. C. a

Dang 2: Vi tri tuong dbi clia hal mit phéngj
Phudng phap giak: S dung didu kién song song va vudng géc clia hai mét phéing.

Vi DU 7.18. Xdc dinh gid tri clam d&'mdt phdng (a) : 2z + my + 2mz — 9 = 0 vudng goc vdi
© mdatphéng(8) 6z —y—z—~10=0.

Am=—-4 Bm=4 C.m=-2 Dm=T

gm Ta c6: vectd phap tuyén cfia hai mit phing (o) va (8) Mn lugt 1A 7 = (2;m;2m) va
ng = (6;-1;-1).

Dodé: (@) 1(8) o malil e nlnd=0
&26+m.{(-1)+2m.(-1)=0
= 12—-3m==0

em=4
Viy ddp an la B. ]

vi DU 7.19. Xdc dinh gid trj cliam vin 4 mdt phang (@) : 2o + my + 3z — 5 = 0 song song
vdi mét phdng (3) : nz — 8y — 6242 =0.

Am=4n=-1 Bm=-4n=4
Cm=1n=~4 = : Dm=4,n=—-4
GIAL Taco:
2 m 3 -5 3n=-12 m=4
()i 0’””;-?a—:a?é?”{mafnz_zﬁ{nbm
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Viy dép dn la D. 0

Iﬂang 3: Cac bai todn lién quan dén khodng cach
Phuong phdp giai: $& dung cong thitc tinh khoang cdch tit mét diém dén mdt mit phing.

VI DU 7.20 (D Minh hoa THPTQG 2017). Tink khodng cich tit diém A(1; ~2; 3) dén mar
phdng (P) : 3z + dy+2z+4=0.

5 5 5 V5
A.m--§ B.m-—-ﬁ Cm-—-—vr.—2_9. Dm-—T

GIAI Tacd: d(A; (P)) = |3.:u, + dys + 224 + 4 _314+4.(-2}+2.3 44| _.5

VELETR V20 NG
Viy dap énli C. =i

ViDU 7.21. Tinh khodng cidch gitia hai mdt phdng song song (@):z+2+22+11 =0vd
(By:z+2y+224+2=0. :

Ad=3 Bd=4 Cd=5 D.d=10
GIAIL Taldy diém M(0;0; —1) thuc mit phing (8), khi dé:

. _ ) _[mM+2yM+22:M+11|_]0+2.0+2.(—1)+11|_g_
()3 ) = (b (o)) = 2 et e £ _ 2 SN

Viy dip énla A O

vi DU 7.22. Tim trén truc Oz diém M cdch déu didm A(2;3; 4) v mdt phéing (o) : %2 4 Iy +
z—=17=40.

A M0, -3) B. M(3;6;0) C. M{0;0; 3} D. M(0; -3;0)

GIAL Vi M € Oz nén toa d6 difm M c6 dang (0; 0; 2p).
Ta c6, diém M cach déu diém A va mit phing (o)

-17
& AM = d(M;(e)) @ \/(0—2)2 + (0 —3)2 + (2 — ) = 222171
(M (o) M(IJ (0-97+ (ue - a* = A

=Y 13+ w42=in4_—

2 (zar —17)°
@134 (2 —4) =21
14

& 14 (25 — 8zar +29) = 23, — 3420 + 289

@zi,—ﬁz,\4+9=0

Sz =3
Viy déap an la C. o
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viDbUy 7.23, Vidr phuong trink mét phéing () song song vdi mdt phing (8) : —z+2z+1=10
dbng thii khodng cdch ti diém A(—1;2;0) dén mdt phdng (a) béng V2.

A—z+2+1=0 B—z+2z-3=0 C—x+z—1=0 D—z+z+3=0
GIAL Tacé: (o) || (8) = 7a Il ip = (—1;0;1) = chon Az = {—1;0;1). Phuong trinh mat

phiéng (a) c6 dang: ~z 4z + I = 0. .
Mit khéc, khodng cdch tit didm A dén mét phéng («) bing v2

. _ L+D| _ _ D+1=2 D=1
@d(A_.(a))—ﬁﬁT—ﬁﬁ|D+l|—2®{D+1=_2@{D=_3.
Vi{e) || (A)nén D # 1suyra D = -3
Vay dap dn la B. _ O

C. BAI TAP TU LUYEN

BAITAP 7,17 (Dé Minh hoa THPYQG 2017). Trong khéng gian v6i hé toa d Ozyz, cho mit
phiing (o) : 3z — z + 2 = 0. Véc td nao dudi diy 1a mét véc td phip tuyén cha (a)?

AR =({-1;0;-1) B. W = (%-1;2)
C. 7 =(3-10) D. 7 = (3;0;-1)

BAI ’lfﬁP 7.18. Trong khéng gian véi hé toa df Ozyz, phudng trinh clia mit phéng () di qua
didm A(1;1; —1) va cd vecto phép tuyén 7 = (1;1;1) 1

Axzty—2-2=0 . Bz+y+:.-1=0

C.rt+y+2z-3=0 Dz+y+z+2=0

BAI'TAP 7.19. Trong hé Ozyz, cho ba diém A(0;0;6), B(0; —3;0) va C(6; 0;0). Phuong trinh
nao sau diy khéng 12 phuong trinh clia mét phing (ABC)?

z Yy =z
= —6=0 B.--= - =1
Ax—2y+z 6 3+6
Ty oz
. ~6=0 D--24=--1=
Cz+2y+z 5 3+6 v}

BAI TAP 7.20. Trong khéng gian véi hé toa dd Ozyz, cho hai diém A(1;1;0) v B(3;1;2).
Phudng trinh mit phing trung truc clia doan thing AB l:

Azty—2z=0 Bzrx+z-3=0

Cr+y—-z+1=0 Drty~z-2=0

BAIL TBP 7.21. Trong khéng gian véi hé toa d6 Ozyz, phudng trinh ciia mat phing (o) di qua
ba diém A(3;0;0), B(-1;1;1) va C(-3; 1;2) la:
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Al2r+y+2z—2=0 Brx+2y+2:—-3=0
Cz+2%+4+2z-3=0 Dz+y+22—-3=0
BAI TAP 7.22. Trong khéng gian véi hé toa dd Ozyz, cho diém A(1;0;0), B(—1;1;0) v mit
phéng (&) : =2z — y + 2z + 3 = 0. Phuong trinh mit phing (3) di qua hai diém A, B va viéng
géc vii méat phang («) 1a:
Az+2y+z-~1=0 Bzty+4z—~1=0
Ce+2y+4z-1=0 Dz+y+z-1=0
BAI'TAP 7,23. Trong khong gian vdi hé toa G Ozyz, cho mat phing (a) : 2z +y+22—1=0.
J—_— s . N N
Phudng trinh mat phing (3) song song véi mit phing (a) va cach (a) mot doan bing 3l
AZ2r+y+2241=02z+4+y-+22-+3=0 B2r+y+2z+1=0;22+y+22-3=0
Co24y+2:+3=0204+y+2:~-3=0 D2r+y+2z-4=02z+y+2z-2=0

BAI'TAP 7.24. Cho hai mit phiing (01) : 3z —y+42+2 =0vi () : 32 —y + 42 +8 = 0.
Phuong trinh mit phing (o) song song va cich déu véi hai mat phing (a; ) va (ay) Ia:

Adz—y+4z+6=0 B.3z-y+4z+3=0
Cl3r—y+dz+4=0 D.3z—-y+42z+5=0

BAI'TAP 7.25. Goi (o) 12 mit phing di qua hai diém A(0;1;1), B(1; —3; —1) v song song v6i
truc Oz. Kho#ng céch tit diém C(0; 2; 2) dén mit phing () I:

1 3 : 4 6
- B.— C <= D.
"3 N . V5 N
D. LOI GIAI VA DAP AN
GIAI BAI TAP 7.17, Ta c6 vecto phap tuyén B: 7 = (3;0; —1).
Bdp dn ding 1a D, m}

GIAI RAI TAP 7.18. Phuong trinh miit phing i3:
He-D+1g—1)+1(z+1)=0&z+y+2—-1=0.
Ddp dn dung la B. m|
GIAI BAI TAP 7.19. Phuong trinh mit phing chin (ABC) L:
%+~§§+§=1¢>z—2y+z—6=0.
Dadp dn ding lé C. _ O
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. GIATBAITAP 7.20. Ta cé: trung diém clia AB a M(2; ;1) va 7 = AB = (2:%:2).
Suy ra phudng trinh mét phing trung truc L

2(z-2)+0y-D+2(z-)=0zx+2-3=0.

Ddpdndingla B. O
GIAI BAITAP 7.21. Tac6: AB = {~4;1;1);AC = (=6;1;2) = 7 = AB A AC = (Li%2).
Suy ra phudng trinh mt phing (ABC)} 1a:

1{z—3)+2(y—-0)}+2(2—0) =0 z+2y+22-3=0
Pdp dn dingla B. ul
GIAIBAITAP 7.22. Tacé: AB = (-2 L0)vams = (% -L;1) = i} = AB AT = (1:24).
Suy ra phudng trinh mét phéng (8) 1:

e —1D+2y—-0)+4z-0)=0a2+2y+42—-1=0.
BPdp dn diingla C. a
GIAI BAITAP 7.23. Ta cé: A(0;1;0) € (o) vaRd = (2;1;2) = 7j = (5 1;2).
Suy ra, phudng trinh mét phéing (8) ¢6 dang: 2z + y + 2z + D = 0.
Kho#ng cach giita hai mat phing () va (8) 12 3 nén:

2

& d(4(B) = 3
[20+11+20+D] _2
V2217422 3

eS| D+1=2
< D =1hodcD = -3.

