‘ PGS. TS NGUYEN VAN LOC ( Chil bién )
TRAN QUANG TAI - MAI XUAN PONG - LE NGOC HAI - TRINH MINH LAM

Huéng dan

Gldl BAl TAP

o Tom titly thuyét
v A i i o
y Bai tap can ban

Bai tap tuong ty va nang cao
( Tdi ban lan thit hai )
-
M(x; y)
>
O a X

=] NHA XUAT BAN
Q& paAIHOC QUOC GIA HA NOI




PGS. TS. NGUYEN VAN LOC (chi bién)
Tran Quang Tai - Mai Xuian Déng
Lé Ngoc Hai - Trinh Minh Lam

Juéng dan

GIAIBAITAP

Hoe ]

(T4i ban lan thy hai)

¥

/ ul
6m tat 1§ thuyét

¢ Bai tap cdn ban

\ e Bai tap tuong tv va nang

NHA XUAT BAN PAI HOC QUOC GIA HA NI




LOI NOI DAU

Cuén siach “Hudng dln gidi bai tap hinh hoc 10” cé ndi dung
tuong dng véi chuong trinh Hinh hoc 10, bién soan theo chuong trinh
chuan, xuat ban nam 2006.

M&i muc (§) cia chuong trinh bao gom bén phan:
I. Tém tdt 1y thuyét
II. Bai tap co ban
II1. Bai tap tuong tu va nang cao
IV. Pap s6 va huéng din giai

Phan I: Trinh bay nhitng van dé ly thuyét trong tdm nh4t cta chuong
trinh ma cdc em can phai hiéu va ndm ving.

Phan II: Trinh bay 16i gidi chi tiét cha cac bai tip c6 trong chuong
trinh, méi bai tdp déu néu day di cdc budc lap ludn véi cin cd la cic
dinh nghia, dinh ly, cac tinh chat da hoc.

Phan III: Gié: thidu cdc bai tap cung dang véi cdc bai tap c6 trong
chuong trinh va cdc bai tip ning cao ¢6 danh dau (*) danh cho hoe sinh
kha, gioi.

Phén IV: Trinh bay dép sé va hudng dan giai cdc bai tap ¢ phan III.

Viéc st dung sdch nén thuc hién theo trinh tu nhu sau: Sau khi hoc ly
thuyét, cdc em hdy tu minh giai cdc bai tap c6 trong chuong trinh, néu
gap khé khan c6 thé tham khao loi gidi bai tap trinh bay ¢ phéan II, hon
nita ngay cé khi gidi duge bai tdp cua chuong trinh, cdc em cing nén so
sanh 10i gidi cGa minh véi 161 gidi duge trinh bay trong siach ndy dé hiéu
sau sdc, ddy da ki€n thic va phuong phép gidi bai todn. Tidp theo cdc
em nén danh thoi gian gidi cdc bai tap ¢ phan I1i 'dé rén luyén k§ ning
gidi cdc dang todn, néu gap khé khan cé thé tham khéo dép s0 va
huéng dan gidi ¢ phan IV.

Hy vong véi cdch bién soan nay, cuén sach sé 1a tai lidu hd trg tich
cue gidp cdc em hoc tdt Hinh hoc 10.

R4t mong cdc em dung sdch vdi y thie tu chu cao va khong dung sach
theo cach chi “doc” 2ac 10i gidi c6 sdn cla cédc bai tdp trong SGK.

Céc tac gia



CHUONG I: VECTO
§1. CAC DINH NGHiA

. TOM TAT LY THUYET

1. Vecto 1a mot doan thing dinh hudng, nghia la trong doan thdng dé
ngudi ta di chi ra di€ém mut nao 1a diém dau, diém mat nao la
diém cudi.

.—)
Vecto ¢6 diém dau l1a A va diém cudi 1a B, duge ki hiéu 1a AB (doc
1a vecto AB).
Quy uéc: Vecto ¢6 diém dau va diém cudi trung nhau la vecto
Y
khéng. Ki hiéula 0.

2. Dudng thing di qua diém dau va diém cudi cia vecto duge goi la

gid cua vecto dé.

Hai vecto dugc goi la cung phuong néu gid cda ching song song
hodc trung nhau.

3. Hai vecto cung khéc vecto khong va cung phuong thi ‘hoac lé cung
- huéng hodc 1a nguge huéng.

Quy uéc: vecto khﬁng cung phuang v6i moi vecto, va cung huéng |
v@i moi vecto.

- —>

4. Ba diém phﬁn biét A, B va C thidng hang khi va chi khi AB, AC

cung phuong.
5. by dai ciia mjt vecto a chinh 1a do dai cia doan thdng néi diém

ddu va di€m cudi cla vecto d6, ki hidu 12 |al.Tac6 10| =0
6. Hai vects a va b duge goi 12 bing nhau néu ching ciing huéng va

cang d9 dai, khi d6 ta vigt a = b.

' (» —
iy a,, b cing huéng

Viya=beo!
|aa| = b




IL. BAI TAP CAN BAN

Bél 1. Cho ba vecto a , —*, o deu khéc vectc 0 Céc khidng dinh sa
. day ding hay sai? -

L, o - .- - -
a) Néu a vab cung phuong v6i ¢ thi avab cing phuong.
b) Néu a b cung ngudgc huéng véi c thi vag cung huéng.
Hu’o’ng dén gid

...)

- - - -

a) Ta goi Ay, Ag, Az lan lugt 12 gid cia a, b va ¢. Vi a, b cun
perdng vm c nén A; song song hodc trung A; va A; song song hoj
trung As, tir ddy suy ra A, song song hoac tring A, tuc 1é a v

b cung phuong.
Vay khing dinh d cho 1a ding.

—
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b) Néu a ngugc hudng vd: b thi b va _c+ cing huéng, ta c6 ma

thuén i
' -
~ Vay a va b cung huéng.
. . ; i Aq
: b SR A
c As

>3 z ¥ i
< " L

Bai 2. Trong hinh v& du6i day, hay chi ra cdc vectd ciing phuong, cling
huéng, nguoc huéng va cdc vects bing nhau.



3\"\
Huéng dén gidi

, b cung huéng, ching khc‘mg bing nhau vi |Z| # |g|

i

, z la cung huéng (hién nhién ching cimg phtro’ng).

’

1 <

)

3
a
N -

* x =y Vi tif hinh v& ta thdy x, y cung huong va |x|=y|.
x
-
u

, v, w la ciung phmmg u, v nguctc huéng va u, w cunghudng
Bai 8. Chitng minh ring t& gidc ABCD 14 hinh binh hanh khi va chi khi

—

__)
AB = DC .
Gidi
Gid s{ tu gléc ABCD lé hinh binh hanh.

Khi d6 AB = DC = ]AB] |DC|
Mit khdc, dé thﬁy AB va DC cung hu‘é‘ng _

Tir ddy, suy ra AB DC

Ngugc lax, glé stf tit gide ABCD c6 AB DC didu nay chu'ng t6

|AB|--|DC| va AB // CD
hay AB=CDva AB/ CD

nén ti gidc ABCD 12 hinh binh hanh (d4u hiéu nhin bi&t hinh binh
- hanh).

Bai 4. Cho lyc gidc déu ABCDEF c6 tim 1a diém O. Hay tim cdc vecto
khé4c vectg khong; c¢6 difm ddu, di€m cudi 1a hai trong s8 bay d1§m'
A B, C, D E, FvaOthoamﬁn

a) Cing phuong véi OA '
-
b) Béng vecto AB.



- Gidi
Tam O cha luc gidc déu chinh 1a
tam dudng tron di qua sdu diém A,

B, C, D, E, F. Vi ABCDEF la luc
gidc déu nén cac td gidc ABCO,
BCDO, CDEO, DEFO, EFAO,
FABO la cédc hinh thoi bﬁng nhau.

e S S S A e
a) Ta thdy gia cta cdc vects: CD, DO, AC, AD DA, EF, FE, BC,

CB song song hoac trung véi gxé cia vecto OA do vﬁy chin vecto

trén cung phu’Gng véi vecto OA
b) Do céc t gidc néi trén 13 nhitng hinh thoi bing nhau nén:

|AB|=|F0|=l0C|=|ED]| )
-

: ' : £ N &
Mit khdc dé thdy ring céac vecto AB, FO, OC, ED la cing

huéng (2).

> =5 -

T (1) va (2) ta c6 nhirng vecto bing vecto AB la FO, OC, ED.
. BAI TAP TUONG TU VA NANG CAO

Bai 5. Cho hai vects a va b kh’c‘»ng cung phuong. C6 hay khéng vectd

cung phuong vél hai vecto a va b.

V. DAP sé VA HUONG DAN GIAI

Bai 5. Tir a va b khongcungphuangnéntacé ; # 0, 0,b#0.
Gia st x la vecto cling phuong véi ca a va b.

"Néu x # 0 thi suy ra gid cia vecto a
song song ho#c trung véi gid cla vectd -

S S

b, tic 12 c4c vecto a, b cling phuong,
mau thudn véi gia thiét.

-

Néu x = 0 thl hién nhién x cing
phuong vdl ca a va b
Vay c6 duy nhét vects 0 l1a vecto cing

_’

-
phuong véi ca hai vectog a va b.




|

§2. TONG VA HIEU CUA HAI VECTO

I. TOM TAT LY THUYET

1. Pinh nghia

Cho hai vects a va b. Liy mot
a,

(LR
ya

o —> =¥ -3
diém A tuy y, dung AB = BC = b.
%
Vectd AC dugc goi 1a tong cda hai vacto B

—

u—’
a va b. Ta ky hiéu tong cua hai vecto

— -3 - —» - — - g b
avaiblaa+b.Viy AC=2a + b.
2. Quy tdc hinh binh hanh: Néu ti gidc F; s A
ABCD la hinh binh hanh thi ta cé: a+b
-—> — —>
AD + AB = AC.
8. Tinh chét | A B
Vé6i ba vecto ;, g, : tuy y ta cé: /\/
. ; + g = i; + ; (tinh chat giao hodn); D C
-(; + g) 6= a +(B + Z)(tinh chat két hop);

- - - - -
ea +0=0+a=a.

4. Dinh nghia
= A | b .
Cho vecto a, ta goi vecto ddi cla vecto a la vecto c6 cung do dai
S - - ->. -
v6i vecto a va ngugc hudéng vdi a, ki hidu vecto d6i ciaa la —a.

Vay a - b =a +(-b).
5. Véi ba diém A, B, C tuy y ta ludn c6:

-3 ity
AC = AB + BC.
> . AR
CB = AB - AC.
Hai quy tdc trén thudng dugc goi 1a quy tic ba diém.
—> —> -
6. I 1a trung diém chia doan thdng AB khi va chi khi IA + IB = 0.

—> —>» ~» -
8. G 12 trong tam cta tam gidc ABC khi va chi khi GA + GB + GC = 0.




IL BAI TAP(:ANBAN

Bai 1. Cho hai vecto a, b khéc 0 va cung phtrtmg X4ac dinh: a + b;

a-b.
Giai it
. . ) - - ‘ _ a : -
Truong hop 1. .a , b cing hué'ng;; mratr. gy
Tir diém O ta dung: OA = a; AB = b. ; TR,
: > - e e % . 4 7e
Khi 46 vects OB =a + b. < 0. A B
- L5 - « i >
Tit diém I ta dung IM = a, MN b. N I
KhidétacélN:;—b. | = . o
* Truong hop 2: ;, g ngudc huéng » 4.-—-.-1)——-‘
 Tu diém O (bat ky) dung: _ ; _
S L L e L < + >
o . '
Khi 46 vecto OB=a + b. s * =
: _ _ NN I . M N
Tu diém I (b4t kjr) ta dyng IM = a, MN b

-

Khi dé ta c6 IM
Béi 2. Cho hinh binh hémh ABCD va mdt diém M tuy . Chtmg mmh

_.)

réng MA + MC MB + MD (1)

- Gidi |
Do dﬁng thua (1) nén ta c6

' MA + MC + (-MC - MB)

- - - -
=MB + MD + (-MC - MB)

.e=:>MA+MC+(MC)+(«~MB) o
- MB + MD - MC MB '

_)
& MA - MB = MD - MC « BA = cn

Vi ABCD la hxnh binh hanh nén BA = CD do vay (1) 1a déng
thu‘c ding. . - I

10



3a1 3. Chu’ng minh ring ddi véi td gide ABCD b4t ki ta ludn cé:

- - -
a)AB+BC+CD+DA-0

— —
b)AB—AD:CB—CD.
* ' Giai
=3 - - ¢
a) Ta‘cé:\AB + BC + CD + DA =

<ol

-

— — — —>
< (AB + BC)+(CD +DA)=0

- e S <
< AC + CA =
— -
< AA = 0.
Hién nhién ding thic cudi cung 1a ding nén ta c6:
—> - —> e SRR
AB + BC +CD + DA = 0.

- - - - -
~b)Tacé: AB - AD = DB, CB - CD = DB

—

Tﬂ‘désuyraAB-—AD:CB—CD. ,
Bai 4. Cho tam gidc ABC, bén ngoai tam gidc vé cdc hinh binh hanh

-

™ SRS
ABIJ, BCPQ, CARS. Ching minh ring: RJ + IQ + PS = 0.
Gidi

Vi td gidc ABIJ la hinh binh hanh, nén. IB JA do vay

- > -

IQ =IB + BQ hay IQ JA + BQ (1).
Vi ti gidec BCPQ 1a hinh binh

: - -
hanh, nén PC=QB, do viy

= A T '
PS = PC + CS hay

- = - g . w0 '
PS=QB + AR (2) (vi AR =CS). \K
N
Ta ciing ¢c6 RJ = RA + AJ (3)
Tit cdc ddng thide (1), (2), (3), ta cé:

- — - — - - -

—> ->
RJ +1IQ + PS =RA + AJ + JA + BQ + QB + AR

SN — - -
= RA + AA + BB + AR

1



|

—

Bai 5 Cho tam gxac déu ABC canh bing
- —

AB+BCV?:1AB BC.

£,
=

Gidi
— —~

._.)
eTacé AB + BC = AC

e - -
:>[AB'+BCI:|AC'=a.

e ol H C

: - — = -
e Tac6 —BC = CB (vi BC va CB la hai vecto ddi nhau), nén
= - iy

= - -
AB - BC = AB +(-BC)= AB + CB.

Dung D sao cho B 1a trung diém cda DC khi d6 hai vecto CB BD

‘ cung hu‘é‘ng va cung dd dai nén CB BD do vay

>

AB - BC = AB + BD = AD = |AB-BC| = |AD|.
Mait khéc tam gidc DAC c6 BA la dudng trung tuyén thod man BA

=BD=BC=BA= ——DC (vi BD = BC)

wTamglécDACwongtaaAvacéAC-a DC=a+a= 2a.
Apdungdmthltagot:aa\ce’u’xD2 DC2 AC?=3a’= AD = a\/_

~ Vay IAB BC | =ay3.
Bai 6. Cho hinh binh hanh ABCD c6 tam O. Ching minh:

-a) CO - OB BA"b) AB BC'“ DB;
=3 —> -
c) DA DB OD OC d) DA DB +DC=0.

- Gidi
a) Vi ABCD la hmh binh hanh nén O 1a trung diém cua BD va AC.

Bdi vay: OB DO A . B
.'..-)
:::>‘-OB =-DO =.0D.
. > > - —> - 0)
Dodé CO - OB = CO + OD = CD. :

12



- >
Mat khdc ABCD 1a hinh binh hanh nén CD = BA

— ~ —
= CO - OB = BA.

- >

- - - ¥
b) Ta ¢c6 AB - BC = AB+(-BC)= AB + CB, lai vi ABCD la hinh

—> —y
binh hanh nén DA = CB, do vay ta cé:

—> - - — - — -
AB - BC = AB + DA = DA + AB = DB.
— - - - -
c) Taco DA - DB = BA; OD -~ OC = CD, vi ABCD 1a hinh binh
- — - — - —
hanh, nén CD = BA, tir d6 suyra DA - DB = OD - OC.

~> - — - - —> —> - >
d) Tacé DA - DB + DC = BA-DC =BA + AB = BB = 0.

- - -
Bai 7. Cho a, b 1a hai vecto khdc 0, khi nao ¢6 ding thuc:

- - — -
a)la+bl=]al+]|b]l
-3 - - -
b)la +bl=|a-b]
Gidi
- - > - - - - >
a)Dung OA = a; AB = b,khidé a + b = OB a -
3 b
= = o - NIt 35
=|a+bl=|0B]| 0 A B
- - - ~»
Tacé |a + bl =|al+]|b]
<> OB =0A +AB < a va b = cung huéng
Sy o D < - 0
b)Ttrdié’mO.tadt_mg_OA:a,AB:bAC=-b,khi-d6
Y A — - & Ty et
a+b=0A+AB = OB; a-b/ .. \Na+b
— - - - —> - - a
a—-b=a+-b)=0A+AC = 0OC
- - - - = g g
Vi|a+b§=.l'a—b]nénOB=OC. C'bAb B

Chud y rang B, A, C thing hang nén OBC la tam gidc can véi OA
la trung tuyé&n suy ra OA la dudng cao hay OA L AB

= 5 - -
< a 1 b (Chu y ring truong hgp a, b cung phuong khong thé
xdy ra v6i dang thuc trén). -

13



Bai 8. a) Cho | ; + g | = 0. So sénh do dai, phuong va huéng cha hai

vecto a, b.
- - - -
b) Chlmg minh rang néu a + b cthia=c-b.
sz

-

- - -y —> ~» —
a)Dé thdy x =0 x=0,dodé |a\+bl=0<:> a+b=0.

e N -» s - -
Suy ra a va b 1a hai vecto d6i nhau, tac la |a|=|b| va a, b

ngugc huéng.
- ~» - - - -
b)Tac6a+b cnéna+b+-b)=c¢ +(-b)
- - - - - -
o a+(b—-b) c-boa=c¢c-0>b.

_ - .
Bai 9. Chfmg minh ring -AB = CD khi va chi khi trung diém cGa hai
- doan thdng AD va BC truang nhau.

Gidi

R e S
GoiIlAtrungdié’mcﬁaAD khidé IA + ID = O
- > 5 25 -

Ta cé6: AB CD  IB-IA=ID-IC

- = > -
< IB+IC=ID+IA
- =

o IB+IC=0

< I 1a trung diém cha BC.

- - - — “
Bai 10. Cho ba IUC F,=MA, F, = MB F3 = MC cung téc dﬁng vao mjt

vat tai dxém M va vat dtmg yén. Cho bté’t c&bng d6 cia Fl, déu la
IOON Tu'n cu’dng do va hu’dng cua hxc F

Gun
iy

Do ba 1u‘c ‘F,,F,, F; cung tdc dong véo vat ma vat ding yén nén
tong hop luc ‘phéi bing vectd khong tie la:
> > oS o
FF+F+F,=0
e
. < MA+MB+MC=0 (%)

14



Dung hinh binh hanh AMBD, ta c6:

-y eF
(Yo MD+MC=0
< M la trung diém cta DC nhy vay hudng

= ,
cua luc F; nguge véi huéng cia tédng hop

- 5 -
luc F, + F,. Ta tinh cudng d§ cia luc F,
ta co:

- -

|F, | = |MD| =2MI

\ e
10‘;J§ = 1003 (N).

=2

II. BAI TAP TUONG TU VA NANG CAO
3ai 11. Cho bén diém A, B, C, D bat ki, ching minh ring:

S S

};i))+CD=AD+CB.
V. DAP SO VA HUGNG DAN GIAI

- o 5 >

- -
3ai 11. Tacé6 AB+ CD=0B -0A + OD - OC (vi O la di€ém bat ki)

s -

- -
=0B-0C+0D-0A =CB+AD

§3. PHEP NIHAN MQT SO

VOI MOT VECTO
L. TOM TAT LY THUYET

1. Pinh ng};ia

Cho s§ k # 0 va vecto a # 0. Tich cia s6 k vai vecto a 1a mot

" v6i a khik <0 vacodlé dai bing 'kl a.

Quy woc: 0.a=0.k0=0.

i

vecto, ki hiéu la ka, cung hudng vdi a khi k > 0, nguoe huéng




2. Tinh chéit
Véi moi vecto a, b va moi 6 thuc k, h, ta c6:
k(a + b)=ka +kb;
(h+k) a =ha +ka;
hka)=(hk)a;

l.a=a;(-la=-a
3. - Néu I 12 trung diém ctia doan th%ngAB th1 v6i moi diém M ta cé:

-

MA + MB = 2MI

- Néu G 1a trong tam ctia tam gidc ABC thi véi moi diém M ta cé:

— — - -
MA + MB + MC = 3MG.

4. Dinh 1i .

Diéu klén cdn va di 48 a va _l; + 0 cung phuong v6i nhau lac
mot s6 k 48 a = kb. |

5. Cho hai vecto a , b khong ciing phuong, khi d6 v6i moi vecto >
déu phén tich dugc m@t cdch duy nh4t theo hai vects a va b
nghia 14 cé duy nhit cip s6 h, k sao cho: x =ha +kb.

IL BAITAP CANBAN |

Bai 1. Cho hinh binh hanh ABCD Chu‘ng minh !*éng

- —
AB+AC+AD-2AC
Giai _
| > s s
Tacé: AB + AC + AD =(AB + AD) + AC (1).
Theo quy t4c hinh binh hanh ta c6: A E
— — - : Y
AD + AB = AC )
Tu(l)va(.‘l)tacé '
| - “y - - |
AB+AC+’AD=AC+AC D | C
=y - - -

< AB + AC + AD =2AC.

16



Bai 2. Cho AK va BM la hai trung tuyén cta tam g1ac ABC Hay phan tich
> o5 -

cac vectd AB, BC, CA theo hai vecto " B AK, v = BM

Gidi
Do tinh chit trung diém nén tu gia thiét ta c6:
[ — - - A
2AK = AB + AC
1.3 = =
2BM = BA + BC M
(— 4 -
AB - CA =2u 1) ,
LA (R e 7 K "
-AB+BC=2v (@ P C

, — - - S
Mat khdc, ta c6: AB + BC + CA = AC+CA

—» — — ‘
< AB+BC+CA=0 (3)

T (1) va (2) ta cé:

L

— —5 - - - -
(AB - CA)+(-AB + BC)=2u +2v
N ‘

- =P =y - -
< AB-CA - AB + BC =2u +2v

- NEY . -
< +—CA + BC =2u +2v 4)
Tur (2) va (8) ta c¢6:
— - - = i -
-AB + BC + AB+ BC +CA =2v
"')_ "") = v
< 2BC + CA =2v (5)
Tu (4) va (5) suy ra: |
- Eg = - - . - -
-AB + BC +2BC + CA =2u +2v +2v
=~ - "ap - 9 - -
s 3BC =2u +4v < BC = -§U+§V ‘ (6)
Tu (5)va (6) ta cé:
- - — ~» 4
%u+—§v+CA—2v:>CA —%u-—%v (7)

Tu (7) va (1), ta ¢6 duge:

17



-» - = - e - -
AB+—£u +g~v =2u @AB:.gu ~—gv ,
3 3 3
SN A
2 A
Két ludn: AB = — e o
ét luan 3u 3v
- )~ -
BC = Zu +=V;
3 3
—> — -
| CA = --g—u-——g—v |
Bai 3. Trén ddﬂng\théng chita canh BC ciia tam gidc ABC 1y mot

- - : —>
‘diém M sao cho MB = 3MC. Hay phén tich vects AM theo hai

e 1 oo -
vecto u = AB va v = AC. '

ey - -
Ta c6: AM = AC + CM (1)

- - ‘
Vi CM cung huéng v6i BC, hon nita

-3 ‘ - B ” M
IBC| =2/CM |, nén - C

— 1. et s 1

CM = ..2-.30 = —Z-(AC-AB) (2)

T (1) va (2) ta co:

AM = AC + Z(AC- AB) & AM = SAC - _AB.

—>
Vdy AM = —v - —u.
Bai 4. Goi AM la trung tuyén cta tam gide ABC va D 1a trung di€m cda
AM. Ching minh riing: ‘ | |
- - - £
a)2DA + DB + DC = 0;
- - — -

.b)20A + OB + OC = 40D, véi O 1a diém tay §.

47 parey Bk

b o
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Giai

—» —>

a) Ta ¢c6 DA cung huéng védi MA , hon nita 2DA = MA.
- — A
Tu 46 suy ra MA = 2DA (1) _

Mit khac, do M la trung diém cua
doan BC nén ta c6:

=5 = =3 B
DB + DC =2DM

- ) —
Vi DM cung huéng véi AM va AM = 2DM

— — - - . —

nén DB + DC = 2DM tré thanh AM = DB + DC (2)
Tix (1) va (2) ta co:

- - —> -

- - 5
2DB + DB + DC = MA+AM = MM = 0.

- - -
b) Tacé: OA = OD + DA,
— - -> - — — '
OB = OD + DB; OC = OD + DC nén:
- — - - - - - -
20A + OB + OC =2(0D + DA)+ DB + OD + DC

- " - - Oy -

=20D +2DA + OD + DB + OD + DC

- > - - —>

'=40D +2DA + DB + DC = 40D
- b 4 :

, | s
(vi 2DA + DB + DC = 0 § cdu a).
bai 5. Goi M, N 14n lugt 1a trung diém cia cdc canh AB va CD cia tu

: s s - - - -
gidc ABCD. Chitng minh ring: 2MN = AC + BD = BC + AD.
' Gidi ‘
- - e A S S

1

Tacé AC + BD = OC - OA + OD - OB

T T e T

_.)
OC-0B+0D-0A = BC + AD.

19



L]

, ‘ - > -
Ta chi cAn ching minh cho 2MN = AC + BD.

That vay, ta cé: D
— SRR | RS A
MN = MA + AC + CN N
- R - — '

MN = MB + BD + DN
Ti hai ddng thic nay suy ra:

B C

— - - - - - —
2MN = MA + AC + CN + ME + BD + DN

oY + Ty - - - - -
< 2MN = AC + BD +(MA + MB)+(CN + DN) (1)

~» —

Vi M 1a trung diém cia AB nén MA + MB = 0 (2)
Vi N 1a trung di€m cta CD nén :

Wy e i SR O 1 oy 5

DN + CN = -NC-ND =-(NC+ND) =0 3)
Tir (2) va (3) suy ra ddng thdc (1) tré thanh:

> - — Rt
2MN = AC+BD +0 + 0
e '
Hay 2MN = AC + BD. :
Bai 6. Cho hai diém phan biét A va B. Tim diém K sao cho:

— -

SKA +2KB=0.

| Gidi
Tu gid thiét ta c6: ’
: > R - 9 =

l 3KA=-—2.KB < KA:V—_——KB

W

Vay diém K chia doan AB theo ti 88 -——;—.’R& hon, néu ta chia doa

thing AB thanh ndm phan bing nhau thi di€ém K n3m gidta A va |
sao cho KA biing hai phdn, KB béng ba phan.
i, Ly

; : - -
Bai 7. Cho tam gidc ABC. Tim diém M sao cho MA + MB +2MC = 0

20



Gidi
Goti I 1a trung diém ctia BA. Khi d6 ta ¢6 ddng thuec:

- - . o A
MA + MB =2MI.

—> —> 4 «f I
Dodé: MA + MB +2MC = 0
- -> >
= 2MI +2MC = 0 B C
- > - - —> o
P 2(MI + MC)=0 & MI + MC =0

<> M la trung diém cia CI.
Bai 8. Cho luc giac ABCDEF. Goi M, N, P, Q, R, S lan lugt 14 trung
diém cia cdc canh AB, BC, CD, DE, EF, FA. Ching minh ring hai
tam gidc MPR va NQS c6 cung trong tam.

Giai

Goi G 1a trong tdm cliia tam giac MPR. Khi dé ta ¢é déng thie vecto:

i e TN

GM +GP+GR=0 (1)
DPé ching minh cho hai tam gidc MPR va NQS cé6 cung trong tam, ta
sé ching minh cho G ciing 1a trong tdm cia tam gide NQS, didu nay
tuong duong dang thiec: :

5 onde . Do

GA +GQ+.GS=0
That vay, ta cé:

F
—> - -
GM = GN.+ NM;
—> -» e T —> -

GP=GQ +QP; GR =GS + SR
Ta suy ra: (1)

- - - e T SN
< GN+NM+GQ+QP+GS+5Q=0
e e I e T
< (GN+GQ+GS)+(NM+QP +SR)=0.
- - e e T T

Mat khdc: NM=NB+BM; QP=QD + DP; SR =SF + FR

<1



e e T e T T T S

Suyra: NM+QP +SR=NB+BM+QD+DP+SF+FR  (3)
ViM N, P, Q R, S lin lugt 1a trungdmm cuaAB BC, CD, EF, FA

il T kit kil Th P
nén ta c6: NB = —-CB BM—-—2—BA QD.- ED;

eI Wt e i 1—-)
DP—EDC SF-—AF FR--2—EF

Do d6 (3) tré thanh:
- e I W I, .
NM+QP+SR——2-CB+§BA+'—

\ e S

P A
m%'CA+EC+AF

\ 2

([ - — ) 12> -
="-2—.CA+AE+EC =-§CC=0

. e iy gy
Vay NM+QP +GS=0 - 4)
| ' S e

Tix (2) va (4) ta duge GN + GQ + GS = 0.

Bai 9. Cho tam gidc déu ABC véi O 1a trong tam va M 1a diém tay y
trong tam gidc. Goi D, E, F ldn lugt 1a chén cdc dudng vudng géc ha
tir M dén BC, AC, AB. Chitng minh:

e ndNal
- MD + ME + MF = - MO

_ Gidi
Qua M dung dudng thing song song
v6i AB cit AC tai A,, cit BC tai B,.
Qua M dung dudng thing song song
- v6i BC cdt AB tai B, cdt AC tai C;.
Qua M dung dudng thing song song
véi AC cét BC tai C,, cit AB tai A;.
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Do tam gidc ABC 1a tam gidc déu nén dé dang chirng minh duge céc
tam gidc MB,C,, MC;A;, MA,B, ciing 1a tam gidc déu. T day ta suy
ra F, D, E 1dn lugt 1a trung diém cia cac doan AiB;, B,C,,
C,A; hay ta c6 céc déng thic vecto sau:

- - - - =5 & - - -

2MD = MB, + MC, ; 2ME = MC, + MA,; 2MF = MA, +'MB,

e
Suy ra:  2(MD + ME + MF)
' -> ~> - 5 - -

= MB, + MC, + MC, + MA, + MA, + MB,.

e

Hay 2(MD + ME + MF )

- S - > —» -

= (MB, + MB, ) + (MA, + MA,) + (MC, + MC,) (1)

Do cach dung hinh nén ba td gidc MB,BB,;, MC,CC,, MA,AA,; déu la
nhitng hinh binh hanh, vi viy theo quy tic hinh binh hanh ta cé céc
ding thdc vecto sau:

- - - - - - -

- -
Khi d6 (1) tré thanh:

— —> — — - -

2(MD + ME + MF ) = MA + MB + MC (2)_
Laivi Ola trgng tam cla tam gidc ABC nén ta c6 ddng thiec:

- - — — ‘
MA + MB'+ MC =3MO 3)

Tu (2) va (3) ta suy ra:
— —3 -

- <% e el 3 =
'Z(MD+ME+MF)=3MO & MD + ME + MF = -§MO.