Véy phudng trinh mit phing (8) a: 20 +y + 22 + 1 = Ohofic 2z + y + 2z — 3 =10,
Pidp dn diing la B. O

GIAY BAT TAP 7.24. Ta cé: A1 (0;2:0) € (), A2(0;0; —2) € (on) V&
Toa = oy = Py = (33— 1;4)-

Suy ra, phutong trinh mét phéng (@) c6 dang: 3z —~ v + 42 + D = 0.
Mét phing («) cich ddu hai mit phing (c,) va (o) nén:

& d (A (a)) = d(Az; (o))

o [30-2+40+D] _[B0-0+4(-2+D|

N Y T
‘e |D-2=D-8&D=5

Vay, phudng trinh mét phing (o) 3z —y+4z+5=0.
Bdp dn diing la D. a
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1

GIATBAI TAP 7.25. Tacé: AB = (1; —4; —2) Viiigl = 7 (1;0;0).

Suy ra, vectd phap tuyén clia mit phing (o) g = ABAT = (0; —2;4).
Khi d6, phudng trinh mit phang (o) 1

0z-0)-2(y-1)+4(z—-1)=0¢ 2y+4z-2=0y—22+1=0.

Do d6, kho#ing cich ti difm ¢ dén mit phing (o) i

2—-2241 1
d(c: (a)) = i ——I = ?.
V02 +1t (22 VE
Ddp dn diingla A. &
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CHUYENDE7.4 —
Céc bai toan vé phudng trinh duding thang

A. TOM TAT LY THUYET
1. Vecto chi phiteng cia duding thing

*Vectd @ £ 0 dugc goi 12 vectd chi phuong ctia dudng thing d néu gis clia nd song
song hode triing voi dudng thing d.

* Chily:
» Mot duding thing bit ki c6 v6 s§ vects chi phudng,
o Tit ci cic vectd chi phuong clia ciing mét duiing thing ciing phudng vdi nhau.
2. Phutong trinh ditng thing

(a; b; ¢} lam vectd chi

* Pudng thing d di qua mot difm M (zo;w; 20) vA nhin ¥
phuong c6 phwong trinh tham s6 13:

x = wy + at
y=yo+bt voithamsbteR.
2=z +ct

* Dudng thing d di qua mot difm M (zo; 90 20) vA nhin o
phudng c6 phudng trinh chinh tic I3

(&; b; c) 1am vecta chi

z—g - - fe 2 L
0 _¥-w _2 'zo vii diéu kién abe # 0.

a b
* Nhén xét: Toa dd clia mét difm A bit ki thuge duting thing d déu c6 dang:

A(zo + af; yo + bt 2o + ct)

3. Vi tri twong dbi chia hai dudng thing

* Cho dudng thing d di qua M, c6 vects chi phuong T va dudng thing d' di qua M’ 6
vectd chi phuong %",

TAR =T

Med hoic Med
TAD =10

Mg dhodicM ¢d
TAD AT
(FAD) MM =0

. dEd"ﬁ’{
. dlld’ﬁ{

o dcitd = {
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—
s dvid chéonhaue (7 AT} .MM #£0.
s Dichitt: dLd' & W10 @ d.d =0

* Khidvad cit nhau, d€ tim glao difm cfia hai duting thing, ta xét hé phudng trinh sau;
To +at = zh -+ a't’
w+bt=y+bt (1)
ztot=z+t
Gidi hé phuong trinh (1) im ¢ hodc ¢, tit d6 tim giao diém ciia hai dudng thing.

4. Vi tri hiong dbi giiza duding thing va mit phing

* Cho dubdng thing d di qua M c6 vectd chi phudng ¥ va mat phing (o) ¢é vectd phdp
tuyén 7.
wH=0
M € ()
wH =10

s d] (o) &

tere{arg e
e dcit (o) & 2.7 #0
» Dichidt: di (o) & ¥ | # & ¥ = k7 vii k 1a mbt sb thuc.

.dc(a)@{

* Khi d va (o) cit nhau, dé im giac difm clia duding thing d vi mit phing (o), ta xét
phudng trinh saw:

Almg+at) + Blyo+ b))+ Clzp+ ety + D=0 (1}
Gidi phuong trinh (1) i ¢ tit 46 Gim toa 43 giao didm clia d va ().
5. Tinh khoang cich
* Khodng cach giita dudng thing A va mat phing (@) song song véi A Ia:
d(A;i(0) = d(M;(2) YMeA

* Khoang cich tit mdt diém Af dén mét dudng thing A di qua didm A v cd vectd chi

phuong o 1a:
IE‘ A MZI
a(vt; ) =

* Kho#ng céch giita hai duing thing chéo nhau A, vi A, biét A, di qua M,, c6 vectd chi
phuong 7} va Az di qua Me, cé vectd chi phudng iz} i

(@ A T) .M, M;|

d (A;; Az) = —liml_
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* B.CAC DANG BAI TAP
Dang I: Viét phitong trinh tham s& va chinh tic ciia dudng thénTgl

Phu?dng phap giak: Xdc dinh toa db cla mot difm M thude d va vecto chi phuodng ¥ clia d,
tif d6 viét phuong trinh duding thing.

viDU 7.24, Trong khéng gian O:ryz, Vit phuiong trink tham s6 va phiong trinh chinh tic
cita duing thang A di qua hai digm A(1;2;3) vaB(3;5;7).

z=14+2¢
Aly=2+3t patto¥-2_z-3
z=34 4

r=2+1¢
B {y=3+2t vat-l_y=2 _z-3

2
z=443 8 4
r=1+9
C.{y=2+3t vd$I2=y;3=z;4
z=2344f

F=l+2 +1 +2 +3

A T ¥ z

3 =2 = =
Dy +3t va 2 3 )

z=3+4¢

GIAL Vi dutding thing A di qua hai di€m A, B nén ta 6 vectd chi phutong ¥ clia A song song
81 AB = (2;3;4). Do d6, ta chon T = (2:3;4).

=142
Suy ra, phudng trinh tham sb clia A Ja: {yz 248
2=3+4
Phudng trinh chinh tic clia A A T; L y;2 = 213.
Vay dap én li A g

vi DU 7.25, Trong khdng gian vdi hé toa dd Oxyz, cho haz mar phang(a) x+2y—z—1=9
va(s) : 2z ty=z-2=0 Viét phutong trinh tham 56 ctia duiing thing A lé giao tuyén ciia
hai mét phing.

r=1+2¢ r=1t s=14+t z=t
Aqy=2+3t Bil{y=1-1¢ Cey=1+¢ D{y=1+t
z=3+4¢ z=1—1 z=1+4t¢ z=1+1

GIAL ledng thing A nim trén ¢ hai mit phang (a) va (ﬁ) nén vecty ch1 phucng 7 clia
" dudng thing vudng goc v6i ci hai vectd ph tuyén 7} vand. Do dé: ¥ || Ag A 7.

Tach: g = (1;2: —1), 24 7 = {2:1,1) = A A7Rj = (8:—3;-3) nén tachon ¥ = (1; —1;-1).

Mit khéc, ta liy mét diém bit ki, vi du A(0; 1; 1) thude () N (B) suyra A € A.

T=t
Véy phuong trinh tham sé clia dudng thing (A)[a: {y = 1 — ¢,
z2=1-1
Vaty dép din la B. ' O
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Vi DU 7.26 (D& Minh hga THPTQG 2017). Trong khéng gian Ozyz, cho diém A(1;0;2) va

duing théng d c6 phutong trinh == L _g L vigr phutong trink dudng thang A di qua

T 1
A, vubng goc va cat duding thang d.
A_J:—l=g_z—2 B.z—-1=g=z—2
1 1 1 1 1 ~1
Cz—l_g_z—?, m—l_l_z-~2
T2 T2 1 T -3 1

%151. Goi B = A Nd = dubng thing A chinh 13 dudng thang AB. Vecto chi phuong cliad1a
=(1;1;2).
Tact: Bed= B(L+tt~1+2t) = AB = (t;t; 2t — 3).
Khidé, Ald e ABLT © AB. W =0@t+i+4-6=0&t=1=B(ZL1).

e e -2
Suy ra phudng trinh cua dudngth%ngAla:# = % = z_l .

Vidy ddp én la B. a

'Dang 2: Xét vi tri twdng dbi ciia hai dudng thimﬂ
Phuong phdp gidi: Diing edc didu kién song song, vudng géc va cit nhau cfa hai dudng
théng,

z=3~1%
Vi DY 7.27. Cho hai dutng thingd : f-g—l = '-‘"1_""£ = _il vad : {: =2 cdt nhaw. Tim
z=-1+1
toa dg giao diém clia hai duéng théing.
A (L;-L0) B.{(2;2;0) C.(-1;0;1) D.(3;0;-1)
p=1+2
GIAL Tac6 phudng trinh tham sb cfia duéng thingd: ¢y = -1+t
z=—~t
3-t=1+2t' (1)
Xéthé phuong trinh: { 2t = -1+t (2
~t+t=—¥ (3)

t+2t' =2 =10
Gidi hé (1) va (2) tasuyra:{ + L {t

A—t =— =1
Thit lai ta thiy ¢, ¢’ thda man phuong trinh (3). Do dé, thay ¢ = 0 vao phucng trinh tham sb
clia J ta dudc toa 46 giao diém 13 M(3;0; -1).

VdyddpaniaD. O
z=1+at z=1-1t
VDU 7.28. Tim o d€hai dudng thingd : {y =t vad  {y =2+ cdtnhau.
z=-1+4+2t z2=3-¢
Aa=0 Bae=1 - Ca=2 Da=-1
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. GIAIL Hai duting thing d vi d' cit nhau khi va chikhihé phuiong trinh sau ¢é nghigm:

l+at=1~t {1}
t=242" (2}
—1+2%t=3-¢ - (3)

t=2

=0

Thay céc gid tri clia ¢, vao phudng trinh (1) taduge: 1+ 2 =1 < a =0

Vay dip an la A, |

Gidi hé (2) va (3) tasuyra: {

Dang 3: Xétvi tri ttong 461 gitta dwding théing vi miit phing
Phuong phap gidi: 5 dung céc diéu kién song song, vudng géc vi cit nhau clia dudng thing
va mit phing.

VIDU 7.29. Cho phutong trink dubng thing A : = o 1. y; 2_z-

phéng (o) : mz + 2y + 1z + 11 = 0 v3im Id tham s6 thic. Tim m dé'mdt phdng (o) song song
voi dudng thang A.