II. BAI TAP TUONG TU VA NANG CAO

3&1 10. Cho G la trong tdm cta tam gidc ABC. Trén canh AB lay hai
diém M, N sao cho AM = MN = NB.

a) Chirng minh ring G ciing 1a trong tAm tam gidc MNC.
w L e '
b) Pdt GA=a, GB=b. Hay bidu thi cdc vects sau day qua
—-b - = > >

a, b:GC, AC, GM, CN.
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Bai 11*, Cho tam gidc ABC, vggi O, G H theo thd tu 1a tdm dudng tr
ngoai ti€p, trong tdm, truc tdm cua tam gidc ABC va I la té
dudng tron di qua céc trung di€m cha ba canh. Chitng minh:

e ST T S B 4
a) OA + OB + OC = OH = 30G;

e S S - -
b) HA+HB+HC 2HO = 3HG.

Bai 12. Cho ti gidc ABCD trén cdc canh AB va CD lén lu’at ldy c

A
dlemM Nsa.ochu AM kAB DN = kDC (k # 1).

e -
a) Héy phan tich vecto MN theo AD va BC.
b) Gm P, Q, I lan luogt 1a céc dlem thuge AD, BC, MN sao c.

R

—-) - -
AP =[AD, BQ =IBC, MI -lMN Chu’ngmmh ba dlémP Q

thing hang.
Bai 13*. Cho tam gidc ABC, goi H lé truc tam, I 1a tdm dm‘mg tron n
txép, ching minh:
- > —> _, -
a) a.lA +»_b.IBV+ c. IB =
- - 2
b) tan A.HA + tanB. HB+tanC HC =

Iv. DAP sO VA HUONG DAN GIAI

Bai 12. |
T T e T S N
a) GA+GB+GC=GM+GN+GC=0.

—y

BY GC=-(@sh), . -
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ai 11.
a) Goi A’ 1a diém d6i xdng v6i A qua O, D la trung diém BC. Ta c6 tu
giac BHCA' 14 hinh binh hanh.
Vay A’, D, H thidng hang.

- -
Ta c6: OB + OC =20D.

o d 1 -
Mat khac: OD la dudng trung binh cia AA’AH nén OD = §AH

- = A

—
Suy ra: OB + OC = AH

- -

‘ - o
o OB + OC = OH - OA G

e
& OA + OB + OC = OH (1) B
Ta lai c6: A’

e e e e e 4

—> -
OA+0OB+0C=0G +GA+0G+0B +0G +GC
- 5 - - o S

< OA+0OB+0C=30G+(GA+GB+GO)
- = -

< OA+O0B+0C=30G (2)

~—» =y sy -
(Vi G la trong tdm AABC <> GA+GB+GC=10)
Tu (1) va (2) ta c6:

-

R -
0A+OBJ¢OC=OH=30G.

- - - o

-> -» -~ -3 —>
b) Tac6: HA + HB + HC = HG + GA + HG + GB + HG + GC

e T T - A T N

o HA +HB+HC=3HG (vi GA+GB+GC=0) (3)
- - - -

Mat kh4ec: 3HG=3(HO+OG)=3HO+OH=ZHO (4)

Ly, 2y oy N =3
T (3) va (4): HA + HB + HC = 3HG = 2HO.
3ai 12. a)

—>

- -
MN =(1-k)AD + kBC.

25



b) Theo ciu ‘a)

- U~ - .- —»
+PI=(1-0)AM +I!DN =(1 -DkAB + lkDC

- >
=k[(1-1) AB +IDC] . (1)

: g ? : 3 —
+ Tuong ty ta c6: 1Q = (1 - k(1 1) AB + IDC] (2)
Tu(l)va (2)tasuyra Pl = i_:-—kI'Q
Suy ra P, I, Q thing hang.
Bai 13. ‘ _ - _
a) Ta dung hinb binh hanh IA’CB/, ta c6:
; NG ORe  G -

IC=1IB +IA’ =alB +BIA.

Vi IB’ eung phuong nguge chiéu IB nén
IB _ BC a ~

' - T
Suy ra: alA +bIB +cIC=0.

b) (Xét AABC nhon, cdn néu AABC ti1 ban doc tu ching minh)
~ Dyng hinh binh hanh HA'CB' ta c6:

B e ~—> L=
HC=1IA'+ HB' = kHA +[HB.

- . > . :
Do HA va HA’ ngugc huéng
_HA' _ B,C_ BBjcotC

2 HA = B,A BB cotA

ot '
el
New < (DAL B

: - - e
<> tanA_HA + tanB.HB + tanC.HC = 0
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§4. HE TRUC TOA DO
I. TOM TAT LY THUYET

1. Tr.t_lc toa d§
a) Truc toa do (hay goi tdt 1a truc) Ia mét duong thang, trén dé6 da
xdc dinh diém O 1a dié’m goc va mot vecto don vi e.
K{ higu truc 1a (0; e).
b) M 1a mot diém tuy y trén truc. Khi d6 ton tai duy nhat s6 k € R
OM ke Ta goi s6 k 12 toa do cia M dai véi truc da cho.

¢) Cho hai diém A vé B trén truc (O; ¢) khi d6 ¢6 duy nhat mét sd

thuc a sao cho AB ke Ta goi a 1a do dai dai s6 cta AB doi
v6i he truc da cho va ki hiéu: a = AB.

2. Hé truc
a) Hé truc toa d¢ (O; é; , e—; ) gobm hai truc toa d9 (O; ;1 ) va (O; e,)
vudng géc véi nhau. Piém O chung cda hai truc duge goi la goc

toa d6. Truc (O; t;}: ) dugc goi 1a truc hoanh va ki hiéu 1a Ox, truc

(O; e;; ) goi 1a truc tung va ki hiéu la Oy. Hé truc (O; é; , e_; ) con |
duge ki hiédu 1a Oxy.

AY
- A -
€ € i
0l (0] X

b) Trong mit ph:ing toa do Oxy cho o tiy y V6i mbi u thi tén tai

-

duy nh&t mdt céip s& thuc (uy; up) sao cho u = u 91 + Uge, .

Ta goi cip s0 (u; ug) 12 toa df cla u d6i véi hé truc Qxy va viét

l1a : = (u;; up) hodc ;(ul; Ug).

27 -



c) Néu u (ug; ug), v (vq; vo) thi

- > u =V,
+u=ve
Ug. %N
- —
+u + v = + vy uz + vy)
> —
+u - v = -V uz - Vo)

+ku = (kuy; kug) k € R.
d) Trong mit phing toa do Oxy, toa do cia diém M b4t ki la toa dd

.__)
cﬁ_a O‘K/I,* nhu vdy néu OM =.(x; y), ta néi diém M c6 toa dd
(x; y) va vi€t M(x; y) hodac M = (x; y). ’
Trong mit phing toa dd Oxy néu A(xa; ya), B(xs; ys), khi dé:

-
+ AB = (Xp - Xa; ¥YB — Ya)

e X, + Xpg

+ Toa dd trung di€m I(xy; y1) ctia AB: - 2
_Yat+t¥s

Y1 = 2

+AB =| AB| = J(xB ~ %)% + (yg - ya)? |
Cho AABC v6i A(xa; ya), B(xs; ys), Clxc; yo). Khi d6 G(xg; yo) la
trong tAm cua tam gidc ABC thi:

X, + Xg + X¢

xG=

- 3
lye = Ya.t ¥Yp ¥ e
_ _ .3
II. BAI TAP CAN BAN

Bai 1. Trong mit phdng toa d6 Oxy, cdc ménh dé sau ding hay sai? .
a) a (-3; 0) va e, ngugc hubng;
b) Hai vecto ; (3;4) va B(_3;‘ — 4) 1a hai vecto ddi nhau;

c¢) Hai vecto ;(5_; 3) va E(S; 5) 1a hai vects d6i nhau;

d) Hai vectd blng nhau khi vA chi khi chtng ¢6 hoanh 49'bing nha
va tung do6 bing nhau.
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Gidi

a) Tacé a = -3e, (vi e (1;0)) nén hai vecto a(-3; 1) va e, ngudc
hudng.
Vay khéng dinh (a) 1a ddng.

b) V6i a (3; 4) va b(=3; -4) thi

—

a =-b vay hai vecto a va b ddi nhau.
Nén dédp 4n (b) l1a ding.
¢) Véi ;(5; 3) thi vecto di cia cia a la _a= (-5; -3) do dé 3(5; 3)
khong la vecto d6i caa a . Khing dinh (c) 1 sai.
d) Khi hai vecto ¢6 hoanh d9 bang nhau va tung d9 bang nhau thi ching
bing nhau la ding, vy khing dinh (d) 12 khang dinh dang.
Tom lai:
Céc khadng dinh ding la (a), (b) va (d).
Khéng dinh sai 1a (c).

Bai 2. Tim toa d¢ cia céac vecto sau:

a)a =2e; b) b = -3e,;
¢) ¢ =3¢, -4de,; d)d =03e + 1de,.
Gidi
a) 322;
a =2 +0.6; viya (20
b) b =-3e,
b=0e -3a,  vay b(0;-3)

-

c) ¢ = 3;; ?4e2, vay c (3; -4)

—p

d) d =026 +1lde, viyd =(02; 1,4)
Bai 3. Cdc khing dinh sau diy dung hay sai?

s -
a)‘Toa dj ctia dicm A 14 toa do cia OA;
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b) Piém A nim trén truc hoanh thi tung d6 bing 0;
¢c) Piém A niim trén truc tung thi c6 hoanh d¢ bang 0;

d) Hoanh d¢ va tung d6 cia A bang nhau khi va chi khi A nim tré
~ dudng phan gidc cia géc phan tu thd nhit va thd ba.

Gidi
a) Theo dinh nghia thi khing dinh (a) diing.
o R 4 —
b) A ndm trén truc hoanh thi OA va e cing phuong nén:

o - —
OA =ke, +0.e,, ,
Suy ra A(k; 0), vay khang dinh (b) ding.
¢) Tuong ty cdu (b). Diém A nim trén truc tung thi OA= Oe, + l¢
hay A(0; [). Vay khdng dinh (c) 1a ding.
'd) A ndm trén phén gidc cia géce phan tu thd nhdt va thd ba khi
chi khi: ’
= e
OA = k(e;, + e;) = (ky; ky).
~ Vay khing dinh () 13 ding.
 Tém lai: tdt ca cdc khing dinh & bai tap nay déu dung.
~ Bai 4. Trong mit phing toa do Oxy cho diém M.
' ~ a) Tim toa -4} ctia diém A d6i xing véi M qua Ox;
~ b) Tim toa dj cda diém B d6i xding véi M qua Oy;
¢) Tim toa d9 cia diém C ddi xing v6i M qua O.
_ Gidi
Trong mat phing toa do Oxy, goi M(xw; yu)
H —-) 1 5 5 £ i e "t o s ; .
a) OM =2xue, +yme,.A d6i xing véi M qua Ox thi:

¥ - e
OA =xme; —yme, nén Alxy; —ym) .

b) Tuong tu céu (a).

- 3 4
OB = -xme, + yMe, nén B(-xy; ym).

30



c¢) C déi xding v6i M qua O.

—> P - -»
OC = -OM = —xme; — yme, nén Cl-xy; -ym).

3ai 5. Cho hinh binh hanh ABCD véi A(-1; -2), B(3; 2) va C(4; ~-1). Tim
toa do diém D.

Gidi
Gia sir D(xo; yo) -

: - —
T gidc ABCD la hinh binh hanh khi va chi khi: AB = DC

— X = Xe — f=d = - =0
a5 {XB }.{A XC Xp PN XD g, {XD .
YB ~Ya=Yc —¥p 4=-1-yp yp =-5
Vay D(0; -5)

3ai 6. Cac diém A'(-4; 1), B'(2; 4) va C'(2; -2) lan lugt 1a trung diém céc
canh BC, CA, va AB cua tam gidc ABC. Tinh toa dd cdc dinh cia
tam gidc ndy. Ching minh ring trong tdm tam gidc ABC va A'B'C’
trung nhau.
Huéng ddn gidi
Goi A(xy; ya), B(xg; yp) va C(xc, yc)
Theo gia thiét:

2Xg = X4 + X¢ Xy, +Xc =4 X, =8
2Xp = Xg +Xg & Xy +tXxc=-8 xp = 4
2Xe = Xg + Xu Xg + X, =4 Xc =-4

ya =1

TLI’O’ng tu. 1¥s = -5

Yo =17

Véy A(8; 1), B(-4; -5) va C(—4; 7) .
Tir két qué vira tinh duge & trén va theo gid thiét.

Xp +Xg +Xg X, + Xg + Xg

, = =0
3 3 -
YatY¥st¥c YatV¥wtV¥e _q .
3 _ 3

Nén hai tam gidc ABC wa A'B'C’ ¢6 chung trong tam G(0; 1).
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Bai 7. Cho a=(2; 3), b = (1; 4) hiy phan tich vects ¢ (5; 0) theo hai

-3 -
vectd a va b

Giai
Giésﬁ"zzx; +yi; g . (1)
Theo gia thiét: ¢ = (5; 0) @
; = (2;3) = x; & (231; 3x) (3)
b =(1;4) > yb =(y; 4y) (4)

Tir (3) va (4) ta cé: xg + yg =(2x +y; 3x + 4y) (5)
Tu (1), (2), (5) ta c6:
{5; 2x+y  (6)

~ lo=38x+4y (D
Te(l):y=5-2x (8)
Thé (8) vao (7): 3x +4(5 - 2x) =0 =>3x +20 - 8x = 0 = 5x = 20
;::» x=4 : 9) ‘
Thé vao (8)taco:y=5-24 =>y=-3.

Viy: o kg -—33
III. BAI TAP TUONG TU VA NANG CAO
Bai 8. Cho hai diém phan biét A(xs; ya) va B(xg; ys), ta n6i M chia doan
o :
thing B theo ty s6-k néu MA =kMB (k# 1), chiing minh ring:

___xA-'—ka'
T ok
ya - k

Vo = uél -kyB

Bai 9*. Cho 4 diém A, B, C, D trén truc. Ching minh réng:
~a) AD + BC = AC + BD. Tinh hai tdng dé6 theo IJ (trong d6 I, J ldn
lugt 1a trung diém ctia AB, CD);
b) AB.CD + AC.DB + AD.BC =0;

¢) ABZ.CD + AC2.DB + AD.BC + CD.DB.BC = 0.
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3ai 10* Cho 3 diém A(0; -4), B(-5; 6), C(3; 2)
a) Chirng minh riang 3 diém A, B, C khong thing hang;

b) Tinh chu vi tam giac ABC;
¢) Xac dinh toa dd chan dudng phén giac trong cua tam gidc ABC ha tu
A.
V. DAP SO VA HUGNG DAN GIAI
3ai 8. Theo gid thiét:
—>
MA = (xa — Xm; Ya — YM);
_._)
- MB =(xp - xm; ¥ - ¥M);
Viy MA =kMB { ~ =k —xu)
' Ya - yu =k(ys - ¥m)
o A kxg
™M T Tk

{XA - kxp = xy (1 - k)

=

Ya -~ kyg =yn(1-k) Y = Ya — Ky
M o 1-k

3ai 9*.a) Ta c6 AD - AC = BD - BC = CD
= AD + BC = AC + BD.
Mat khéc ta lai cb:
| ﬁ+§6=‘(ﬁ+i‘3+3‘ﬁ)+(§i+f5+3§)

= (Xi+§i) + (ﬁa-jﬁ) +21J =217
" Viy AD + BC = AC + BD =21
b) Goi toa 4 cia 4 diém A, B, C, D ldn lugt 13 a, b, ¢, d
oS | KEEIS-:‘(b%a)(d—c):bd—bc—-ad—-as
~ Taco AC.DB=(c-a)(b-d)=cb-cd-ab-ad
| AD.BC=(d-a)(c-d)=dc-db-ac-ab
Céng v& v6i v& cac dérig thic trén, ta duge (dpem)

-

BC = (8; -4).’

- —

3ai 10*. a) Ta ¢c6 AB = (-5; 10); AC = (3; 6),
: - -

Gia st A, B, C thing hang thi AB cung phuong AC (cung gid).

, — - - S
Suy ra 3k € R sao cho AB = k. AC (vi AC # 0)



K b
-5 =3k Ty
. h
{10:61{ = ‘-k__ (vo nghiém)
3

Vay khong tén tai k nén ba diém A, B, C khong thing hang.
~ b) Chu vi cha tam gidc la:

Cassc = (V125 + V73 + V80) (dvd)

¢) Goi I 1a chan dudng phén giéc trong ciia A ABC xuAt phét tir A
125 125
-5+31’73 6 - 21’73
,12 ,12
73 73

ON T.{il’ CHUONG 1

I. TOM TAT LY THUYET
1. Vecto 1a m&t doan thing dinh huéng.

2. Hai vecto a va b duge gm l1a b&ng nhau néu ching cung hudng Vi
c6 cung d¢ dai, ki ‘hiéu A= b

: ; ~» -
3. Cho hai vects a va b. Liy mét diém A tuy ¥, vé AB = a vi
ok
BC b. Vects AC duac gqn la tﬁng ciia hai vecto a va b, ki hié
AC=3a +b. -

4. Quy tdc ba diém: Véi ba dlé'm tuy ¥y M, N, Pta luén c6:
: MN + NP MP
5. Quy tdc hinh binh hanh:
: : - > >
Néu ABCD 14 hinh binh hanh thi AB + AD = AC.
6. Cho hai vecto a va b. Ta goi hléu cia hai vecto a va b L
a +(-—b) ki hiéu a - b

-

Viya - b =a +(-b).
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7. Quy tdc ba diém (d6i vdi phép tri)
V6i ba diém O, A, B tiy ¥ ta c6: AB = OB - OA.

8. Cho s6 k = 0 vA vecto a # 0. Tich cia s6 k véi vecto a la mot
vecto, ki hiéu la k; ’ cf;ng huéng véi ; néu k > 0, ngugc huéng véi
a néuk < 0 va c6 do dai bang |k||a|.

“‘)

Taquyu’c’rcO; 6 k.0 =
9. Diém I la trung diém cla doan théng AB

—

IB+IB 0

& R (M tuy y)

MA + MB = 2MI

10. Piém G 1a trong tam cia AABC
GA+GB+GC=0
+GB +GC = .

| MA + MB + MC = 3MG

11. Piéu kién cdn va dG dé hai vecto a va b (b # 0) cing phuong la
c6 mot s6 k dé a =kb.
12. Cho hai vecto ; va E khéng cung phuong. Khi dé6 moi vecto ;

déu phén tich dugc mot cdch duy nhdt theo hai vecto a va b,

nghia la ¢6 duy nhat cip sé h, k sao cho x =ha +kb.
18. Truc toa d6 (hay goi tdt 1a truc) 14 mot dudng thadng trén dé da

xdc dinh moét diém 0 goi 1a diém gfc va mot vecto don vi e Ki
hiéu truc la (0; g ) :
14. Cho ha1 dlé'm Ava B trén truc (0; e) Khi do ¢6 duy nhat so a sao

cho AB SHe Ta goi s6 a d6 1a d¢ dai dai so ctia vecto AB d6i
v6i truc da cho va ki hiéu a = AB.

15. Hg truc toa 49 (0; e, ; e,) grdm hai tryc (0; e, ) va (0; e;) vubng
géc v6i nhau. Diém géc O chung cia hai truc goi 1a gbc toa do.
Truc (0; e,) dugc goi 13 truc hoanh, ki hiéu 1a Ox, truc (0; e,)
dugc goi 1a truc tung va ki hiéu la Oy. Hé truc toa d¢ (0; e—; : e:)
con ki hiéu la Oxy.
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16. Trong mat phdng Oxy cho mot vects u tuy y. Khi d6 c6 dﬁy nhat
mot cap sd (up; up) sao cho 3 = uu;; + UQG—; Ta goi cép s6 (u;; uy)
dé 1a toa do cia vecto u dm v6i h¢ toa do Oxy va viét u = (uy; ug)
hoic Wl = (uy; Uy).

-

—
17. a) u = (u; ug) & u =uje, + Uze;

b) NEU U = (U1, U2) u (U 1 Ug) thi

u=u o 1 1
U2—U2

18. Trong mét phéng toa dd Oxy cho mot diém M tuy y. Toa do cia
vecto OM doi véi h@ truc Oxy dugc goi la toa dp cua diém M. Néu

—m’
= (x; y) thi ta néi diém M c6 toa do (x y) va viét M = (x; y) hoac
M(x, y). S8 x goi 1a hoanh dd, s6 y goi 1a tung d9 cha diém M.

Y
19. N&u A(xa; ya) va B(xy; ys). Ta c6: AB = (xp — Xa; yB ~ Ya)-

120. Cho u = (u;; uz); v = (vy; vo). Khi dé:
u + v =(u; +Vy; Ug + vp)
— - £
u - v =(u; - vy ug - va)

ku = (kul, kllg) keR

21, Cho doan thidng AB c6 A(xa; yA) B(xp; ys). Toa dd trung dlem
I(x;, yl) ctia doan théing AB duge tinh theo cong thu’c

Xy +X
x = ZA B
« YA * Y

22. Cho tam giéc ABC c6 Alxa; ya); B (xg; yn); C (Jicz yc). Khi d6 toa‘do
trong tdm G (xg; yo) ciia tam gidc ABC dugc tinh theo cong thic:
o XA +Xpg + Xg - : )

Xo = —2—
g% 8.

S¥ar¥p *¥e
Yo = 3
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II. BAI TAP CAN BAN

Bai 1. Cho luc gidc déu ABCDEF c6 tam O. Hay chi ra cac vecto béng
—>
AB c6 diém dau va di€ém cudi 1a 0 hodc céc dinh cta luc giéc.

Gidi
Theo tinh chat caa luc gidc deu thi: A
FO; OC; ED cung huéng AB
- o > >
|[FO| = |OC| = |[ED| = |AB|
E C
Vay cac vectg FO OC ED thoa man

yéu cau bai todn.

Bai 2. Cho hai vecto a va B déu khdc 0, cdc khdng dinh sau day diing
hay sai.

a) Hai vecty cung huéng thi cung phuong;

b) Hai vecto E va kg cing phuong;

¢) Hai vecto ; va (-2) ; cung huéng;

e) Hai vecto nguge hudng véi vecto thi ba khéc 0 thi cung phuong.

Gidi |

a) Pdp 4n (a) 1a ding vi hai vectd cung phuong thi méi xét quan hé
~ vé hudng.

b) Dép an (b) ding vi theo dinh nghia phép nhan vecto véi mot sb’ thi

b va kb cung phuong.

¢) Khing dinh (c) 12 sai vi (-2) a ngugc huéng véi a.

d)' Khang dinh (d) ding vi hai vects ngugc huéng véi vecto thi ba
khéc 0 thi chthg cung hudng véi nhau nén ching cung phuong.
Tém lai: C4c khdng dinh (a), (b) va (d) ding, khéng dinh (c) sai.

.= —> - —
Bai 8. Ti gidc ABCD la hinh gi? Néu AB = DC va | AB| = | BC |
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Gidi

B
..-—.)
AB DC = Tt gidc ABCD la hinh binh hanh
Mat khéc | AB| = | BC .
Vay ti gidc ABCD 14 hinh thoi. A C
Béi4.Cht‘rngminhr5ng|;+gf5|;|+'gl D
| - Gidi

\
'
\

L&y diém A bdt ky, dung AB = a, BC = b
Khi nay:
-+ — =P e i o
|a_+b|=iAB+BC|=1AC|=AC,
- — et 4 —
lal+|bl=]aB| +|BC|=AB+BC.

Véi ba di€ém A, B, C bat ky ta ludn c6 bat dang thie:

AC < AB + BC (dau bing xay ra khi B nim giita A c; hoac B trung
A, hoac B trung C).

o la+blslal ¢l (ddu bing x4y ra 2 cﬁnghuéng“g)

Bai 5. Cho tam gidc déu ABC noi ti€p dudng tron tam O. Héy xéc dinh
céc diém M, N, P-sao cho:

o

a) 'OM = 0OA + OB;
i ie e
b) OM = OB + OC;
— —
¢) OP = OC + OA.
it  Gidi
"a) Goi I 14 trung diém cta AB.
ke - -5 — :
Tacé: OA + OB =20I.
£ - —> —
Do d6: OA + OB = OM khi va chi khi:

=) -» s =P -
OM =2OI hay IM + I0 = 0
Suy ra M 481 ximg v6i O qua I. (1)
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Mat khdc AABC déu nén O 1a trong tdm (2)
Tu (1) va (2) suy ra M thujc duong tron tdm O
Hay M la giao diém thi hai cia dugng thang OC va dudng tron tam
0.
b) Tuong tu N 1a giao diém thi hai cda OA va dudng tron tam O.
¢) Tuong tu P 1a giao diém thi hai cia OB va duong tron tam O.

Bai 6. Cho tam giac déu ABC c6 canh a. Tinh:

- - — -
a) | AB + AC |; b) | AB — AC|. "
Gidi
a) Goi I 1a trung diém cta BC
- - -
| AB + AC| = 2| AT | = 2AI
— —> ' 1
Vay | AB + AC| = 2Al B I C
Mat khac Al 1a dudng cao clia tam gidc déu canh a
nén Al = avd
2
Suyra |AB + ACI -23‘/_ a3

b) |AB-AC|=|CB|=CB=a
Vaynén | AB - AC| =a

Bai 7. Cho sdu diém M N, P, Q, R, S bat ky Ching mmh rang

- —>
MP+NQ+RS MS+NP+RQ.

Giadi

> - —» —>

: =3 — -
Tacs: MP + NQ + RS = MS + SP + NP + PQ + RQ + QS

- > —
(MS + NP + RQ)+(SP + PQ + QS)

- - —» - o
(MS + NP + RQ) +(SQ + QS)

- - -
MS + NP + RQ

> - - —>

— —
Vay: MP + NQ + RS = MS + NP + RQ.



Bai 8. Chitng minh ring:

a)a-(b+cl=a-b-c;
b)a -(b-c)=a~-b+c.
' Gidi
a) Ta c6:
A B A a e E + CI B ) = 8+ (<D)B 4 (Do
=a-b-c ‘
Viy a ~(b+c)=a~-b-c
B R e Y+ @OD o+ (D c ]
‘ = ; + (—l)b.+ -1)(-Dec
cigs hoes
Viy a ~(b-c¢)=a-b+c

Bai 9. Cho tam gidc OAB. Goi M, N l4n lugt 13 trung diém cia OA vz
OB. Tim céc s6 m, n sao cho: .

- e R - — —
a) OM = mOA +nOB; b) AN = mOA + nOB;

iy iy - - = R
c) MN =mOA + nOB; _d) MB =mOA +nOB.

Gidi
a) Ta c6: OM = ZOA +0.0B
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- - . —>»

c) MN = MO + ON
-—> 1-—) 1--)
MN =-=-0A + -0OB

2 o
1
m=-—2—

VA

ay 1
n=-—
2

— —

_—) '
d) MB=MO + OB

1—)

MB———-OA +OB
m__l
Vay T2
n=1

Bai 10. Ching minh rang néu G va G’ lan lugt 1a trong tdm cla tam
— —> —> ~P :
giric ABC va A'B'C’ bat ky thi: 3GG’ = AA’ + BB' + CC’
Gidi
Ta co:
> ~> -
AA' + BB' + CC' =

— —

B - —> — > — —
AG + GG’ + G'A' + BG + GG' + GB' + CG + GG' + G'C'

- ~» - — ~ - - -
(AG + BG + CG)+(G'A' + GB' + GC')+3G'G' =3G'G'
T =
(Vi GA' +GB +GC =0 va
— - - > S
AG + BG + CG =-(GA + GB + GC = 0)
— - -
Vay: AA’ + BB' + CC' = 3GG’
Bai 11. Trong mit phéng toa do, cdc khing dinh sau ding hay sai?
a) Hai vecto d61 nhau thi chung ¢6 hoanh db ddi nhau.

b) Vecto a cung phu'o‘ng voi el néu a c6 hoanh do bang 0.

¢) Vecto a ‘06 hoanh d¢ bing 0 thi cing phuong véi e_;

/J
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a) Gia st a (x3; y1); b(xg; y2)

El*'-:«b'f:'::'{I -
Yi=-Ys

Suy ra khdng dinh (a) ding.
b) Ta c6: e; = (1; 0), chon a = (2; 0)
Taoh: &s Jo,  HE 1R n V& o ting phichg |
Mit khdc ta thady hoanh d¢ cua vecto a 1a 2= 0. Do d6 khéng
dinh (b) 1a sai. -
¢) Gia su B i (0; y) suy ra B ye:
VAay nén ; cung phuong e: nén (c¢) ding.
Tém lai: Khang dinh (a) va (c) ding, khidng dinh (b) sai.
Bai 12. Cho a(2; 1), b(3; -4), ¢ (-7; 2)
a) Tim toa 49 cﬁa: = 3; +,2—b’ - 4:;
b)T‘lmtoadC)cﬁa; saocho x + a = b= :;
¢) Tim céic 56 k va h sao cho c =ka +hb.
' ~ Gidi

&
"y
jor]
Q.
>
£
1
w
o
+
X
o
1
(=S
o

b)z faebofexsh i —ns el
¢) ¢ =k; +hg

-7 =‘V-2k-+3h k=-2

2=k -4h_ h=-1

Bai 13. Cho u = 3 o ~5eg; v =me, —4e,
Tim m 48 u va v cung phuong. ‘ =
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—~» - —»

Dou # 0 nén u va v cang phuong thi 3k € R sao cho v =ku

{m=lk m 4
< 2 = b 8 = m=

1 5
4 = -5k
4 5 9

or| b

Vay m = «2— la gia tri can tim.
Bai 14. Trong cac khing dinh sau, khing dinh nao la dang.

a) Pi€m A nam trén truc hoanh thi c¢6 hoanh do bing 0.

b) P 1a trung diém cta doan thing AB khi va chi khi hoanh d6 cia P
bang trung binh ¢ong hoanh do cia A va B.

¢) Néu ti gidc ABCD la hinh binh hanh thi trung binh cdng cédc toa
do tuong Ung cGa A va C bing trung binh céng cdc toa do tuong
ing cda B va D.

Giai
a) Khing dinh (a) la sai vi A (1; 0) € Ox.

b) Khing dinh (b) 1a sai vi chi hoanh d6 bing trung binh cong cla ha1
hoanh d6 1a chua dG ma con phai xét tung dé.

Vi du: A(1; 1), B(3; 3) thi P(2; 5) khong 1a trung diém ctGa AB.