VN N .
va phuong trinh mdt

Am=-3 Bm=2 Cm=-1 Dm=1
GIAL Theo d& biita cé: i = (1;1;1) vand = (m; 2 1).
Vi miit phéng () song song véi duding thing A nén:
R » Rl =0eml+2l+ll=0sm=-3.
Vay ddp an li A. 0
Vi DU 7.30 (Dé Minh hoa THPTQG 2017). Trong hé Ozyz, cho phuong trink duting thdng
10 y-2 242 vd phudng trink mdt phdng (o) : 10z + 2y + mz + 11 = 0 vdim.

A
5 .0 1 1
1& tham s thyc. Tim m 48 mdr phdng (o) vudng géc véi dudng thing A.

Am=-~2 Bm=2 C.m=-52 D.om =52

GIAL Theo dé biitacé: a2 = (5;1;1) Va7, = (10;2;m).
Vimit phing (o) vudng goc véi dudng thing A nén:

mhﬁ@ﬁ:kﬁ@%":%:?@mz.
VaydépanlaB, O
VIDU7.31. Cho dubng théngd : 5-'2;1 o Ra 2 vamatphing(a) 5+ 2y+2-2=0.
Tim toa d6 giao diém M ciiad va ().
A M(3;0;1) B.M(-1;0;1) C.M(1;-1;0) Do M(3;0;-1)
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r=1+2¢
GIAL Phudng trinh tham sb cliidla: { y = ~1+1.
' 2= —f -

Vi M € dnén toadd difm M cé dang: M(1 26 -1 4 t; —¢).
Thay toa d§ didm M vio phuong trinh mit phing (o) ta duge:

(L+20)+2(-1+0) +(-) —2=043t~3=0ai=1

Viy toa do giao difm clia d va (o) 1a: M{3;0; -1).
VdyddpanlaC, |

< 2 . N - -1
Vi DU 7.32. Cho hai dién A(1;0;3), B(L; 1;1) va dudmg théng d - ”’_13 =rio 2
Phuong trink mdt phdng () di qua A, B vd sang song véi duding théng d la:

Az+3y+z-3=0 Bz+2y+z-4=0 Cz+y+2-4=0 D32r+3y+2-3=0

GIAL Theo dé bai, mat phéng (o) di qua 4, B va song song véi duting thing d nén vects
phdp tuyén 7., vudng géc vl A B vi vectd chi phuong ¥ 4. Do d6: 727, || AB AT

Taco: AB = (01, -2y vaag = (~1;2,-3) = .ﬁ/\u_é =(1;2;1) = tachon? = (1;2;1).

Vay phuong trinh mét phing (o) & : ’

1z -B+2(y-0+1(z-3)=0&x+2y+2—4=0.

Viy dép dén li B. , !

Dang 4: Cc bii todn lién quan dén khoang cich
Phwong phap giai: Sit dung céc cdng thic tinh khodng cich.

VI DU 7.33. Tinh dj dai khodng cich tix diém M(1;2;1) dén duimg thing ¢6 phuong trinh
r+2 y-1 =z+41
A = = .
1 2 -2

A.d=¥ B.d

I3,

%ML Tit gia thiét ta cé: dudng thing A di qua digm A(—2: 1; —1) va cé vectd chi phudng
=(1;2;-2).

Suyra: MA = (=3; -1, -2) = 7 A MA = (~6;8;5).

Theo cdng thite, khoang céch tit difm M dén duding thing A 1

d(M;8) = |ﬁAfJ_}il o' rere s

Il Jerza(-2? 8

. VayddpanlaA ]
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VIDU 7.34. Cho phuong trinh mdt phéng (o) : 3z — 2y ~ z + 5 = 0 vd phuong irink dudng

thing A : z ; L : T_Z ZS Chiing minh A song song vdi (&) va tinh khodng cdch gitta
chiing.
3 2 6 9
Ad=— Bd=— Cd=— Dd=—
Vv1d V1d V14 V14

GIAL Dudng thing A di qua diém M (1;7; 3) c6 vectd chi phuong @ = (2; 1;4) va mit phing
() ¢6 vecto phdp tuyén # = (3; —2; —1).
VA =23+1.(-2)+4 (-1} =0v2 M ¢ (c) nén suy ra: A song song vii ().

Mt khdc, ta c6: d (A: (o)) = d(M; (o)) = DN A THEN 3+ 9

\/32 + (-2 + (-7 vid
ViyddpanlaD. : a

VIDYY 7.35. Tinh khodng cdch giita hai dudng théng chéo nhaw:

z=1+2t
Al:{y=—l—t va A2:$—2=y+2=z—3.
-1 i 1
z=1
Ad:? B.d:? c.a:? D.d=§

GIAL Titgid thidt suy ra: dudng thing A, di qua didm M (1; —1; 1) c6 vectd chi phuong & =
{2: —1;0) va dudng thing A, di qua didm My(2; —2; 3) cb vectd chi phudng s = (—1; 1;1).
Tack WAL = (-L ) vaMM: =(1;-1;2).

Suy ra khodng cach gifta hai dubing thang A, va A; 1&:

ey
@AMy cn). 2 42 V8
d(Ay; Ag) = e = = =
{721 A a2 \/(_1)2 + (_2)2 12 (3 2
VidydapanlaA. O
C. BAITAP TU LUYEN

BAITAP 7.26. Trong khong gian véi hé toa dd Ozyz, phudng trinh tham b ciia duding thing
A di qua difm M{1;2;3) v c6 vects chi phuong o = {3;2;1) 1a:

z=3+1 =143t x=1+3t z=1+3t
Aldy=2+72 B.¢y=2+2t Ciy=2t DA{y=2+1t
z=14+3t z=34+¢ z2=341 Nz=3+%

BAI TAP 7.27. Trong khdng gian véi hé toa dé Ozyz, che hai difm A(1; 3; 1) va B(3:2; —2).
Phuong trinh nao sau diy khong phdi la phudng trinh dudng thing AB?

=142t z=3-2 r=5+23t z=3+2
Ady=3-t¢ B.{y=2+1¢ Coqy=1-¢ Dey=3—¢

z2=1-3¢ z=-2+4+3 z=-5-3t z=1-3¢
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BAI TAP 7.28. Trong khéng gian vdi hé toa db Ozyz, viét phuong trinh duding théng di qua
A(1;1; 1) va vudng goc vii mit phang (o) : 3z — 2y + 22 + 1 = 07

z=1+3t r=1+3t z=3+t w=1-38t
Ady=1+2¢ Biy=1-2¢ Ciy=~2+41t D y=1-2t
z=-=14+2¢ z=-1-42t z=2-1 z=-1-+2t

BAI TAP 7.29. Trong khéng gian véi hé toa d Oxyz, cho diém A(2;1;3) va dudng thing
z—1 y—-2

d: 3 = % Goi A 1a duding thing di qua A vi song song vdi 4. Phutong trinh nao
sau day khong 14 phuong trinh duding thing 42
=243 r=-14+3¢ r=5-3t x=—-443
Aqy=1+t B.iy=t Cly=2-1¢ Di{y=-1+1t
z=38+1 z=2+t z=4-1 z=2+t

BAITAP 7.30. Trong khdng gian véi hé toa d6 Ozyz, cho hai mit phing (a) : 2z+y—z~3 =0
va{f):z +y+ z — 1 = 0. Viét phuong trinh chinh tic giao tuyén clia hai mét phing.

z _y—2 =z+1 r+1 y—2 z11
A-2_1_3 _21 1 > _2_2_ _11
r—1 y+2 =z+4 z_y+2 z-—
C'2"3‘1 D’z‘-a“-z

BAI TAP 7.31. Trong khéng gian vdi hé toa d6 Ozyz, cho difm A(0;2;0) v dubng thing
d:Z g ALY ; .z _; ! viér phuteng trinh dudng thing A di qua A, vudng goc va cit
duding thing d.

(]

z : y z
, S ee— I e D_ = —_— = —
¢ 2 -1 -2
BAITAP 7.32. Trong khéng gian vii hé toa 46 Ozyz, viét phucng trinh duding thing A di qua
=3+t r=3+2t
diém A{2;1;1), vubnggéc vdid; : {y =1 vachtdy:{y=3+1¢ .

z=2-1 z=0

z=2+1 r=1--2t x=1+2¢ r=1+2¢
A.{y:l-t B.{y=2-1%¢ C.{y=-—t D.{y=2-t¢t
z=1+¢ z= =2t z=2f z=12¢

RAI TAP 7.33. Trong khéng gian véi hé toa db Ozysz, viét phueng trinh dudng thing vudng

=234t 2=3+2t
géc chung clia hai dubng thingd, : {y=1  vidy: {y=3+1¢ .

{:r=2—f. z=10
z=3—-t r=3+t z=3-1 z=3—-1
A.{y=3—2t B.{y=3+2t C.{y=3+2t D.{y=3+2t
2=t =1 z =1 z=1
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BAI TAP 7.34.. Trong khong gian véi hé toa d6 Ozyz, chomit phing (o) iz~ y—z =0va

z=2+t =142t
hai duting thing &, : {'y =1-5tvady: {y =1t ,Viét phuong trinh dudng thing A nim
z=1-1 z=t
trong (a) v cit ¢ hai dudng thing d; va d;.
r=3+1 =142 =241 r=2+2t
A.{y=0 : B.{y=1 C.{y=1 D.{y:l
z=1+41t z=23t z=1+4+1 z=1+3t

"BAI'TAP 7.35. Trong khong gian v6i hé toa dd Oxyz, tinh khodng cich ti difm M(2;0;1) dén
z—1 y_ z-2

2771
AVIZ B.V3 C.V3 D.vB
D. LOI GIAI VA DAP AN
z=1+3¢
GIAI BAITAP 7.26. Phudng trinh tham sé dudng thing A 1a: {y =242,
z=3+1
Bdp dn ching la B. : O

GIAI BAI TAP 7.27. Difm M(3; 3;1) khéng thudc duting thing A B nén phudng trinh D khéng
12 phuong trinh dubng thing AB.