¢) Khiang dinh (c) 1a ding, khi dé trung binh cfng toa d9 tuong ing
cia A va C bing trung binh cdng toa do tuong tng cia B va D va
chinh 1a toa d9 cGa tdm hinh binh hanh.

- CAU HIOI TRAC NGHIEM'

1. Cho t gidc ABCD S8 céc vecto khde 0 c6 diém ddu va dxé’m cudi 1a
dinh cda tir gide bing: : :
a4 - Be o8 d 12.

2. Cho luc’ gxéc déu ABCDEF c6 tam O. S8 cac vecto khéc 0 cung

phuong véi OC c6 didm diu va didm cudi la dinh cla lue gidc bang:
a) 4; b) 6; ) 7; d) 8.
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-
. Cho luc gidc déu ABCDEF c6 tam O. S& céc vecto bing vecto OC cé

diém dau va diém cudi 1a dinh cha luc gidc bang:

a) 2; b) 3; c) 4; d) 6
......)
- Cho hinh chit nh4t ABCD ¢6 AB = 3, BC = 4. D§ dai cia vecto AC la:
a) 5; b) 6; c) 7; d) 9.
. Cho ba diém phan biét A, B, C. Péng thic nao sau day la ding?
— - —3 > - —
a) CA - BA = BC; b) AB + AC = BC;
: - - —> - > —>
c) AB + AC = CB; : d) AB - BC = CA.

. Cho hai diém phén biét A va B. DPiéu kién dé diém I 1a trung diém
‘clia doan thing AB la:

e o

a) IA = IB; b) IA = IB;
— — i
c) IA =-1IB; d) Al = BI.

. Cho tam gide ABC ¢6 G 1a trong tam. I 12 trung diém cia BC. Ding

thitc nao sau day la ding?

—> <3 I
a) GA =2GI; b) IG = ZIA;
= L - —> —>
¢c).GB + GC = 2GI; d) GB + GC = GA.
. Cho hinh binh hanh ABCD. Péng thdc nao sau day la ding?
Sy — Syin eyl ey
a) AC + BD =2BC; b) AC + BC = AB;
' bt o Sl e = ~ -
c) AC - BC =2CD;. d) AC - AD = CD.

'Cho hinh binh hanh OABC ¢6 O l& gc toa d(}, C n&m trén Ox. Khéng

d;nh nao dung‘?

a) AB ¢6 tung d@_khéc_o;' . ‘b)Ava B ¢6 tung dd khéc nhau;
¢) C ¢6 hoanh 46 !‘bkng’ 0: d)xs + Xc - x5 = 0.

10. Cho u = (3;-2), v(1; 6). Khing dinh nao sau day 1a ding?

a); + ; va a = (~4; 4) nguge huéng;

’ b) ;:vé ;cﬁng.bh:mng;‘ '

e ; -—; va b (6; —24) cang huéng;

d) 2u + v VA iy cung phuong.

- ey
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1. Cho tam giac ABC c¢6 A(3; 5), B(1; 2), C(5; 2). Trong tdm cua tam
giac ABC la:

a) G,(-3; 4); b) G,(4; 0);
c) Ga(V/2; 3); d) Gi(3; 3).
2. Cho bén diém A(1; 1), B(2; -1), C(4; 3), D(3; 5). Chon ménh dé ding:
a) T giac ABCD 1a hinh binh hanh;
b) Piém G(Z; g-] 1a trong tdm tam gidc BCD;

.-—.)

_.*.)
c) AB = CD;

- -
d) AC, AD cung phuong.
|3. Trong mat phing Oxy hd bén diem A(-5; -2), B(-5; 3), C(3; 3),
D(3; -2). Khing dinh nao sau day la ding.
—» ->
~a) AB va CD cung hudng;
b) ABCD la hinh chir nhat;
¢) Piém I(-1; 1) 1a trung diém AC;
— —» ~>
d) OA + OB = OC.
- -~

,_..)
4. Cho tam gidc ABC. Dt a = BC, b = AC. Céc cip vecto nao cung
phuong?

a)2a + b vad a +2b ; b) a -2b va2a - b;
c)53+bva 10a~—2b d);+gva;—~g

15. Trong mait phéng toa do Oxy che hinh vubag ABCD ¢6 goc O lé tdm
clia hinh vuéng va cdc canh cliia n6é song song véi cdc truc toa dd.
Khéng dinh nao sau day 1a dung?

—» —» ) —> -
a) | OA + OB | = AB; b) OA - OB va DC cung hudng;
) Xa = —Xc Va ya = Yc. d) xg = -Xc vA y¢ = ~¥B.

16. Cho M(3; -4). Ké MM, vudng géc vai Ox, MM2 vudng géc véi Oy.
Khing dinh nao sau day la ding?

a) OM,; = -3; b) OM: = 4;
c) OM,-OMz c6 toa d (-3; -4);  d) OMi + OMz ¢b toa do (3; - 4).
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17. Trong mit phdng toa d¢ Oxy cho A(2; -3), B(4; 7). Toa 49 trun
diém I ctia doan thing AB la:

a) (6; 4); b) (2,105 ) (3;2); d) (8; —21)'
18. Trong mit phidng toa d6 Oxy cho A(5; 2), B(10; 8). Toa d6 cla vect
AB la: _
a) (15; 10); b) (2; 4); c) (5; 6); d) (50; 16).
19. Cho tam gidc ABC c6 B(9; 7), C(11; -1), M va N l4n lugt 1a trun
diém cia AB va AC. Toa d% cha vecto I\E)N la:
a)(2;-8);  b)(L;-4); ¢) (10; 6); d) (5; 3).

~ 20. Trong mat phang toa d6 Oxy cho bon diém: A(3; -2), B(7; 1
C(O 1), D(-8; -5). Khing dlnh nao sau day la ding?

a) AB va CD déi nhau;
- — :
b) AB va CD cing phuong nhung ngugc huéng;

- - -
c¢) AB va CD cﬁng phu’cmg va cung huéng;
d)A, B, C,D thu@c cung mjt dufb’ng thing.

- 21. Cho ba diém A(-1; 5), B(5 5), C(-1; 11). Khéng dinh nao sau déy L
.ding?

a) A B, C th&ng héng,

b)d..AB va AC cung phuong;
- - S

¢) AB va AC khéng cung phuong;

d) AC va BC cung pbuong.

_22 Cho a = (3; ~4), b = (- 1 2). Toa dﬁcuavectd a + b la:
) (-4; 6); b) (2; -2); c)(4;-6);  d)(-3;-8).

23. Cho a = (3—1; 2), 3(5; -7). Tag‘ d6 cua vecto a - g la:
~a) (6; -9); b) (4;-5); | ¢)(26;9); d) (-5; -14).
24.Cho a =(-5;0), b =(4; x). Hai vecto a va b cing phuong néu s6 x a
a) -5; b) 4; - i d) -1.
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5. Cho a = (x; 2), -l; = (-5; 1), a = (x; 7). Vecto ¢ = Z; + 33 néu:
a)x = -15; b) x = 3; eik=15 d) x = 5.
6. Cho A(1; 1), B(-2; -2), C(7; 7). KhAng dinh nao ddng?
a) G(2; 2) 1a trong tdm cua tam giac ABC;
b) Piém B & giita hai diém A va C;
c) Piém A § giita hai diém B va C;
) - —
d) Hai vecto AB va AC cung hudng.

7. Cac diém M(2; 3), N(0; -4), P(-1; 6) lan luot 1a trung diém cdc canh
BC, CA, AB cua tam gidc ABC. Toa do dinh A cia tam gidc la:

a) (1; 5); b) (-3; -1); c) (-2; -T); d) (1; -10).

8. Cho tam gidc ABC c6 gdc toa do O la trong tdm, A(-2; 2), B(3; 5).
Toa d9 cha dinh C la:

a) (-1; -7); b) (2; -2); 0 (-3;-5); D@ D.
9. Khing dinh nao trong ciac khing dinh sau 1a ding?

a) Hai vecto ; = (-5; 0) va g(—4; 0) cung hudng.
b) Vecto ¢ = (7; 3) 1a vecto d41 cla d = (-7; 3).

¢) Hai vectg 3 = (4; 2) va —\; = (8; 3) cung phuong.
d) Hai vecto ; = (6; 3) vé.. i; = (2; 1) ngugc huéng.

0. e—; va e, la hai vecto don vi cda hé truc (O; e;; e5 ). Toa df cha vecto

- -

e, + e la:
a)(0;1);  b)(-1;1) ¢) (1; 0); d) (15 1).
_ Gidi

caw |1 2(s|als|e|7|s|a|lw{n||B|luls
B.“llllAc_ccaIclaica
an |
Cau | B |17 |®|19|20] 21|22 |28|2a|25|28 |27 |28 [28]330
B.“Ic:hicl:::cltal
an
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s

1. Tt cac dinh cia ti gide ABCD ta xéac dmh du’o‘c c4c vecto c6 di€m da

va diém cudi 12 cdce dinh cla tui gide.
I e o e

ABBAADDABCCBCDDCACCABDDB
Vay c6 12 vecto.
- Suy raddp 4n (d) 1a ddp 4n dfmg
2. Nhitng vecta thoa mén yeu cdu cia bai

todn dé la: AB BA ED DE
V4y c6 bén vecto nén dap 4n ding la (a).

3. C4c vecto thod man yéu cau ddu bai dé 1a B_:)A; I'?D :

Vay c6 hai vecto, nén d4p 4n ding la (a). D

4. Xét A vudng BAC: AC? = AB? + BC2.
AC = \/ABZ + BC?

e .
Mat khac: | AC | = AC = 5 nén ddp 4n ding 1a (a).
: — - —
5. V6i ba diém A, B, C bat ky thi ta ludn c6: CA + AB = CB.
Vay dép 4n d(mg’ll_a déap 4n (¢)
6.11a trung dié’m ctia AB. Khi d6 hai
vecta IA va IB ngtmc hu’éng va cung

d6 dai nén IA e -IB
: Vay.dép 4n dung la dép an (c).
7.Do11a trung diém chia BC nén:

A

GB + GC 2GI
Vay dép an dung la dép 4n (c)
- 8. Ta luon luﬁn c6:

gl > -4
AC + BD = AB + BC + BC + CD

- - o
= AB + .CD; + 2BC.
‘Do ABCD 1a hinh binh hanh nén

s

AT
AB + CD =
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— - -
Vay AC + BD = 2BC
Tém lai ddp an ding l1a (a).

9. Do ABCD 1a hinh binh hanh nén:

— - — 4
Suy ra: xa + Xc = Xp ‘
< Xa+Xxc-x=0
Viay ddp an diang la (d). ' N
10. Ta co: ;4:r—(3~1;~2—6) 0 C
E—::(Z;—B)

11.

12.

18.

Suy ra: 3(11+ - ;) = (6; -24).

Nén E ~ ; va B = (6; —-24) cung hudng.
Vay dép 4n ding la (c).

Goi G(x; y) 1a trong tdm AABC, khi dé:
_Xpa+Xg+Xg 3+1+5

X =3
3 3
y=_YA+YB+YC=5+2+2=3
3 3
Vay G(3; 3)

Do d6 ddp 4n ding la ddp an (d).

Tu gia thiét:
— — —>
AB =(1;-2); CD =(~1;2)=> DC =(1;-2)
~> -3

Vay AB = DC _ (1)

Mat khac: ﬁé =(2; 4)

Nén A, B, C khéng thing hang (2) -
Tu (1) va (2) suy ra ti gidc ABCD la hinh binh hanh.
T6ém lai ddp 4n ddng 1a dédp 4n (a). |

> a
Ta c6: AB =(0; 5), BC =(8;0)
Suy ra A, B, C khéong thing hang. T (1)

_)
‘ AB =(0;5 - =
Mat khéc ta lai c6: R ( )::» AB = DC (2)
DC =(0; 5)

Tit (1) va (2) suy ra ti gisde ABCD 1a hinh binh hanh (*)
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14.

15.

16'

17.
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....)
Ma: |AB| = 02 +52 =5

._.).
|BC| = 82+0% =8

|AC| = (B2 + 52 = V89

~ Suy ra: AB? + BC? = AC% Vay ABC = 90° (**)

T (*) va (**) cho ta thdy ti& gidc ABCD la hinh chit nh4t.
V4y ddp 4n dung 1a (b).

Ta c6: -10a - 2b = ~(5a + b)

Vay ddp 4n ding 1a d4p an (c). y

Goi I 1a trung diém AB A I

I -
Ta c6: OA + OB = 20I

— — — 0
- |0A +0B| =2]|0I| =20I |
—» -
= _IOA_-_;-OB!-:BC:AB D
(Vi ABCD 14 hinh vudng)

Vay dép 4n (a) 1a ding.

> 3
‘Theo gia thiét: M2(0; —4), M1(3; 0).

e —
Suy ra: OM;(0; -4) va OM;(3; 0). |
Vay OM: + OM: = 0+3;-4+0)=(3; 4)

- — _ ,
OM;:. + OM2 c6 toa 49 la (3; —4).
Nén d4p 4n (d) 1a d4p 4n ding. _
Goi I(x; y) 1a trung diém cta AB. Khi d6:

x=Xat%p 2+4

3
2 Z
_yA+yB-_—3+7=2
I e
Vay I(3; 2)

Nén d4p 4n ding 12 (c).



18.

19.

20.

21.

22.

23.

—> —>
Tir gia thiét: AB(10 - 5; 8 - 2) hay AB = (5; 6)
Vay dap an dang la (c).

> 12 1
Ta c6: MN = EBC = ~2~(2; -8)

_)
< MN =(1; -4)

Vay dédp an duang la (b).

—> — ,
Tacé: AB =(7-3;r-(-2)) < AB =(4; 3)

— ” -

CD =(-8-0;-5-1) < CD =(-8;-6)

- — 1 —> e A

Vay AB = -2CD. Tiu dang thdc nay ta suy ra AB va CD cung
phuong nhung ngugc huéng.
Nén ddp dn dung la (b).

—3

L
Tacé: AB =(5-(-1:;5-5 < AB =(6;0)
— >

AC = (-1 - (~1); 11 -5) < AC(0; 6).

- - — -
Suy ra khong ton tai k € R dé AB = kAC nén AB va AC khong
cung phuong.
Vay dap 4n (c) la ddp an dang.
Theo gia thiét:

a +b=@3+(-1);-4+2)
' 2+ b =(2=2) )
Véy ddp 4n ding la (b).
Theo gia thiét: .

a‘= b (el (1)

& = b w605
Vay ddp 4n ding la (c).

24.Do a =(-5;0)# 0 nén b cing phuong a thidk e Rdé b =ka

25.

{4=f5k | VaszO

x=0.k’
Nén dig &n ding 1a dép én (o).
Ta c6: 2a = (2x;4), 3b = (-15; 3)
Suyra: 2a +3b = (2x-157)
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26.

27.

- " i —9x -1
Tu dﬁng thl,fc. c =2a +b o {;‘-— 7X 5

Vay dép 4n ding 12 (c).
— o
Theo gia thiét ta c6: BA = (3; 3), BC(8; 8)

- - .
Suy ra BA va BC ciung huéng hay A nam giita B va C (vi A khéng
trung B ho#c trung C)

Vay ddp 4n ding la (c).

Goi A(xa; ya), B(xs; ys), C(xc; yc)
Do gia thiét ta cé:

(x4 + Xo = 2xy (Xp + X =0 - [x4 =-8
{Xp +Xg =2Kp° & <Xz +Xg=-2 &  {xg=1
|Xp + Xg ="2XM“ | Xg + Xc =4 (X =3
Tuong tu:
(Ya +¥c =2yn (Yo +¥c=-8 (ya=-1
Ya+ys=2yp & {yatyp=12 < Jyp=13
\¥B *+¥Yc =2¥m lYB + ¥c = yc =7
Vay A(-3; -1) |

Nén ddp d4n ding 1a (b).