DapdndingiaD. G
GIAI BAI TAP 7.28. Ta cé: ity = 7y = (3;—2; 2).

z=1-+3¢
Suy ra phuong trinh duding théng 41a: {y =12t

z2=-142¢
Ddp dn diing la B. |
GIAT RAI TAP 7.29. Diém M(—4; —1;2) khongthujc dutng thingdnén pht:dng trinh D khéng
la phudng trinh dudng thing d.
Dép dn ding la D. S O

GIAIBAITAP7.30. Tacé:me = (% 1;~1)vang = (L L1} = ¥ =n2 Ang = (2 -3 1).

bifm A(0;2; —1) thudc vao ci 2 mit phing suy ra phiong trinh duding thing giao tuyén 13
r _y—2 z+41

2 -8 1

Ddp dn dung la A. 0
GIAIBAITAP7.31. Goj B=And= B(4+342+1—1+12).

Tach: Ald= ABld= Eludz’:» Eud—()zﬂl*— -1,

Suy ra, diém B(1; 1; —2) = phudng trinh duding thing A 1a: —il ==

Ddp dn diing 2 C. O
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GIAIBAITAP 7.32. Goi B = ANdy = B(3+ 243+ £0).
Tacé: Ald, = ABLd = ABLig = ﬁ{i};’ =0 = t = -1 Suyra: B(1;2;0) = phudng

=2+t
trinh dudng thing A 1a: {y =1-t,
z=1-+t
Bdp dn ding ld A. O

GIATBAITAP 7.33. GoiA = ACd vAB = Andz = A(3+4:;1;2 — £1) VA B (3 + 2653 + £5;0).
Ta c6: A 1a duding thing vudng géc chung nén A i dy vA Ald,.
Khi dé: EJ_szl’ va HJ_'E; = ta c6 hé phudng trinh; {_tl th=-l {t] =1 .
—2¢) + Btg = —2 ta =0
. zT=3—-1
Suy ra phutong trinh duting thing AB la: {y =3+2.
z = ~t

Dap dn dungla C. ]

GIAYBAITAP 7.34. Goi A= ANd) vA B = ANdy. Vi A ndm trong (a) nén A = d; N (o) va
B=dyn(a)
TachiAed = A2+8;1—-581;1 —#)) VA B € dy = B(1 +262;1 — £a;82).

Khi dd, Ava B ciing thudc mit phing (o) nén ta cé: {t] =

=0
z=241
Suy ra: A(2;1;1) va B{1; 1;0) = phucng trinh duding thing A la: {y =1
z=1+¢
Bdp dndinglaC. |

GIAI BAI TAP 7.35. TL‘Iphl.td%trirm duding thing A ta ¢é: A(1;0;2) € Ava i = (1;2;1).
Khidé: MA = (—1;0;1) = MAATE = (=22 -2).
Suy ra, khodng cich tit diém M dén dudng thing A Ix:

#dnaz| Jcorvrr2® @
A = T e v Y

Pdp dn dungla C. ]
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CHUYENDE7.5 —
Gac bai toan tong hdp
A. TOM TAT LY THUYET

1. Vi tri twong déi giita duding thing, mit phing véi mit ciu
* Cho mét ciu () c6 tim 7, ban kinh R va dudng thing A;
» (S} vaAkhdng citnhaunéud(f;A) > R

* (S} tiépxtic v8i A tai H néud(/; A) = R. Khidd, H dudc goila tiép dim va la hinh
chifu vudng géc elia I trén A, Duiing thing A dudc goi 14 tiép tuyén clla mit cdu.
o (5} cdt A tai hai diém phén bigt 4, Bnéud(; A) < R. Khi dé:

AB =2/RE_& (I, A)
* Cho mit ciu (5) c6 tAm I, ban kinh R vi mit phing {e):

e {5} va (&) khong cit nhau néud(J; (P)) > R.

« (8) tiép xtic v8i (o) tai H néu d(f; (P)) = R. Khi dé, H dugc goi 1 tidp difm va la
hinh chifu vuéng gdc cfia I trén (). Mt phing («) duge goi 1 tiép dién.

* () cht (o) theo thiét dién 1a mét duding tron (C) néud (1: (P)) < R. Khi dé, dudng
trdn (C) ¢6 tém J-12 hinh chifu vudng gdc clia I trén («) v ban kinh

r= VR -1t = /RE—&(L{P))
2. Mt sb bai todn tim diém dicbiét

* Toa d6 diém H 1A hinh chifu vubng géc ctia diém M xudng mit phing (o) dugc xdc
dinh nhu sau:

+ Viét phuong trinh duing thing A di qua M va vudng géc vdi mat phing (a).
» Xdc dinh toa dd giao diém H chia A vi (a).

* Toa dd difm M’ dbixing véi diém M qua mit phing («) duge xéc dinh nhu saw:

+ Xéc dinh toa d§ diém H 12 hinh chifu vudng géc ciia diém A trén mit phing (o).
* Xéc dinh toa dp difm M’ sao cho K 14 trung diém A M".

* Toa d6 diém H 14 hinh chiéu vudng géc clia difm M xubng dudng thing A dude xic
dinh nhusaw;.

* Goi toa dd diém H dugc tham s theo phudng trinh dubng thing A.
e Tl didu kign M H vudng géc véi A fim 4.
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* Toa dd didm M’ d6iximg véi diém M qua dudng thing A dugc xic dinh nhu saw:
« Xéc dinh toa dé diém H 13 hinh chiéu vuéng géc ciia diém M xubng dudng thing
A
« Xéc dinh toa d3 diém M’ sao cho H 1 trung diém MM’
B. CAC DANG BAITAP

VI DU 7.36. Trong khong gian vdi hé toa dé Oxyz, v viér phuong trinh mdt cdu @m I(1;2; -3)
tiép xuic vdi mdt phang(a) 2z 42y—z-3=0.

A+ + -2 +(z-37 =4 B.(a:—-l)2+(y—2)2+(z+3)2=16
Clz-12+ -2 +(z+37=4 Dz—-12+w-27+(+3"=2
GIAI Vimit phing (a) tifp xiic v6i mét cdu (5} nén:
j21+22—-(-3) - 3|

R=d(I; (rx))——-—-——»--——=2.
22 92 + (_,_ ) \/ﬁ
Suy ra, phucng trinh mét chu (§) 1a: (z — 1% + (y - 2)° +(z+3)}" =4
ViydapdnlaC. O
Vi DU 7.37. Cho diéin I(1;—2;3) v duimg thang A : = ;’ 1y o L zfls. Viét phuong
trink mét cdu tdm I vé tiép xic voi dudng thang A.
Al+1)?+(y-2)2+(z+3)*=50 Blz-12+{y+2°2+(z-3)*=50
C(z-1%+(y+2°+ (- 3)* = V50 D.(z+1+(y—2)+(z+3)" = V50

GIAI Tacé: dudng thfﬂf A di qua difm M (—1;2; —3) va cd vectd chi phitdng 7 =(21-1)
= M1 = (2;-4:6) => MIA T = (—2;14;10).
Vi duting thing A ti#p xdc v8i mit ciu () nén:

I_}ATI| VW 184100 /A0
R=d(I:0) = N 7 = V50.

Vdy phuong tinh mdt chu (§) 1 (z — 1+ (g + 2% + (z — 3)* = 50.
Vay dap dn li B. |

Vi DU 7.38. Viér phuong trinh mét cdu () c6 tdm I(4;1;6) va cét dubng thing cé phuong

trinh A ::-;5 = y__; = _zl_ tai hai diém A, B sao cho AB = 6.
A—4*+(y—1)72+(z—6)2=18 Blz+4)2+w+1)%+{z+86)% =18
Clz+4P2+ (y+ 1) +(z+67 =12 D(z-42+{u—-12+(2-67=12
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GIAL Goi HIa hinh chidu vudng géc chia I trén duiing thing A = H 1a trung diém AD.

Dubing thing A di qua M{-5;T; 0)vaﬂ (2; -2;1)

= M1 =(%-6, 6) = M1 AT = (6:3—6)

1M AT?] 62 +32+(-6)" AL
& \/22-1~(--2)2+12 T

Xét tam gidc JAH vudng tai H, theo dinh 1f Pitago ta c&:

=d([;A) = =3.

2 ) 2
IA2=AH2+IH2=>R2=f%+d2(I;A)=:—R: .A._B..+d2(j A)—‘/%—+32=\/i§.

Vay phudng trinh mt cAu(9) la(z -4+ ¥ -1 +(z —6)* =18
Véy dip dn Lz A O

VI DU 7.39 (Pé Minh hoa THPTQG 2017). Trong khéng gian vdi hé toa dd O:ryz, cho mdt
cau (8} cd tdm I(2;1;1) va mét phang(P) 2% +y + 22 + 2 = 0. Biét mdt phéing (P) cat mdt
cdu (S) theo giao tuyén Ig mot dudng tron c6 bdn kinh biing 1. Viét phuong trinh mat cdu(s).

A+ +y+1P+{z+1)"=8 Blz+2+(y+ 1P+ (z+1P2=10

Cle-2+— 1 +(2-1)"=8 D(z-2+@y~1)+(z-1)*=10

GIAL Goi J 12 hinh chiéu vung goc clia I trén mit phing (P) =» J 12 tm clia duting tron.
Xét mbt didm A bitld thudc dudng trdn. Khi do, tam gide IJ A vudng tai J, theo dinh I Pitago
ta cé:

= AL+ I RB=r2+d (I} (P) = R= "2+ & (I; (D) = V12 + 32 = V10

Vay phu:dng trinh mat ciu () 1a: (z - 2)° + (v - 124 (z~1)2 =10
Vay dap dan laD. O

VIDU740(D2014) Chomatphang(P) 6z + 3y ~ 2z—1=0vamarcau(.5’) 22 e +

2?2 — 62 — 4y — 2z — 11 = 0. Chitng minh rang miit phing (P) cdt mét cdu (S) theo giao tuyén
13 mét dudng tron (C). Tim tpa do tém ciia (C).