28. Goi C(xc; yc). Khi dé theo tinh.ché’t trong tam:

29.

30.
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X, + Xg + Xg ~2+3+xc
Xo 7 T : 0= sl
3 | 3 {Xc :
. _Yat+t¥YBtY¥c 0_2+5+yc yc=-17
Yo = : 3 . ,,_.._.,.......g._...__

Vay C(-1; -7 ) nén dép 4n ding la (a).
Véi = (-5; 0) va b = (—4 0) thi dé& thiy

wlom]

--b nén a va b cing huéng ’
Vﬁy dap én dung 1 (a).

Theo gid thiét: e, (1; 0) va e, (0; 1)
Khindy: (o 4o (110041

o + e =(1;1)
Vay dép én (d) 1a ding.



II. BAI TAP TUONG TU VA NANG CAO
4 = —3 e -
3ai 15. Cho tam giac ABC. bat AB = u va AC = v.
-y - —»
a) Goi P la diém d6i xing cia B qua C. Tinh AP theo u va v;
b) Goi Q va R 1a hai diém dinh bdi:
—> 1 —> 4 1 —> 4 =) -3 L
AQ = é-AC va AR = §AB Tinh RP va RQ theo u va v.

¢) Suy ra P, Q, R thdng hang.
3ai 16. Cho i gidc ABCD. Ching minh rang chi ¢6 mdt diém M thoa
hé thuec:

. — - - —> -
2MA +3MB -5MC + MD = 0.
3ai 17. Cho ti giac ABCD

—> —> -
~a) Xdc dinh diém O sao cho: OB +40C =20D;
b) Tim tap hgp cdc diém M théa hé thuc:

—> - - ' =8 |
| MB + 4MC - 2MD | = |3MA |.
3ai 18. Trong mét phing Oxy cho ba diém A(1; -2), B(0; 4), C(3; 2). Tim
toa do di€m D biét: ,
—> sy ~
a) CD = 2AB - 3AC:
B —p e 4 -
b) AD +2BD -4CD = 0.
3ai 19. Trong mat phing Oxy cho ba diem A(1; 0), B(-1; --5),
C(-1; -2). Tim toa do:
- = o
a) Cac vecto AB, BC, CA;
b) Biém D sao cho ABCD la hinh binh hanh;
¢) Tam I cua hinh binh hanh ABCD.
3ai 20. Cho ba diém A(-1; 1), B (0; 3), C (-4; -5H).
a) Ching minh A, B, C thing hang. Tinh k = ;g

b) Tim giao diém cGa dudng thing AB va truc x'Ox.

V.DAP SO VAHUONG DANGIAI 4
3ai 15. | .,
a) AC 1a trung tuyén tam giic ABP nén: i
—> —> —»
AB + AP = 2AC / | \
—» : Z i 4

—¥ - - B 1o H

-
& AP =2AC - AB =2v - u.



— —

_)
b) Ta ¢6: RP = RA + AP

=l;’+23__3-_-..§.(33-23) (1)

o 4 —> e 1-'—> 1- 1 - —
RQ=RA+~Q=~—§u+§v=—6—(3v—2u) (2)

I — —3 —
¢) Tir (1) va (2) ta c6: RP = 4RQ. Do d6 RP va RQ cing phuong v
cung goc R nén cung gia. Vay P, Q, R thing hang.
Bai 16.
: —P —> — —> -
Tac6: 2MA +3MB -5MC + MD = 0

e — =y —p o —> -
< 2(MC + CA)+3(MC + CB)-5MC + MD =0

— = —
< DM =2CA + 3CB khong d6i
DPiém D c¢d dinh. Vay chi c6 mot diém M théa hé thdc trén.
Bai 17. |
- - —
a)-X4c dinh O: OB +40C =20D
- - —
< 30B =2BD -4BC
> —> —
=(2BD -2BC) - 2BC
g
=2(CD + CB)
' - - e
<> 30B =4CI (I 1a trung diém ctGa BD)
> — LR ek
3BO = 4IC « BO = ZIC

—>
IC.

ol b

Véy O 1a dinh cda hinh binh hanh IBOE véi IE =
b) Tap hop céc diém M: '
- -3 e -
|MB +4MC -2MD | = [3MA |
- - 9 =
= |8MO + OB +40C - 20D | = [3MA |
, : —> ~> — -
Theo cau a) thi: OB + 40C - 20D = 0
- el o .
nén [3MO| = [3SMA| & MO=MA
Vay tap hop cdc diém M 1a dudng trung truc (d) cia doan OA.
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Bai 18. a) D{"‘"
=2
3 b) D{lel

—
Bai 19. a) AB =(-1-1;15-0) =(-2; -b);

_.)

BC =(-1+1;-2+5)=(0; 3);

-
CA=(1+10+2)=(22).

b) D(1; 3).
c) 1(0; -1)
Bai 20.
— -
a) Tacé: AB = (1; 2) va AC =(-3; 6).
Ta thiy 2L = 1 B, 2 _ 1, 8 _38
b1 b, -6 3 b, by
Nén AB va AC cung phuong va cing goc A.
— —>
Véy A, B, C thdng hang va k = ;_A_'__i = -QA__? = —%-.
| AC

b) Goi M la giao diém ciia AB va x'Ox, ta ¢c6 M(x; 0) va
o
AM=(x+1;-1)
. — -
A, B, M thidng hang & AB va AM cing phuong.

- x+1 -1 3 3
< B e £ = -——, V& M—-;O.
i ATy T (z )
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CHUONG II: TICH VO HUONG
CUA HAI VECTO VA UNG DUNG
§1. GIA TRI LUGNG GIAC CUA
MOT 6OC o BAT KI VOI 0° < o < 180°

I. TOM TAT LY THUYET

3.

1.

~.® Sin cia géc a la y,, ki hiéu: sina = y,.

Cho hai vecto a va b déu khzic vects 0. 8 ca
i ’l‘u‘ mét diém O bﬁt ky ta vé OA a -N |
\ a0

DPinh nghia: y4
Vé6i mdi géc a (0° < o < 180°) ta xéc
dinh diém M trén nia dudng tron =--1¥o
don vi sao cho xOM = a va gid si
M c6 toa A9 (xo; yo). Khi dé:

e Cosin clia géc a 1a xo; ki hidu: cosa = x,.

e Tang cia géc ala o > (%0 # 0), ki higu: tano = io
0 0

° Cotang cha géc o 1a X (yo # 0) ki hiéu: cota = Xo
Yo Yo

. Tinh chédt: V6i mdi géc a (0° < « < 180°)

e sina = sin(180° - a)
e cosa = —c0s(180° — a)

o tana = -tan(180° - a) (a0 # 90°)

o cota = —cot(180° — @) (o * 0°, & » 180°)
Géc gil‘la hai vecto: |
Bk SO

e

oa b L ~ s a
Gée AOB vd'l 38' dﬂ tu 0° dén 180° dugc goi la goc gitra hai vecto a
va b. e i

~ Ki hiéu gii'ta goc hai vectd a va b 1a(a; b).
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N&u (a; b)=90°tanéi a va b vudng géc nhau, ky hidula a L b
hoac a L b.

Chu y: Trong hai vecto a va b néu c6 it nhat mot vectd 0 thi ta
xem géc giita hai vecto d6 1a khong xdc dinh.

1. BAI TAP CAN BAN
3ai 1. Ching minh ring trong tam gidc ABC ta cé:
a) sinA = sin(B + C) b) cosA = —cos(B + C)

: Giai
a) Do A, B, C la ba géc cia tam gidc ABC nén:
A+B+C=180° & A=180°-(B+0C)
Do vay:
sinA = sin(180° - (B +C)) = sin(B + C)
b) Do A =180°- (B + C)
nén cosA = cos(180° - (B + C)) = —cos(B + C)

3ai 2. Cho AOB 1a tam gidc can tai O ¢6 OA = a va ¢6 cdc dudng cao
- - - -

OH va AK. Gia st AOH = a. Xdc dinh céc géc (AK; AB), (BA; OB).
Giadi
* Cdch 1.
Ta ¢6 do AOH = a = OAB = 2a.
Ma tam gidc AOB cén tai O do d6 ABK = 90° - a.
Xét tam gidc AKB ta c6 ABR + KAB = 90°.
= KAB =90°- ABK =90°- (90°- ) = a

-» >
Do vidy (AK; AB) = KAB = a.
‘Do ABK = 90° - o hay AOB = 90° - q.
* Cdch 2.
Dé thdy hai tam gidc AKB va OHB 1a hai A
tam gidc déng dang. »
= KAB = HOB = HOA =«

——————

- -
= (AK;AB)=KAB=G..
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Bai 3. Chiing minh ring:

a) sin100° = sin80° : b) c0s170° = —cos10°
¢) c0s122° = —cos58° -

| _ Gidi
a) 100° + 80° = 180° = sin100° = sin(180° — 80°) = sin80°.
b) 170° + 10° = 180° = c0s170° = cos(180° - 10°) = —c0s10°.
c) 122° + 58° = 180° = c0s122° = cos(180° — 58°) = —c0s58°.

- Bai 4. Ching minh ring véi moi géc a (0° < o < 180°) ta déu c6:

cos’a + sin’a = 1.

Gidi y4
Gid st diém M nam trén nia dudng 1
tron don vi sao cho xOM = a. Mol ,M
Goi M;, M; 14n lugt 13 hinh chi8u cia M N
trén Ox, Oy. Khid6,tacs: -2 LA
sina = OM, va cosa = OM, s . 8

Bdi vay: cos’a + sin’a = OM; + OM = OM® = 1.
Vay cos’a + sina = 1 (vcfu 0°<as 180°)

Bai 5. Cho géc a, vdi cosa = .—- Tinh gi4 tri cGa bidu thdc:

P= 331na+cosa_ |
Gidi
Theo bai 4, ta cé: sma+cosa 1.

©|®

: 1 - ;
Ma  cosa=o = cos’a = = sin’a =

colr-ﬁ

e 8 4 ‘
Vay P 3. —
1y 9

Béi 6. Cho hinh vuﬁng ABCD. Tinh:
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~ cos(AC BA) sin(AC, BD ); cos(AB, CD et B

- Gidi
GQI B1 1a diém 481 xu‘ng v6i B qua A

—,  (AC,BA)=(AC, AB,)
Do ABCD 1a hinh vuong , o 2
= CAD =45° +

sl ey : Sty 5
= CAB; = 135° hay (AC, AB, ) = 135° B,



- > V@
Do vay cos( AC, BA ) = c0s135° = -

- —>
Do AC L BD = AC L BD

- — > -
= (AC,BD) = 90° = sin(AC,BD)=1.
.....)
Do AB // CD, mat khac B va D nidm vé hai phia cia AC, suy ra AB
ﬁ
va CD la hai vecto ngugc hudng.
- - - -
= (AB,CD)=180° = cos(AB,CD)=-1.
II. BAI TAP TUONG TU VA NANG CAO
3ai 7. Chuing minh rdng véi moi géc o (0° < o < 180°) ta déu cé:

a) Néu cosa # 0 thi 1 + tan®a =

cos’a

b) Néu sina # 0 thi 1 + cot’a =

sin® a

3ai 8. Cho tam gidac ABC vudng tai A, AB = a, BC = 2a. Goi H 1a hinh
o -5 - 3 =3
chiéu caa A lén BC. Tinh cos( AH, AC), sin( BA, AH).
3ai 9. Tinh gid tri cla cdc biéu thic sau:
a) 3 - sin%90° + 2c0s%60° — 3tan®45°.
b) 4a%sin®45° + (2acos45°)? - 3(atan45°)’.
tai 10. Don gidn céc bidu thic:
a) sin10° + sin170° + cos15° + cos165°.
b):2sin(180° - x).cotx — cos(180° - x):tanx.cot(180° - x) v6i 0° < x < 90°. _
tai 11%. Tim gi4 tri 16n nhdt va nhé nhat cda bidu thic:
A = sin’x - sin®x + cos®x v6i 0° < x < 180°.

V. DAP $0 VA HUONG DAN GIAI
r 2 . 92 2 1
a) Véi cosa # 0 thi 1 + tan®a = 1 + sza Ll +2‘3°S @ _ fic)
cos a cos cos“oa
| 2 . 9 2
b} Vi sing= 0 £ 1 + ot = 14 950  sineveoma o 1,
| sin‘a sin“a sin®a
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Bai 8.
, - - i
* cos(AH, AC) = cosHAC = cos60° = —

E sy oy 4 . 1
* gin(BA, AH) = sinl150° = —.

o

| . .
a) 3 - sin”90° + 2c0s’60° — 3tan’45° =3 - 1 + 2(%) ~31= %

b) 4a’sin?45° + (2acos45°)? — 3(atand5°)® =
! : 27 2
= 43(3@») 4 43(-@~} wBufl aal,
o) TNy
Bai10. .
a) sinl10° + sm170" + cosl5° % cos165°
- =s8inl0° + sm10° + c0s15° — cos15° = 2sin10° + 0 = 2sin10°.
b) 2. sm(180° — x)cotx — cos(180° - x).tanx.cot(180° — x) =
a 2 sinx. cotx + ccsx tanx (—cotx) = 2cosx ~ COSX = COSX.
Bﬁa 11. | | '
- A = sin*x - sin’x + cos’x = sin'x - sin’ + 1 - sin’ = (sin’x — 17,
* Tacé: (sin’x - 1> 0, vx e [0°, 180°].
:>Ada;tgxé. tri nhé nhatbﬁngﬂkhxsmx— 1= x =90
* (sin’x - 1)’ s(-1P=1
:Adatgxé tri lénnhéftbﬁng 1 kh1 smzx 0=>x=0.

< §2. TiCH vﬁ HUGNG eﬂA HAI VECW
~'v1. TOM TAT Li'mmér

iz l. Pinh ngh‘ia'

Cho hai vecto ; va g khéc vectd 6.'Tich vd huéng cdia hai vecto
a va b 1a mot s6, ki hiéu1a a.b, duge xdc dinh bi cong thic:

aibo= [ ut Vbl eonta; b)
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Nhan xét
e Trudng hgp it nhat mdt trong hai vecto a va b bang vecto 0.

Ta quy udc ;E = 0.
e Vai ; va g khéace vecto 6 ta cé:
a.b=0c2a L b,nghiala(a, b) =90
e Khia = b tich vé huéng a.a dugc ki hiéu 1a a2 va dugc goi 1a
binh phuong v6 hudng cua vecto ; ; .
. Cac tinh chat:
Véimoi a, b, ¢ va s6 thuc k ta cé:

e a.b = b.a (tinh chat giao hodn).

- =

e a(b+c)=a.b+a.c (tinh chdt phan phdi).

o (ka)b ak{alb)= alkb)
— 2 '“,’2 -

e a 20,a =0 a =0.
. Biéu thic toa d§ cua tich vé huéng:

Trén mit phdng toa do (0;21; ez) cho hai vects a, = (a;; as),

-

b, = (by; by) khi d6 a.b = ab, + ash,.

"Nhan xét: khi a va b khdc vecto 0 thi a L b < ab; \-l'.agbg =0.
. Ung dung:

a)Cho a, =(a;;a)tacé: |a| = Ja? +a2.
b) Géc gitta hai vecto:

Cho ; = (a;; ay), i; = (by; by) ta cod:

- =
= -a.b

dos(a b} 1 a,.b, +a,.b, .
lalb|  val +a}.bE+ b3
¢) Khodng cich giita hai diém:
Cho A(xa; ya), B(xg; yp). Khi 46: AB = \(xg - x,)% + (y5 - ya)? -
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II. BAI TAP CAN BAN

Bai 1. Cho tam gidc vudng cdn ABC c6 AB = AC = a. Tinh cédc tich vo

25> o - >
huéng cia AB.AC, AC.CB.