53 13 3135 3 5 13y 13 53
i o LHziois LH | iz LH | —i5i5
H(?"r’?) BH(???) ¢ (77 7) DH(777)
GIAIL Theo gié thiét, mat ciu ($) ¢6 tdm I(3;2; 1) vabén kinh R = 5.
I6.3+3.2"2.1—1| 21 z . X
Vid({;(P)) = ——— = 7 = 3 < R nén mit phing (P) cit méit cdu ($) theo
e 4(—2? vV
giao tuyén 13 mét duding trén (C)
Goi J 12 hinh chifu vuéng gic clia 7 trén mét phing (P) =» J 1atam clia duding iton (C).
Taco.lJJ.(P):a-I—J)ll 78 = (6;3;—2) = tachon Uz} = (6:3; —2).

r=23+6¢
Suy ra, phuong trinh tham sb ciia duding théng 17 I {y =2+3t.
z=1-2
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Khi dé, toa d6 clia J c6 dang (3 + 6t;2 + 3¢; 1 — 2¢). Thay toa 46 clia J vio phudng trinh mat
phing (P) ta cé:

1
6(3+6t)+3(2+3t)—2(1—2t)—1—0ﬁ49t+21-0@t_—$=> 1(3 g 73)

Viydap énlaA n

vi DU 7.41 (THPTQG-2016). Cho ba dién A(3;2; -2), B(l 0;1) va C(2; —1;3). Tim toa do
diém H 1a hinh chiéu vudng gée cia diém A trén duiing thiang BC.

AH(O LY B . H{0;—1;-1) C. H{0;1;-1) D.H(1;0,-1)
GIATL Ta cé, BC = (1;-1:2) = tachon 2pd = (1; -1;2).
r=1+1%¢
Phuwong trinh tham sb clia duéing thing 5C 1a: {y =~
z=1+4+2

Sty ra, toa 46 @8m H c6 dang (1 + t;—t;1 + 2¢) = AH = (£ — 2; —t — 2;2¢ + 3).
Vi AH1BC néntacé: )

AHBC=06(-2) - (—t-2)+2(%+3) =00 6+6=0&t=—1= H(01-1)
Vaiy dép én I C. o
viDU 7.42 (B-2013). Cho didm A(3;5;0) va mdt phéng (P) : 2:c+3y— —-7=0.Timtoadd
diém B dozxungcuaA qua{P).

A B(1;1;2) B. B(-1;~1;2) C B(0;1;-1) D.B(I;O; -1}

GIAI Goi A 1a dudng thing di qua A4 vi vudng gbc véi (P} = B thudc A va trung didm M
clia AR thude (P)
Tacd, AL (P) = uj || 7 = (2,3 —1) > tachon g = (2;3;-1).

z=3+2t
Phudng trinh tham s6 clia duding thing A 1a: {y: 5+ 3¢.
z= -t
Khi d6, toa do clia B ¢6 dang (3 + 2t:5 + 3¢; —t)=>M( E—zt?—t- _;)
ViM € (P)ném:2(3+ 1) +3 (10;“3'5) - (‘?t) —T=0ei=—2= B(-1-12).
VayddpdanlaB., - O

C. BAI TAP TU LUYEN

BAI TAP 7.36. Cho céc diém A(1;~2;1), B(2;1;3) vamit phing (P) 1 7 —y + 22 — § = 0. Tim
toa d6 giao di€m M chia duding thing AB véi mat phéng (P).

A M(0:5;1) B, M{0; -5;-1) C. M{0;-1; -5) D. M(0;5; 1)
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i BAI 'IiAP 7.37. Cho phﬂdng tnnh mit phing (P) 2z + y 2z--1=0va phucng trinh dudng
z z—2 Y

thingd: —— = = = 6i (P) .
Ar—8y+52+13=10 B.x—8y-~-5:+13=0
Cx+8y+52—-13=0 Dz+8y+52+13=0

BAITAP 7.38. Cho dubng thingd : TT’l =¥ = 2 vahai difm A2, 1:0), B(-2:3;2). Vidt

phutong trinh mat cdu di qua A, B vi cb tim thudc duting thing d.

A+l +y+1)P+(z-27=17 B.(z~14(y—1)2 3 (222 =17
Clz—-1+ -1 +(z+2) =17 Di{e+1)%+(y+ 1)+ (z+27 =17

BAITAP 7.39. Cho mit phing (P) : 2z +y — 2z + 10 = 0 va diém I(2; 1; 3). Viét phuong trinh
mit cdu tim 7 va cit (P) theo mgt duding trdn ¢ ban kinh bing 4.

Alr—2F+{y—1P2+(z-3%=16 Biz+2)%+(g+1)2+(z+38)?=25
Clz -2+ (-1 +(z~32=25 D(z+2P+@+1%+(z+3)°=16
$+1 y z—3 2 -~

BAITAP 7.40. Cho diém A(1;2;3) va dudng thing d : =1=" . Viét phutong trinh

dubing thing A di qua difm A , vuéng gdc vdi dubng thang d va ct truc O,

z =142t s=14+1 rz=1+2¢ z=1-2¢
A.{'y=2+2t B.{y=2+2t Cly=243t D.{'y=2—2t
z=3+3t z=3- 3¢ z2=3+3t z=3+3t
BAITAP 7.41. Cho diém A(0;0; —2) va dubng thing A : $+2 ;2 = zgs.Wétphueing
trinh mit cAu tdm A, cit A tai hat diém B va C sao cho BC’ 8.
Azt 4?4 (2422 =49 B.mz-i-ig,vz-l~(z_e2)7'=25=
Czl 4y’ 4+(z-2 =49 D.z? + 3% + (242 =25

BAITAP?AZ Cho mitphéng (P):z+y+2-3= 0va(Q):z—y+z—-1=0.Viét phuong
trinh mit phing (R) vudng géc véi (P) va (Q) sao cho khodng cach tir O dén (R ) bing 2.

Ac-z+2/2=0 Bz-:-2/2=0 Caz-2:%£2/2=0 Daz-z=
" r=3+1t
TR - z X -2 y-1 =z . .
BAI'TAP 7.43. Chohaldudngthangalr{y=t valg: 3 =T=§.Xacdgnh
z=1

toa 4o diém M thudc A sao cho khodng céch tit M dén A; bing 1.
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A, M{—4;-1; -1) hodc M{7;4;4) B. M(4;1;1) hodc M(7;4;4)
C. M(1;1;4) hodc M(4;4;7) D. M{4;1;1) hodc M(-7; —4; —4}

BAITAP 7.44. Cho miit phéng (P): 2z — 2y - z — 4 = 0 vamitcdu (S) : 2% + 4* + 2% ~ 25 -
4y — 6z — 11 = 0. Biét riing mit phing (P) cit mat cdu {§) theo glao tuyén 12 mdt dudng trén.
Xic dinh toa d8 tdm va ban kinh dudng tron do.

A J(2;0;0),r =4 B.J(1;-1:0),»=4 C.JB3:%2),r=4 D J(3;0;2),7r =5
D. LOT GIAI VA DAP AN
GIAI BAI TAP 7.36, Phudng trinh dudng thing AB la:

=141
y=—-2+3=>M(A+t-2+31+28).
z=1+4+2t

ViM € (P)nén(1+1) — (—2+38) +2(1+20) —3=0e t=—1= M(0;=5;-1).
Pdp én dingla B.

GIAI BAI TAP 7.37. Tit gia thidt ta cé: M(2;0; -3) € dvawy = (1;-2;3);7(m) = (11, -2) =
fa = 3 A ey = (1;8;5).

Suy ra phuong tinh mit phing (o) Ia: » 4+ 8y + 52 + 13 = 0.

Papdn dungla D, ‘ O

GIATBAITAP 7.38. Tacé:tam [ € d = I{1 + 2t;£;—21).

DoeABe(S) = IA=IA=t=-1 '

Suyraphudng tinh mitciula: (z + 12 + (w + 1) + (e - 2% = 17.

Dadp dn diing 12 A. O

GIAI RAI TAP 7.39. Goi H 1 hinh chiéu vudng goc cha 7 trén (P) = H 12 tim duding trdn
giao tuyén ctia (P) va (5).

Tacd: IH =d(I;{P))=3=R=+/32+42 =5

Suy ra, phuong trinh mét cdu B: (z — 2)° + (y — 1)* + (z — 3)* = 25.

Pap dndinglaC. a

GIAI BAI TAP 7.40. Goi B = (P) N O« =+ A chinh 12 dudng thing AB.
Ta cé: B € Ox = B(l;0;0). Thay toa dé clia B vio phuong trinh {P) = 26+ 2 = 0 =
B{-1;0,0).

r=1+42¢
Suy ra phuong trinh A la: {y =2+2t.
z=3+3
Ddp dn diing la. D. ' |
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GIAI BAI T3P 7.41. Theo cong thitc tinh khodng cach tit mét didm dén mét dutng thing ta
c6: d(A; A) =3,

Khi d6, ban kinh mit cdula R = 5.

Suy ra phuong trinh mit cdu la: 2% + 42 + (z + 2)% = 25.

Papdndingla D, [}
GIAIBAITAP 7.42. Tact: i = (L; 1) 7d = (Li—1;1) = =g = 73 A 7 = (210, —2).

Suy ra phudng trinh mit phing { R} cé dang:z —z+ D =10,

Taeb: d(0;(R)) = 2= D = +2v2. _ :

Bdp dn ding la C. a
GIAI BAITAP 7.43. Tacé: A(2;1;0) € Ay vaaal = (2;1,2).