Gidi

e T T - -
o AB.AC = |AB|.|AC|.cos(AB, AC) = a.a.cos90° = 0.

Ta c6 thé viét: Do tam giéc ABC vudng cén tai A.
iy y B

b ABLAC::>ABAC 0.
¢ Tacé: ACB = 45°

- - e
— (AC.CB) = 180° — ACB = 1385°
Ma BC = JAB? + AC? = a+/2.

A
o —» - = ,
Suy ra AC.CB = |AC|.|CB|.cos(AC, CB) = a.a.V2 .cos135° = —a’.
Bai 2. Cho ba diém O, A, B va biét OA = a, OB = b. Tinh tich vo huéng
ciia OA OB trong hal trudng hop:
a) A va B cung phia déi véi O.
b) A va B khéc phia ddi véi O.
e - Gidi

.-)_..,)

a) A'va B ciing phia d6i v6i O = (OA, OB) = 0
Suy ra OA.OB = ['OA].]-OB] . c0s0° . ab,
_ ; : : > ' -
b) A va B khac phia d6i v6i O = (OA, OB) = 180°

_ - - e
Suy ra OA.OB = -|OA|.|OB|.c0s180° = -a.b.

‘Bai 3. Cho nita dudng tron tdm O dudng kinh AB = 2R. Goi M va N la
‘hai diém thudc nia du’fmg tron sao cho hai u&y cung AM va BN cit
nhau tai I.

e T T S - - —>

a) Chtmg mmh Al.AM = AI.AB va BI.BN = BI BA.
5
b) Hay dimg cdu a) dé tinh AI.AM'+ BI.BN theo R.
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Gidi
- - - - [
a) Ta c6: AI.AM = |AI|.|AM|.cos0° = AL AM (1)/\

o I - e
AI.AB = |AI|.|AB|.cosIAB
= AL.AB.cosIAB = AL.AM (2)

(Do tam gidac AMB vudng tai M
= AM = AB.cos MAB)

- 5 o o
Tu (1) va (2) suy ra AI.AM = AI.AB.

A B

e

Hoan toan ching minh tuong tu ta cing dugc BI.BN = BI.BA.
b) Ta cé:

= AB.AB = AB? A 0 ‘ B

Bai 4. Trén mat phng véi hé toa d9 Oxy, cho hai difm A(1; 3), B(4; 2).

a) Tim toa d diém D nam trén truc Ox sao cho DA = DB.
b) Tinh chu vi tam gidc OAB.
¢) Ching té OA vudng géc vdi AB va tir d6 tinh dién tich tam gidc

OAB. - '

| Gidi
a) Goi toa d¢ diém D thuge truc Ox 1a (x; 0).
- >
= DA =(1-x;3), DB =(4 - x;2).

_ - -
Ta c6: DA = DB < |DA| = |DB|
S(1-xH+3"=(4-x%+2°

¢:»6x=10<::>x:§

Vay D(—g—; 0) 1a diém cén tim.
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x |
b) Tacé: OA = |OA| = {1 + & =

u.) .
=|0B| = 4% + 22 =

_-} :
= |AB| = J(4-1? +(2-3" = V10
Suy ra chu vi tam gidc OAB bang ,
OA+0B+OC 2J10 + 20 (dcmwchuw)

._)

c) Do OA = (1‘ 3), AB =(3;-1).

| OAAB-I 3+3 (-1)=0=0A L AB
= Dién tich tam gidc OAB la:

SOAB.. = OAAB =i J“ J10 =5 (dvdt).
Bai 5. Trén mit phdng Oxy hay tinh géc gxu'a hai vecto a va b trong
cac tru’fmg hop sau:
a) a =(2-3), b =(64); b)a=(32),b =(5-1)
c)a_(-z zJ’) b-(3 V3).

sz
a)Taco: a.b =26+ (-3)4=0=a 1 b hay(a, b) = 90".
b) Ta cé: ; ;= 3.5 + 2‘.(«.l<)1= 1‘3. '
Mt khéc: '

wial: Iblcos(a b)_ J32+22 J52+( 17 . cos(a, b)

\f_«/—cos(a b)

Suyra 13 = J_ J'_cos(a b):ocos(; _l;)=
= (a, b)=45°. . :
0 a.b=-23+(2/8).8=12

Mat khéc: '

a.b = |a| lblcos(a b)
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= J(-2)% + (-243)? . /3% + (JB) .cos(a, b)
= ﬁﬁ.ffé.cos(a, b)

- = 12 3 =
=cos(a, b)=z ———— = \/: = cos(a, b)=~39°15'63".
Mo Vs et )

Bai 6. Trong mit phdng toa d0 Oxy cho bén difm A(7; -3), B(8; 4),
C(1; 5), D(0; -2). Ching minh rang tir gide ABCD 1a hinh vudng.
Gidi
—» > -
Ta c6: AB =(1;7), AC = (-6; 8), AD =(-7; 1).
Suy ra A, B, C, D khong thdng hang hay A, B, C, D tao thanh mét
tu giac.
- -
Ta c6: AB =(1;7), CD =(-1;-7) va AB = CD = 50.
Suy ra t& giac ABCD c6 AB // CD va AB = CD.
Suy ra ti gidc ABCD la hinh binh hanh.

' - -
Mait khéc: AB = | AB| = V50 = | AD | = AD.
Nén t& gide ABCD 1a hinh thoi (1)
Ta lai c6:

~ - -
AB.AD =1(-7)+7.1=0= AB 1L AD hay AB 1L AD (2)
Tix (1) va (2) ta suy ra tit gidc ABCD 1a hinh vuéng.
3ai 7. Trén mit phdng toa d9 Oxy cho diém A(-2; 1). Goi B la diém dai
xting véi A qua gdc toa do O. Tim toa d6 diém C ¢6 tung d6 bing 2
sao cho tam gidec ABC vuéng ¢ C.
e Gidi
Do B la diém d6i xing cia diém A(-2; 1) qua gdc toa dd O nén
B(2; -1). o '
Goi toa d9 diém C(x; 2).

A -
= CA(-2 - x;-1), CB(2 - x; -3).
bé tam gidc ABC vudng tai C thi:

5y
CACB=0 ©(-2-x2-x)+-1X-3)=0
o X¥-4+3=0 o x*=1 o x=t1
Viy ¢6 hai diém C(1; 2) va C(-1; 2) théa man.
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L. BAI TAP TUONG TU VA NANG CAO
Bai 8. Cho tam gidc ABC vudng tai A, AB = a, BC = 2a. Dya vao dir

- S o o
nghia cda tich v huéng hay tmh AB.AC, AC.CB, AB.BC.

Bal 9. Cho tam gléc ABC véi ba trung tuyén AD, BE, CF. Chling mir

—ps i Ly
ring: BCAD+CABE+ABCF 0.

Bai 10. Trong mat phdng toa d6 Oxy, cho cde diém A(L; 1), B(; 4
C(10; -2). Ching minh tam gidc ABC vudng tai A. Tinh tich

- —
- huéng BA.BC va tinh cosB.
Bai 11. T gidac ABCD c6 hai dudng chéo AC va BD vudng géc véi nh

va cdt nhau tai M, P la trung diém doan thdng AD. Ching mir
.._)

- - —
ring: MP 1 BC & MA.MC = MB.MD.
IV. DAP SO VA HUGNG DAN GIAI

Bai 8. ABAC 0.

'AC.CB = -3a®.
e
AB,BC = -a’ _
Bai 9. Vi AD, BE, CF la c4c dudng trung tuyén nén: _
~ = = ~5 A e § AT A

= 2(AB+AC); BE = Z(BA +BC); CF = 2(CA + CB)

o

- — - -
+ CA.BE + AB.CF = : :
e e i T e T
(AB + AC) + CA(BA + BC) + AB(CA +CB)]

U
_g'-‘;¢
B

B4

© N Mo~ M-

e T e e e e

—p
+ BC.AC + CA.BA + CA.BC + AB.CA + AB.

13
A
28

]

e T e S e S S i S S
.AB + BC.AC -CA.AB - AC.BC + AB.CA -

o 4

21
4

]

{
N

Bai 10. BA.BC = 10
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Jai 11. Ta c6:
__)

- > - -
2MP.BC =(MA + MD).(MC- MB)

- - - - - > e

= MA.MC - MD.MB + MD.MC - MA.MB

i A - - B

. = MA.MC - MD.MB

= e /\
(vi MA.MB = MD.MC =0 do AC L BD) A _h C
Nhu vay ta cé: M

—
MP | BC & MP.BC =0 P
- - - -
&  MA.MC - MB.MD =0 D

- o - -

< MA.MC = MB.MD

§3. CAC HE THUC LUONG TRONG
TAM GIAC VA GIAI TAM GIAC

. TOM TAT LY THUYET

1. DPinh I cosin:
Cho tam gidc ABC véi BC = a, CA=b, AB = c, ta cé:
a® = b? + ¢? - 2bc.cosA
b? = a® + ¢? - 2ac.cosB
¢’ = a® + b? - 2ab.cosC
Tir d6 ta suy ra duge cong thuc sau:
Cong thic tinh d9 dai trung tuyén.
Goi m,, m,, m. 14n lugt 1a d6 dai trung tuyén tir céc dinh A, B, C
cha tam gidac ABC .

2(b? + ¢?) - a2 2(a? b?
mzz( +:)a; m?}"(a+:) :
? o 2(32 +b2)—c2.
¢ 4

2. Dinh ly sin:
Cho tam gidc ABC v6i BC = a, AC=b, AB=cvaRIa ban kinh
dudng trdon ngoai tiép ta cé:
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a b c .
; . sinA _ sinB B sin C =2R |
‘8. Céng thiic tinh dién tich tam gidc:
Cho tam gidc ABC c¢6 BC = a, AC = b, AB = c. Goi R va r lan lugt
12 ban kinh dudng trdn ngoai ti€p, ni ti€p tam gidc ABC. p 1a nia
chu vi tam gidc, S 1a dién tich tam gidc ABC, ta cé6:

S = —;—absinC = -;—_bcs-inA = %c’asinB. ;

-
= pr. _
= plp-alp-b)p-c).

‘II.BAITAPCANBAN' :

Bai 1. Cho tam gidc vudng ABC vudng tai A, B = 58° va canh a = 72 cm
Tinh C, canh b, canh ¢ va dudng cao h,.. '

Gidi
Tacé: C =180°- (A + B)=180° - (90° + 68°) = 32".

, s R ) b c
- Theo dinh li sin, ta c6: st — = -
e = C6. sinA sinB sinC

Do dé: b = asinB _ 72.5in58° L 72.0,8480

sin A sin 90° Do i
¢ ' Qo ) |
i aflnC z 72.8in 38 % 72.0,5299 ~ 38,15 (cm).
sin A 8in90° 1

Ta o &= -;-bc (do'tam gidc ABC vudng tai A)
‘ 1

u 561,08.38,15 = 1164,7195 (cm?)
Mat khéc: S = é—ah,:wha= 28
: a
Lo usagies Lo e

Bai 2. Cho tam gidc ABC bift cdc canh a = 52,1cm; b = 85cm
¢ =54cm. Tinh A, B, C. '
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Gidi
Theo dinh li cosin, suy ra:
b? + ¢ —a®  85% + 54% - (52,1)°

SA = = ~ 0,8090
* 2be 2.85.54
= A = 36°.
2 2 12 2 2 op2
é BoER= LT b _ (62,1)* + 54° - 85 ~ -0,2834

2ac 2.52,1.54
= B ~106°28". |
Suyra C =180°-(A + B)=180°-(36° + 106°28") ~ 37°32".
Bai 3. Cho tam gidc ABC ¢c6 A = 120°, canh b = 8cm va ¢ = 5¢cm. Tinh
canh a va cac géc B, C cta tam gidc do.
Gidi
Theo dinh li cosin, ta cé: .
a?=b?+c?-2bccosA=8"+5"-2.8.5.c0s120°~ 97

= a=9_85cm.

. b c
Theo dinh li sin, ta cé: = =
' : sinA sinB  sinC

bsin A ~'8.sin120°

Do d6 sinB = x - ~ 0,7034
a 9,85

- B =442

- C =180°-(A + B)=15718.

Bai 4. Tinh dién tich tam gidc c6 sd do cac canh 1an lugt 1a 7, 9 va 12.
Gidi

Ta co: p=z-55--s-’é*'—’Eg = 14

Do d6 dién tich S la:
S = Jp(p - aXp - b)p - ¢
= ﬁ4 (14 - T)(14 - 9)( 14 - 12) = 31,3050 (dvdt)

Bai 5. Tam gidc ABC c6 géc A = 120°. Tinh canh BC cho biét canh
AC = m va canh AB = n.
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Gidi

Theo dinh li cosin, ta c6: _ ;

BC? = AB? + AC? - 2AB.AC.cosA
=m? + n® - 2m.n.cos120° = m? + n? - m.n
Vay BC= {m? +n? - 2mn.
Bai 6. Tam gidc ABC c6 cdc canh a = 8cm, b = 10cm va ¢ = 13m.
~ a) Tam gidc d6 ¢6 géc tu hay khong ?
b) Tinh d¢ dai trung tuyén MA cta tam gidc ABC d6.

Gidi

a) Theo dinh ly cosin, ta c6:
af+bi-c Bi1i-1 1
2a¢c .. 2.8.10 16
= C > 90° hay tam gidc ABC c6 géc C tu.
by Tacs: MA?= 2AB+ icz) - B!
_2(10° +18%) - 8°
4
= MA ~ 10,89 (cm).
Bai 7. Tinh géc 16n nh4t cia tam gisc ABC bist:
a) C4c canh a = 3cm, b = 4cm va ¢ = 6ecm.
b) Céc canh a = 40cm, b = 13cm va ¢ = 37cm.
| L Gidi
a) Taci:do3<4<6néna<bc<e.
i A e BeC |
a?+b?-c® 32+42-6°
2ab 2.3.4
= G » 107°47".
b)Do13<37<40nénb<c<a
" =>B<C<A s
b? +c? -a® _ 13% +37% - 40°
2bc - 2.13.37

<0

cosC =

= MA?

= 118,5

~ -0,3056

= cosC =

~ -0,0644

= cosA =

— A =~ 93°41".
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Bai 8. Cho tam*gidc ABC biét canh a = 137,5¢cm; B = 83°% C = 57°.
| Giai
Taco: A =180°-(B + C)=180° - (83° + 57°) = 40°.
Theo dinh 1i ham sin, ta cé:
a _ b _ ¢
sinA  sinB  sinC
asinB  137,5.sin 83°

Dodé: b= — = , xs 215,46 (cm).
sinA sin 40°
= aémc _ 137,?.51n57 ~ 179,40 (cm),
sin A sin 40°

Bai 9. Cho hinh binh hanh ABCD ¢6 AB = a, BC = b, BD = m va
AC = n. Chitng minh ring m? + n® = 2(a® + b%).
| Gidi
Trong tam gidc ABD ta cé6:
BD? = AB? + AD? - 2.AB.AD.cos BAD
o m?=a?+b?- 2abcos BAD (1) B

Trong tam gidc ABC ta c6: - 7
AC? = BA? + BC? - 2BA.BC.cos ABC

< 0’ =a’+b? - 2abeos ABC (2)

ma ABC + BAD = 180° A D

= cosABC = -cos BAD (3)

Tir (1), (2) va (3) suy ra: m® + n® = 2(a’® + b?).