Di€m M e Ay = M@+ttt =2 AM =(1+6t—1;8) = m/\@ =(t—2;-2;—t+3).
Suy ra khodng cdch tit di€m M dén dudng thing A, I

(t=2)* + (-2)% + (=t +3)°
“d (M; Ay) = \/ o R =1

o 2a2—1m+17=9®{ B

t=4

Suy ra ta ¢é hai diém M(4;1;1) hodc M (7;4;4).
Bap dn diing la B, ] (]

GIAI BAI TAP 7.44. Tit phuong trinh mit cu ta cé: tim I(1;2;3) vabéankinh R = 5.,
Goi J 1a tim duding trén giao tuyén va r 12 bin kinh clia dudng trdn dé.
Khi dd, IJ & khodng céch tli J dén mit phing (P) = I/ =3 = r=+/RE _ [J2 =4,
Matkhdc, IJL(P) = ur} = Ags) = (2; -2, -1)

z=1+2¢
= phudng trinh dudng thing I/ i {y =2-2t,

z2=3—~t
Do dé, toadd clia J cé dang J(1 + 242 — 23 —t). Vi J € (P)=t=1= J(3;0;2).
Ddp dn ding 14 C.
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CHUONG 86— —
MOT SO DE THI MAU

PESO 1 :
(Thdi gian igm bai: 90 phiit, khing k& thoi gian phdr de)
Can 1. Ham s nao sau day cé d thi nhu hinh vé
Aye=—zt+4de? 41
By=z'+22-3
Cy=—z*+222+2

D.y=—z%-2:% 43

Cau 2. Tim khing dinh SAT:
A. D6 thiham sb y = z° nhin gbc toa d§ O lam tam dbi xing.
B. Db thihamsby = S ¢6 tam déi xing.
z+1
C. D4 thi him sb y = 2* — 22% nhén truc tung 1am truc déi xing.
D. D3 thi ham s6 y = |z*| nhan truc hoanh lam truc déi xing.

Cén 3. Ham s6 ndo cé bang bién thién sau day?

T —00 2 +oo
y + +

Feo ) 1
K . / . /

r .
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25-1 | z—1 . 2 —1 ' z+1
= By = Ly = Ly =
Ay x—2 v 42 Cy r+2 D1 z—2
Ciu4. DS thihim s8 nio trong cdc him s§ dudi day khong c6 tiém cin ngang?
A 2241 g €1 c 321 22—z +1
21 T2z 41 N TS

Cdu 5. Ham sb nao sau day khong c6 cuc tri?
B. f(z) = 22" — 22 + 3

Aflz)=2%~322 41
2z 4+ 1 1
C'f(z)_&r—?. : D.f(:z:)—2a:+;~1
%
Céu 6. S6 tidp tuyén cla 48 thi ham sby = “—1— — ¢® + 3z song song v6i duding thing cé
phuong trinh y = 3z + 1 1a: .
B.2 C.1 D.3

A0
Céu 7. Gié trilén nhit, gid trj nhd nhit cliaham sby = sinz — cos®z — -21~ 1a:

B. maxy 2 min g,
0 T = —, J= —_—
3 3

.

3 .
A maxy = §,lmmy = _Z3
C.maxy——-—i,miny= -1 D. Két qui khdc

Cai8. Cit tirmot tAm bia hinh trdn tAm O bén kinh 10 e theo mét gbe = (tink theo radian).
Sau d6 dén hai doan thing OA vi OB lai ta dudc mét hinh nén. Tim = 4 the tich Kinh nén
thu duge 14 1dn nhit .

A

B
Az=2F B.o= 2V Cz
3 3

A - vy -r‘ R A _1 . -~ z

Ciu Y. Tim difukién cliam d€hamsby = ng — dbng bién trén khodng (0;2)2
1

A.'m<—§ B.m>—% C-1l<m<0 D-l<m«<l
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Cu 10. Tim m dé dd thi ham s6 y = (z +2)(a® — 22+ m) cat truchoanh tai 3 ¢iém phan biét:

Am<lviz=3 B. Khong tbn taim
m<1
Cm#1 D'{m;':—S

Céiu 11. Tim tit ¢ céc gid tri chia tham sb m thihdm sb y = —%z3 +22% 4 {m — 1)z — 1 ddng
bién trén khodng c6 d6 dai 16n nhét bang 37

A, Pdép d4n khéc B.mz—% C.m>~3 D.m=—%
Ciiu 12, Néu log,, 18 = a thilog, 3 bing
1—a Z2a -1 a—1 1-2¢
A'a—z B. a2 c. 2a -2 D. a—2

Céu 13. Néulog, 3 = a, log, 5 = b thilog, V0.3 bang
Aa—b-1 B.%(a—b—l) C.2(a—b~1) D.e+b-1

Céu 14. Tip xac dinh cltahimsby =logi(1 — 2z +2%) 14

A (0; +oc) B. [0; +o0) C. (0;+oa) \ {1} D. (1;4c0)
: k- —T
Ciul5. Dao hamclahimsby = -Zzt—:_—z- bing
1 -4 i —r
Ay ———v—(cﬂHe_z)z By =e"+e
‘o . e* L —.___5
Cy = _——(ef =t Dy = &)

Ciu 16. Gid trinhd nhit clahamsby = z(2 - Inz) dn [2;3] 12

A Dap sb khic B.e C.1 D.4—-2In2
Cau17. Cho ham séy = = — In(z + 1). Xhing dinh nao sau day diing

A.Ham sb co tip ¥dc dinhlak\ {1}

B. Ham sb nghich bién trén (—1; +c0)

C. Hiam s ddng bién trén (—1; +c0)

D. Ham sb ddng bién trén (0; +c0), nghich bién trén (—1;0)

Cfiu 18. Phudng trinh ¢° — 3.3% 4+ 2 = 0 c6 nghidm B 2, 23 v8izy < @p. Khidé A = 2z, + 3
chpidmila

Al B.4log, 2 C.3logy 2 D.3
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Ciu 19. Tip nghiém cha bit phuong tfinh 652412 > 113

A. (—o0;3) ’ B. (4; +00)

C.(3:4) D. {(—c0; 3) U {4; +00)
Cau 20. $A nghiém 4m clia phuong tinh 1 + log,.,, 5 = logs(z + 2) &

A0 B.1 C.2 D.3
Cén 21, M6t ngudi giti gbi tiét kigm linh hoat clia ngan hang cho con vii sb tién 14 500 trigu
ddng véi 1 sudt 7%/nim. Biét ring ngudi d6 khong lay 181 hang nam theo dinh ki s3 tiét
kiém. Hdi sau 18 ndm, sb tién ngudi d6 nhan vé 1a bao nhiéu, biét rang theo dinh ky hang
néam s tién 13 s& nhip vao tién gbe v dugc tinh cho nim tiép theo

A. 1.689.966.000 dong B, 2.689.966.000 ddng

C. 3.689.966.000 déng D. 4.689.966.000 ddng

Céu22. Trong cdc khing dinh sau, khing dinh nio sai?
A [10@) + a@lk = [ A+ [ A

B. Néu F(z) v G(z) déula nguyén him cfia him sb f(z) thi F(z) — G(z) 12 hing sb.
C. F(z) = z 12 m6t nguyén ham clia f(z) = 2+/T.

. D. F(z) = z% lam6t nguyén ham clia f(z) = 2=.

GCéu 23, Tim nguyén ham f (g + \/:F) dz

2

A.5sn;m|—§\/?5+c B.—5lns] + £VaT +C
C.-8lnlz| - Va5 +C D.sm;m|+§\/£€+c

J

1

Cau 24. Tinh[=/ v/ 22 + ldx

1]

A,I-_-g B.I=£3_l C.I=¥ D.I=§

L
Ciu 25, Tinh tich phan [ = f (z 4 2) cos 2zdz
o
1 1 1
AQ _ B. ~3 C. 1 D. 3

Cau 26, Vin thc clia mdt vat chuyén déng 1a v(t) = 3t* + 5 m/s. Quang duting vitdé di dugc
© tii gidy thit 4 dén gidy thiz 10 13

A 36m B.252m C. 1200 m D. 966 m
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Cau 27. Tinh dién tich hinh phing gidi han bdi 48 thihamsé y = 22 -2z vadd thiy = —z2+z.

27 9 27
hdd = .= D.0
A"S B8 C 8

Cau 28. Tinh thé tich khéi trdn xoay tao thanh khi quay hinh phéing giéi han bdi d thi -
y = 2z — 2° viy = 0 quanh truc Ox

167 157 5w g
. E B. 1_6 C. ? D. ?

Céu 29, Mbdun eha sé phitcz = 5 4 2 — (1 +4)°

AT B.3 C.5 D.2

Cau30. S phitc z théaminhé thitcz — (2+31)2=1 ~ 013

Az=-~3-4 B.z2=-2—-1 Cz=2-1 Dz=2+1

Ciu31. C6 bao nhiéu s6 phitc théamdn 22 = [ + 2.

A0 B.1 C.3 b.2

Céu 32, Goiz va 22 1a hai nghigm clia phuong trinh 222 + 3z + 7 == 0. Khi d6 22 + 22 bin
& p g

All B.23 C.13 D.1s

Ciu 33, GoiAva B thi tula didm bidu dién cée s phidc 2 = 3 + 2i v w = 2 + 34, Tim ménh
dé duing trong cdc ménh dé sau

A. Ava B dbi xting nhau qua ghc toa dd

B. Ava B dbixiing nhau qua Oz

C. A va B dbi xiing nhau qua Oy

D. Ava B déixing nhau qua duding thing ¢ = 4.
Céu 34. Tim bifu dién clia tip hop cdc sé phiic 2 thda min lz—_z-—;-'-_%ﬁ | =1la.

A Dudngtrdntdm I(1;2), bankinhr =1 . B, Dudngthingz ~ 5y —6 =10

C. Dudng thing 2z — 6y — 12 =10 D.Dudngthingz - 3y —6=10
Céun 35. Cho hinh hép chit nhit ABCD.A'B'C'D’ ¢6 AB = a, AD = aV/3. Bibt goc giita
duding thing A'C vi mit phing {ABCD) 12 60°. Tinh thé tich V cia hinh hép chi nhit
ABCD.A'B'C'D".

AV =4d B.V = 34° CV=2d D.V =6a?
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Chu 36. Cha khéi chdp 5.ABC ¢6 SAL(ABCY), ddy ABC 1 tam gidc vudng tai B, AB = a,
AC = ¢/3, $B = aV/5. Tinh thé tich khéi chép §.ABC.
a2 B 306 a®B p, VIS

3 T4 C'G "6

A

Céu 37. Td dién ABCD c6 cdc canh BA, BC, BD d6i mgt vudng goc v6i nhau: BA = 3a,

BC = BD = 2a. Goi M, N la trung diém clia AB vi AD. Tinh thé tich V cfia khdi chép
C.BDNM
24° 3a®

AV =8d® B.V=—3— c.1i/=T DV=d®

Cin 38. Cho hinh chép S.ABCD c¢6 ddy ABCD 12 hinh chil nhat. Biét SA L (ABCD), SC
; z Lo . 4 s - 2
hgp véi mit phang (ABCD) mét goc a vii tana = E’AB = 2a V3 BC = 4¢. Tinh khoang
cach d tit D dén mit phing (SBC).
Ad=0 B.d= 12 Cd=2 Dd=2
5 5 5 5
Ciu 39. Ti dién déu canh o ¢6 1 dinh triing véi dinh clia hinh nén tron xoay, con 3 dinh con
l2i efia tif dién nim trén duding trdn ddy clia hinh ndn. Khi dé, dién tich xung quanh cia hinh
nén trdn xoay la:
1 1 1
2 2 2 2
. . — .= , = 2
A.wa?V3 B \/gara, C 37 D 51 vz
Céu 40. Mt cbe nude ¢ dang hinh try dung nudc 6 chiéu cao 12 em, dubng kinh ddy 4 cm,
lutgng nudc trong cée cao 10 em. Tha vao che nudc 4 vién bi cé ciing duong kinh 2 em. Héi

mitdc ding cao cach mép cdc bao nhidu xing- ti- mét? (Lim trdn sau ddu phdy 2 chu s6 thap
phén)

A.0,33cm B.0,67cm C.0,75em D.0,25em

Ciu41. Cho ling tru tam gidc déu ABC.DEF cd canh ddy bing o . Cic mit bén [ hinh chit
nhat cé dién tich bing 22, Thé tich cfia khéi tru ngoai tiép ling try 1a:
2.3 1 s 4 3 : 3

A 3¢ B. e C. 37a D. ra
Cdu 42. Cho hinh chép S.ABCD c6 ddy ABCD 14 hinh vyéng canh e, §4 vudng géc vdi ddy,
5B = aV/3. Tinh thé tich V mit cdu ngoai tiép hinh chép S.ABCD

3 3 3
A_V=__._.27m B.V = *& C.V=4—mL D.V =ma®
3 3 3

Ciu 43. Trong hé toa d¢ Oxyz, cho tam gidc ABC véi A(3;1;0), B(2;0;2) va trong tAm

G (% -1 %)"ﬁm toa d§ dinh C?

A(1;-2;1) B. (-2;-2;1} C.(—4;-40) D. (2; -2;3)
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Ciu44. Cho A(1; -1;2), B(3;0;3) va M(~3; 1;2). Viét phudng trinh m#t phing (P) qua M va
vuéng goc vai AB.

A(P):iz+2y—42-9=0 B.{(P):2z4+y+z+3=0
C(Pliz—y+2z=0 D(P):3x+3z2+3=0

Cin 45. Cho M(1;-2;0), N(~3;4;2) va mat phing (P) : 2z + 2y + z — 7 = 0. Tinh khoang
cach d tif trung di€m cha M N tdi (P).

Ad=12 B.d=3 Cd=1 D.d=-;—

Ciu 46. Cho A(2;1;1), B(3;2;2) vA mit phing (P) : = + 2y — 5z — 3 = 0. Vidt phudng trinh
mit phing (Q) qua A, B va vudng géc vdi (P).

AQ):z+2y—52+1=0 B :z+2y-52+3=0
Cl@):Tr-6y~-z-3=0 D.(Q):Tz—-6y—2z-7T=0

Céu 47, Cho A(L;1;1), B(3 5;2), C(3:1 — 3). Lap phudng trinh dudng thing d di qua ghc O
va vudng géc voi mit phing (AB0).

PR S Eo Y
A.d: Pl Sl B.d: BE-T8°10
EY L E ELY 2
C'd‘zo -18 15 D‘d‘l -5 4
Céu 48. Cho hai dudng théng d; : x;"' = y;“ = "_lg,dQ : ”‘73 = 3’;1 = z:,;l.Lép
phuong trinh dutng thdng A cit dy, d, va Oxtai 4, B, C sao cho B2 trung diém AC.
z-7 y—4 -9 z—-3 y—-1 =z-1
A = = . : = =
A 8 -3 —4 B.A 8 5 —34 -42
€ Yy z T — y-+ z+
A e TN — DD e— = =
G 8 -3 -4 D.A: 8 -3 -4
Céu 48, Cho A(-1;3;2), B(1; —1; 4). Viét phudng trinh mit ciu dudng kinh AB.

A +@y-1"+(z-3) =6
B(S):(a+1)* +(w-32+(2—2)2=24
C -1 +@+1)+(2-4*=2
D.(S):(z+ 1)+’ +(z-22=9

Ciu 50. Cho-céc mit phing (P)) : 2z —y— 2z -2 = 0, (P):z=2y+z2+2=0,(R):
.L-s-q—2z+2—0va(Q) t+y+z=0. Cobaonhleumatcaucotamnamtren(Q)vanep
xiic véi ca ba mét phang (B), (B, (Ps)

A.C6 1 mit ciu B. C6 4 miit cdu C. Cé 7 mit cu D. C6 v6 s6 mit cu
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Ciu 1. Ham sb ndo sau diy c6 db thi nhit hinh ve

T —2
Ay=
v z+1
_ -z
Y=oy
_z+2
AR
T
D.y=
4 z+1

Ciu 2. Cho him f 6 dao ham cfp hai tai zy. Tim phét biéu diing?

A. o 12 diém cuc dai cfia ham sé thi f(z) dat gid tri 16n nhét bing y(za).

DESO2 .
(Tha gian lam bai: 90 phiit, khing ké thii gian phdt 42)

Y

-1

B. 10 la difm cyc dai clta him sb thi f'(z) d8i déu tir dudng sang 4m khi qua ;.

C. 3 12 didm cutc dai cita him s8 thi £ (zg) = 0va £7(z0) < 0.
D. o 1a difm cuc dai ctia ham sb thi f/(2:0) = 0va £ (o) > 0.

Cau3. Cho him séy = f(x) cd bang bién thién nhu sau:

z —oco 1 +oo
v - 0

1 +o0 +co
¥ \ . \_ L

Tim khéng dinh SAI trong céc khing dinh saw:

A, Ham s& khéng cé gid tri 16n nhit,

B. Ham sb khéng cégid tri nhé nhit.

C. Ham s dat gid tri nho nhét tai 1.

D. Hims6 dat cyctifutail.
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Cdu 4. Ham sb nao sau ddy ddng bién trén R?
Agy=-1"+2> 5246 By=—-s'45+2
Cy=gz'—42®+3 Dy=2"+222 42z -1
Cau 5. Toa dd diém cuc dai clia dd thihdm sby = —2* + 622 — 8z + 1 1&:

A M(~2;24) B. N(=2;25) C. P(7:3) D. Q(1; ~6)
Caub. Himsby = =% + i—i dat gia tri nhd nhit trén (0; +o0) bing:

Ay=49 B.y=20 Cy=4 Dy=0
Ciu7. Tung d¢ giao diém cfia dd thiy = 23 — 22% — ¢ + 1 véi dudng thingy = 1 ~ 2z 1

AD B.1 C.lva-1 D.Ova-1

Chu 8. Tim tit cA cdc gid trithuc cha tham sd m déhamsby =2® —3(m + 1)z — 9z —mcd
hai di€m cuc tri =1, 7, thbéa min didu kién =7 + 23 = 10?

Am=-2hodcm=0 B.m=0hodcm=2

Cm=2 D.om=40
Ciu 9. Trong céc tiép tuyén clia db thiham sb y = —z° — 12z + 4 c6 mdt tiép tuyén c6 hé sb
gée 16n nhit. Phudng trinh tiép tuyén dé a:

Ay=-12r+4 By=12r-4 Cy=-—-12z—4 Dy=12z+4

Cau 10. Cho hinh ciu tAm O ban kinh R = 10cm. Trong céc hinh try ndi Hép dudng tron,
hinh tru cé thé tich 1én nhét c6 chidu cao k 4 bao nhidu?

Ag——— T =B

1
I
/b/

- B3

3 . 3 C.h=R D.h=RV3
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Cau 11, Vdi didu kién nao clia tham sb m thi db thi ham sby = —2* + 2m2®2? + 5m —4cb ba
digm cic tr tao thanh mdt tam gidc déu?

A.m =3 Bm=xV3 C.m=—V3 D.m =43
Céu 12. Tap xic dinh clta ham sé y = log,_, 212
A(Ljo0)\ {2} = B.{%+o0) C. (1;+o0) D. {0; +co)

Cau 13. Paohdm cliaham sdy = (2% — 2z 4+ e 13

Ay =22 B.y = —2ge”
C.y = (2x ~ 2)e® Dy = {z® — 2% + 21) ¢*
- =
Céu 14, Gid trilén nhét clia ham sy = -2;‘3?? trén [0;2] 1
e? Ve
Al B. 5 C.2 D. -

Céu 15. Néulog, 5 = o thilog, 1250 bing

A.é+2a B.4da ~1 _ C.4a+1 D.%-l—a
Cau 16, Néulogy, 3 = a vt 1ogs 5 = b thi logsg 1350 biing

Al2a-b-1 B.2e—b+1 C.2a4+b+1 Da+2b+1

Cdu17. Choa > 0,b > 0 thda man o® + 9 = 10ab. Khéng dinh nio sau diy diing

A log(a + 3b) = loga -+ logh. B.logla + 1} +logb = 1.

C. 2log{a + 3b) = loga + logb. D.log ‘“’;3{’ = loga ;“’gb.
Céu18. Timm dé phuong trinh 9° — m.3% + 1 = 0 ¢4 hai nghiém phéan biét

A.m>2hodcm < -2 B.m>2 '

C.-2<m<?2 D.om< -2

Ciu 19. Nghiém clta phuong trinh log, (& + 12).log, z = 113
Axz=-3 B.z=4
Cg=-3z=4 . D. Ddp 4n khic

Céiu 20. Tap nghidm clia bt phudng trinh logy (logz(2 — %)) > 014

A (-L1)U(2+00) B.(-11) C. Dép 4n khic D.(-1;0)u (1)
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Cén 21. Mt ngubi gl tiét kitm vdi 15i sudt 8,4%/n3m va lai hang nim dutgc nhiip véo von,
. héi sau bao nhiéu nim ngudi dé thu dudc gip d8i s tién ban diu?

A. 6 ndm B. 7 nim C.8nim D. 9 nim

1 .
Cau22. Cho f(z) 1 ham s chiin va lién tuc trén R thod man f F(z)dz = 2. Tinh
-1

f 1
1=] fla)dz
[H]
Al=2 B.I=1 CI—I DI""E
- T T g
2 —
Cin23. Giésfzrangf —F1 = aln5+bln3vdia,blachcsd hitutl, Tinha +b
¢ Z24+4x+3
A1 . B C.-5 D.1

Cau 24. Tim nguyén ham f{l +sinz)2dz.

1
A.gz+2cos:r:—%sin2x+0 'B.:';—z—2cosa:+zsin2a:+c

1
C.gm—2cosx—%si.u2:c+0 D.;z+2cosa:+zsi.u2m+0

1
Cau25. TinhI = f ¥
1]

[

21 241
e e” 4+ C.f:e

Al= 1 s

Fy

Ciu26. Khing dinh nio sau day diing?

A. Néu o' (¢) 3 toc do ting trudng cin ning/nam clia mét dida tré thi / ° w'(£)dt 12 dd
chénh léch cén ning gifta dia tré 5 tudi va 10 tudi. ?

B. Néu dau rd o tir 1 cdi thing véi tbc dé +(¢) tinh bing ga léng/phiit tai thi gian ¢, thi
-/o' e {t)dt bidu thi lugng ga Idng diu rd f trong 2 gidy du tién.

C. Néu () 1a the d8 tidu thu diu cha thé gidi, trong d6 ¢ dugc tinh theo nim, bit dau tai
17
t = 0 vio ngay 1 thang 1 ndm 2000 vi r(2) dugc tinh bing thimg/ndm thi j r(t)dt
[1]

bidu thi s6 ltgng thiing din tiéu thu tif ngay I thing 1 nim 2000 dén ngay 1 thing 1
nam 2017.

D. CAA, B, C déu ding,.
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'Cau 27. Tinh dién tich hinh phéng gidi han béi cdc dudng congy = o° + 2z vay =2+ 6

95 265 125
A. —6"‘- B. T- C. "'6_-

Ciu 28. Cho hinh phing () gidi han bdi Ox vdy = v/1 — 22, Tinh thé tich khéi trdn xoay
khi quay (H) quanh Ox

65
b. T

3 4 3 2
= . L - L D=
A.2'rr B 371' C 41r 37r
" 2 . ) = R 2(1'1'21':) . . .2 .
Cédu 29. Cho s6 phic z thoa man (2 + §)z + iy = 7 + 8i. Tim médun cia s6 phiic
w=z+i+1

A3 : B.4 ' C.5 D.6

Cau 36. Sb phiic z thda mén hé thifc z + 2% = 3 ~ i c6 phan 3o bang
i

1
A.—§ B'§ C.-1 - ba

Ciu31. Goiz; v 2, 13 hai nghiém clia phudng trinh 22 + 2z + 4 = 0. Khi d6 |z |® + |z|® bing

A2 B.6 C.8 D. 4
Can 32, Didm biéu dién cfia sb phitc z = 3 _1 o 1a
2 3 2 -3
A(%-2) B. (-ﬁ 1—3) C. (2:~3) D. (-1-?; E)

Cau33. Cho sb phitc z = 1+ bi. Khi b thay d8i tip hop cac diém bifu dién s phifc z 1 dudng
¢b dinh nao. :

A.Dudng thingy —b =0 B.Duimg thingz —1=0
C.Dutng thingbe +y - 1=0 D. Dudng thingz ~y—b=0

Ciu 34. Cho sb phiic z théa mén |z + 31} < |7 + 2 — i|. Tap hop cdc diém bifu diénclaz 1
A. Nita mit phing chobdiz —y—1<0 B. Nita mit phing cho bdizc —y—1 >0

C. Dudng tron tam I{—1;3) ban kinhr =2 D.Dudngthingz -y —1=0"

Céu 35. Cho khéi chép $.ABCD ¢6 ABCED 14 hinh vuéng canh 3¢. Tam gidc SAB cin tai §
v2 n¥im trong mat phing vuéng géc véi day. Tinh thé tich khéi chdp 5.ABCD biét ge giila
$C va {ABCD) bing 60°.

9a2%+/15

A.184%V3 B. 5

C. 9a%V3 D. 186315
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Cau 36. Cho khéi ling tru diing ABC.A'B'C” ¢6 ddy ABC I3 tam gidc vudng cén tai 4, canh
BC = av2. Tinh thé tich khi ling tra ABC.A'B'C’ biét A'C tao véi mit ddy mdt géc 60°.
3 3
A 3“2—"@ B.3a%/3 c.2 f D. 6a*v3

Cau 37. Cho hinh chép nt gidc déu 5.ABCD c6 canh déy biing ¢, SA = av/2 . Goi M, N, P
ldn luot 13 trung diém clia S4, 5B va CD. Tinh thé tich tit dién AMNP.
32 B a3/3 c a6 D a3/6

36 T18 T 48 To12

Céu 38, Cho hinh chép S.ABCD c6 dédyla hinh vudng canh e, mit bén SAB 1 tam gidc déu
vandm trong mit phing vudng géc vdi ddy. Tinh khodng céch tir 4 dén mit phing (SCD)?
av21 av'21 c.® 21 av/21

3 14 T 21
Céu 39, Cho hinh try diing c6 ban kinh ddy R, chidu cao tru Ja Rv/2. Dign tich toan phin va
thé tich cfia khéi tru da cho Ia:

A

A B. D.

A.2n(vZ + 1)R%; o RS B.7{v2 + 1)R*nR?
C.m(v3+1)R%; wR3V2 D.2m{(v2+1)R% 7 R3V2
Céu 40. Mot hinh nén c6 thiét dién qua truc Ix mdt tam gidc déu. Goi Wi; ¥ 1an hugt L thé
tich cilia khéi cdu ngoai tiép v ndi tibp khdi nén trén Khi d6 § s& ;1- bing:
2
A8 B.6 C.4 D.2

Cau 41. Cho ling tru ditng ABC.A'B'C’ ¢6 day 1 tam gidc déu canh a ,mit bén 14 céc hinh
vudng. Dién tich todn phén cha hinh tru ngoai tiép khéi ling try 1i:

2 2
A dma? B. 211; (V3+1) C.2ma? D. 3—7;5—

C&u42. Cho titdién déu ABCD c6 canh'bing a. Tinh thé tich V clia khéi cAu tifp xitc véi tit

cd cdc canh clia tit dién ABCD

V3re® Vorad 24/2a3 ' +3a8
AV= 3 B.V= N CV= 3 DV= on

Cén 43, Trong khéng gian véi hé toa dé Ozyz, cho hai vecty @ =(211)va7T = (3-1;2).
Tim toa dd clia vectd b théa mén bifuthiic: 2% — @ + 37 = 02
3 1
D. (5, 2; -'5)

3.5 Lo, 8 7o 3%
A‘(_Exll 2) B°( 5 2, 2) C. (—5521_2)

Céu 44. Trong khang gian véi hé toa dd Ozyz, cho didm A(1;1;1) v mit phing () : 2z +
2y + 2+ 1 = 0. Khodng céch tit diém A dén mit phiing (a) la:

A2 B.3 C.4 D.5
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Céu 45. Trong khong gian vdi hé toa 4 Ozyz, cho difm A(0;0;2) vi hai mit phéng (o) :
%—y+3=0va{as) : y— z+3 = 0. Phuong trinh mit phing (o) di qua didm A v& vudng goc
véi hai mat phing (o) va (ea) 1a:

Az+y+z—-2=0 Brz+y+2:—-4=0
Cz—2y+z—-2=0 D.2z4+y+z-2=0

Céu 46. Viét phuong winh dubng thing di qua diém A(1; 3; 1), vudng goc véi dudng thing
=1 y~-1 2z-2

d: =5 T3 vA song song vii mét phing (o) : 22 —y — 3 =0,
z=143L r=1-3t r=1+3t x=1-3t
A.{y=3+6t B.{y=3—ﬁt C.{y=3+6t D y=3+6¢
z=1+5¢ z=1-—15¢ z=1-"56¢ z=1+5¢
s a e - - - - -1 _ z-1
Ciu 47, Chohzuduangth%ngdl:zlszyzszz_ls,dg:'t?:}:yz =z3 . Viet
phudng trinh mit phing (P) chita d; va song song véi dy.
A@:iz+2y—2z—-10=0 B.(Q):"z+2y+32—~26=0
C.(P):dx—5y—6z+41=0 D.(Q):z—-2y—2z+10=0
Ciu 48. Cho M(2;1;0) vad : Tl—y—-:—l =7 Vletphlidngtnnhdudngthangﬂdlqua
M, catvavuonggocvclldlmngthangd.
z—-2 y-1_ =z . —2_y—1_ z
A 12_ —11‘1 11_ 41““ )
JEZA_Y-L_E Lzl _y+l_z
Coi=y==7 4 R 2 4

Cau 49. Cho I(2; —5;6) va mat phiing (P) : z — 2y + 2z + 3 = 0. Viét phuong trinh mit ciu
(5) cb tam I va tiép xic véi (P)

A{S): (z -2 +(y+5)°+(z—6)F =81
B.(5):(z -2 +{p+57+(z~6)*=9
C.(§):(z-27+(y+57°+{z—6)7F =27
D.(S): (2= 22+ (48 4 (- 6)) =

Céu 50. Cho cic diém A(1;0;0), B(0; 1; U),C(U; 0;1) va (Q) : = + y + # = 0. Cd bao nhiéu mat
clu c6 tim nim trén (Q) va tifp xic véi c ba dudng thing AB, BC,CA

A Cé1lmitciu ~ B. C6 4 mijt cau

C.C6 7 mit ciu ' D. C6 v6 s6 miit ciu
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