Bai 10. Hai chiéc tau thuy P va Q cdch nhau 300m. Tu P va Q thing
hang véi chan A cda thép hai dang AB ¢ trén bd bién ngu’c“n ta nhin

chidu cao AB cha thdp dui gbc BPA = 35° va BQA = 48° Tinh
chiéu cao clia thdp.
Gidi
Xét tam gidc PQB c6:
‘ P =35° PQB = 132°
= PBQ = 180° - (35° + 132°) = 13°
Theo dinh 1y sin cé:
QB _ PQ

sin35°  sin13° : ; .
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PQ.sin35° _ 300.sin 35°

= BQ = =io ~ 764,93cm.
sin 13° sin 13° m
Xét tam gidc QBA ta c6:
QBA = 180° - (48° + 90°) = 42°
.Theo dinh 1y sin ta c6: '
AB _ BQ i AB e BQ.sin48°  764,93.sin48°

sin48°  sin90° . sin90° sin90°
Vay AB =~ 568,45 (m). |

Bai 11. Mudn do chiéu cao cia Thdp Cham Por KLong Garai ¢ Ninl
Thuan ngudi ta ldy hai diém A va B trén mit ddt c6 khodng cécl
AB = 12m cung ndm thing hang vé6i chan C cia thdp dé dat hai g6
k&. Chan cia géc k& ¢6 chidu cao h = 1,3m. Goi D 1a dinh thap vi
hai diém A,, B, cung thdng hang véi C;, thugc chiéu cao CD ci:
thap. Ngudi ta do duge DA,C, =49° va DB,C, = 35°. Tinh chiéu ca
CD = CC; + C;D cua thap dé.

Gidi
Ta c6: DA,C, =49° D
= DA,B, =131°
= A,DB, = 180° - (181° + 35°)
= 14°
* Xét tam gidc DA;Bx, theo dinh li sin:
DA AB
Tach: ot wmi ) L _ _
sinDB,A, sinADB, Ci| 49°03° I\ B,
12.5in 35° el L iam g
= DA1 - _m______{{l,},_;m 28,45 (m)- A12m
~ sinl4” :
Xét tam gléc DC,A, ta cé:

 CDA,; =90° - 49° = 41°
Theo dinh li sin ta du’qc&
DG - . DA
sinDA,C, sin90° _
DA, .sinDAC; _ 28,45.5in49° _ 21,47 (m)
sin 90° 1 SN

Vay chiéu cao cua thép:
CD = CC;+C1D_ 1,3 +2147 = 2277(m)

“ :)DCl"-'-'
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1. BAI TAP TUONG TU VA NANG CAO
Bai 12. Cho tam gidc ABC, ¢c6 b =7, ¢ =5 vaa = g. Tinh h, va bén

kinh dudng tron ngoai tiép R.
Bai 13. Tam gidc ABC ¢6 AB = 8, AC = 9, BC = 10. M6t diém M nim
trén canh BC sao cho BM = 7. Tinh d6 dai doan thing AM.

Bai 14. Cho tam gidc ABC. Ching minh ring:

. 2 1 1
Néub =2athi — = — + —.

a) Néeub + ¢ a thi h, b, + L

b) Né&u be = a® thi sinA.sinB = sin?A va hyh, = h?.

Bai 15*. Ching minh ring trong tam gidc ABC ta cé:
a? + b? + ¢
cotA + cotB + cotC = — x R
abc

Bai 16. Chirng minh ring hai trung tuyén ké tr B va C cta tam gidc
vudng géc véi nhau khi va chi khi c6 hé thic sau:
cotA = 2(cotB + cotC)

Iv. DAP SO VA HUGNG DAN GIAI

Bai 12. R = ?—£

C

Bai 13.AM=.-.3\/ L,

Bai 14. '
a) Theo cong thic tinh dién tich ta cé:
a= g—s— b b = g—s— . T g-s-
ha ’ hb ; hc

B&i vay néu 2a = b + ¢ thi:
s s s, 11
h, hb h, h, h, h
b) Tit be = a® suy ra 2R.sinB.2R.sinC = (2RsinA)?
~ Vay sinB.sinC = sin®A.

| 2
Tl be = a cung suy ra ti —2-§- = (g_S_\

hb ¢ LhaJ
Vay: hbhc = h? .
Bai 15. Tu dinh li cosin ta cé:
b% +c? —a’ . a
obe ; SInA = Z—R— .

cosA =
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b2+02*’a_2

| A b b% +¢? - a®
Suy ra: cotA = 254 _ Zbc = R.
4 sin A a L abc
| 2R
g% 48 g <y e
Tuong ty, ta c6: cotB = 2+ D p. o0 2+ -¢ p
abc abc

: . 2 2 2
Ta c6 dugce: cotA + cotB + cotC = 2 +al; SR,
. C

Bai 16. Goi G la trong tAm tam gidc ABC.
Khid6GBLGC o a’= g(mg + m?)

2 2 2 .2
and4fa + c? b. a‘+b N

b~ _c — b2
5 1 + 5 J o BbaZ=b%+c?
Péng thic cotA = 2(cotB + cotC)
b% 4 ¢% - a? (a? +c? - b? a2 + b? —c2 _) y
=2 R a
2be B k abc * abc RJ (bheo bai 15)

ob2+c?=5a! o GB.1GC.

$

) ON ’l‘AP cmmNG | ||

L TOM TAT LY THUYET

1. Gi4 tri lugng gidc ciia mdt géc a bﬁ't ki v6i 0° < a < 180°
2. Tich vé huéng cta hai vectd

~ Hai géc bu nhau c6 sin bing nhau; con cosin, tang, cotang cia
chung déi nhau.

- - Tich v& hu’dng o b cia ha1 vecto avab du#ac tinh béi:
= |al.|b|.cos(a, b)

"~ Céc tinh ch4t:
' - - -»—»
1. a.b=b.
o
2(ka) b k(a.b)
% — - = - -
' 8. a(b_+ c)=a.b +a.c
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e

— Néu ; = (x1; y1); g = (Xg; y2) thi a.b = x1% + y1y2.
3. Pinh li cosin trong tam giic

a?=b*+c®-2bccosA

b%®=a%+c®*-2accosB

c®>=a’+b?>-2ab cosC

4. Pinh i sin trong tam gidc

si:: E 3 sirt:B = si;C = 2R (R 1a ban kinh dudng tron ngoai tié€p
tam giac).

5. Cong thictrung tuyén

o _ 2b% +c?) - a’ o _ 2(@% +c?) - b’
mg = ; my = ;
4 4
il = 2(a’ +:2) - c? .

6. Cong thuc tinh dién tich tam giac
1 1 1
S-—Eaha—'é'bhb—*z"(:hc

= -l-a b sinC = —%b ¢ SinA = %a ¢ sinB

o L
4R
= pr
= Jplp - a)(p —‘b)(p -¢) trongdé p= E.L;LE

II. BAI TAP CO BAN

Bai 1. Hay nhéc lai dinh nghia gia tri luong gidc cGa mét géc a véi
0° < o < 180°. Tai sao khi a 1a géc nhon thi gid tri lugng gidc nay lai
chinh 1a céc ti s6 lugng gidc (da dugdhoc 6 16p 9).

Bai 2. Tai sao hai géc bt nhau lai c6 sin bing nhau va cosin d8i nhau ?

\
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Gidi -
Cho hai géc o va 180° - a.

Goi.M va M’ lan lugt 1a hai dxém trén nira dudng trbn don vi sao cho
xOM = o va xOM’-lSO"—a i PP

= M'va M’ d6i xding nhau qua truc Oy.

‘= Tung d0 ctia hai diém M va M’ bing nhau con hoanh do cta hai
diém M va M’ thi d6i nhau hay hai g6c bit nhau c6 sin bang nhau va
cosin ddi nhau.

Bai 3. Nhéc lai dinh nghia tich v huéng cta hai vecto avab. Tich vb

huéng'nay véi | a | va | b | khong déi dat gi tri 16n nhat va nhé
nh4it khi nao ? |

REES Gidi
e Tich vg Eu’éng cia hai vecto a vab la:
& l:l lgl cos(;, -‘;)
. VG’I |a ‘ | b | khong d6i. 5
= a.b datgxétnldnnhﬁtkhiva chiklucos(a b)lé’nnhﬁt

@cos(a b)_1¢:>(a b)=0°hayavébl&~hmvectUmmg
pthong

g va b dat glé tn nhé nhﬁ't = cos(a b) nhé nhﬁt
. < CcoS. (a b) =-1
4 (a b) = 180°
hay a va b m hai vecto nguge hu&ng
"B_‘ii 4.~Trong he toa 46 Oxy cho vecto a (73, 1) v vecto E(Z; 2), hay
s tinhtich #6 hu‘&ng ;i;
| i Gidi
b=-3.2+41.2=-4

Bai 5. Hay nhic lai dinh 1f cosin trong tam gidc. Tir hé thic nay hay
“tinh cos A, cos B va cos C theo c4c canh cla tam gidc.
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| Gidi

Cho tam gidc ABC c6 AB =c, BC = a, AC = b. Khi dé:
a?=b%+c?-2bccosA
b?=a%+c?-2accosB
Z=a’+b’-2ab cosC.

Do dé:

b? + ¢? - a? a’ +¢? - b? a? + b% - ¢?
icosB==——"-_—" :cosC =
2bc 2ac 2ab

Bai 6. Tir hé thdc a®> = b% + ¢® - 2 b ¢ cosA trong tam gidc, hdy suy ra
dinh li Pitago.

cos A =

Giai
Tit hé thic a2 = b? + ¢ - 2be.cosA
Néu A =90°= cosA =0
= a® = b? + ¢? (dinh li Pitago)

Bai 7. Dua vao dinh li sin ching minh ring véi moi tam gide ABC, ta c6
a=2RsinA,b=2RsinB, ¢ =2 R sinC.

Gidj
. ’ b c
Tit dinh li - S = = 2R
' i sin A sinB sinC
= 9R
sin A a=2RsinA
= ¢ i ,bB=2R s . Ib=2ReinB
s“: _ ¢=2RsinC
= 2R
. sinC

Bai 8. Cho tam gidc ABC. Chtng minh ring:
a) Géc A nhon khi va chi khi a? < b? + ¢%
b) Géc A ti khi va chi khi a®> b? + ¢
¢) Géc A vudng khi va chi khi a® = b* + ¢%.
Giadi
Theo dinh i cosin, ta c¢é6: a® = b% + ¢ - 2 b ¢ cosA.
a) Géc A‘nh(m =cosA>0 =2bccosA>0

= bl+c®-2bccos A<b?+c?haya?<b?+c?



b) Géc A tu =>cos A<0 =>2bccosA<O
= bzt-;-cz--ZbccosA);b2+c2hay:‘:12'>132+c2
c) G6c Avudbng =>cos A=0 = 2bccosA=0
= b2+c2-2bcecosA=b?4+c?haya?=b? +c?
Bai 9. Cho tam gidec ABC ¢6 A = 60°, BC = 6. Tinh ban kinh dudn,
tron ngoai tlep tam giac d6.

Giai
Theo dinh li sin, ta cé:
. a 6
) = 2R R = = = 2 3 .
A o 2sinA _ 2sin60° v

Bai 10. Cho tam gidc ABC ¢6 a = 12, b = 16, ¢ = 20. Tinh dién tich S c:
tam giéc, ch1éu cao h,, cdc ban kinh R, r cia dudng tron ngoai tiép, nd
'ti€p tam gléc va dudng trung tuyén m, cha tam gisc.

Gidi
Ta oo p e a-+129+c e 12+126+20'=24,suyra:

Dién tich S tam gidc:
= Jp(p-a)p-blp-¢c) Sy
= 24(24 - 12)(24 - 16)(24 - 20) = 96 (don vi dién tich)

Talaicé S =—1—a_ha = ha=g§~-—--~———2 2216
‘ - 2 a 12
Tacé: S <2b¢ _p_abe 121620 .,
L 4R 7T 48 " 4.06
Mat khdc S =prr. V&y'r'z—s—ngﬁ=4.
- p 24

Theo cong thu’c trung tuyen ,

- 2 2(162 + 20?) - 122

mi 20 +:) _ (_ 4)_ e

Viy m, ~ 17,09.
Bai 11. Trong tdp hgp cdc tam gidc c6 hai canh a va b, tim tam gidc c¢
dién tich 16n nhat.
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' Gigi
Ta o6 S=—;—absinC — S16nnhét & sinC 16n nhAt

= sinC =1 hay C =90°
Vay trong tdp tam gidc c¢6 hai canh a va b, tam gide vudng tai C c6
dién tich 16n nhat.

Bai 12. Cho tam gidc ABC ¢6 BC = a, CA = b, AB = c. Hay tinh cdc géc

cua tam giac dé6.

Giai
Ta c6 :
~ b%+c?-a°
A= - :
cos 2bc
cos B = a? + c? —bz.
2ac
- a +b% - ¢?
2ab
A < 1
CAU HOI TRAC NGHIEM

. Cho géc o = 150°. Trong céc gid tri lugng gidc sau day cia géc a, giad

tri nao la dung?

a) sin150° = —3?- b) cos150° = —‘/2—5—
¢) tan150° = "";7]_%; © d)cot150° = VB
. Cho a va B 1a hai géc bd nhau. Trong cdc hé thdc sau day, hé +hic
nao sai? ,
a) sina = sinf | b) cosa = —cosP
¢) tana = ~tanf d) cota = cotf

Cho a va B 1a cdc géc ti trong d6 o < B. Pidu khdng dinh nao sau day
12 ding?

a) sina < sinp b) cosa < cosP

¢) tana < 0 d) cota > 0

Trong céac khdng dinh sau day, khang dinh nao sai?
a) cos45° = sin45° b) co45° = sin135°
¢) cos30° = sin120° d) sin60° = c0s120°
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5. Cho hai géc nhon o va B trong d6 o < B. Khdng dinh nao sau day la
sai?
a) cosa < cosf b) sina < sinf
c) cosa = sinf < a + B = 90° d) tana + tanp > 0
6. Tam gidc ABC vuéng & A va c6 géc B =.30° . Khing dinh nao sau
day la sai? | |
' V3

3)COSB_=‘—L - e b)sinC:—z— |

NE]
) cosC = = |  QsinB=

7. Tam gidec déu ABC e dudng cao AH. Khidng dinh nao sau day la
ding? :

e 8 b, <Py |
a) sinBAH = — : : b) cosBAH = —
AnBAR =3 WowBAR- 3
¢) sin ABC = -‘g—’- | d) sin AHC = %
8. Didu khéng dinh nao sau dﬁy la dung‘? "

 a) sina = sin(180° - )
~b) cosa = ¢os(180° - o)

~¢) tan 45° = tan 180°

‘d) Khi géc a téng dén tir 0° d&n 180° thi cosa cung ting din 18n mi.
9. Tim khing dinh sai trong cdc khéng dinh sau day: '

a) cos35° > cos10° b) sin60° < sin80°
c) tand5° < tan60° - d) cos45° = sin45°

10. Tam gidc ABC vuéng &.A va c6 géc B = 50°. Khi d6 ta c6: -
e A , Dy ' '
a) (AB; BC) = 130° b) (BC; AC) = 40°
Ly e , i
c) (AB; CB) =50° ; d) (AC; CB) = 120° :

- Diéu khing dinh nao trén day la sai?

11. Cho a va b la hai vecto cling hu’dng va déu khéc vecto 0. Trong
cdc két qua sau day, hay chon két qui ding.

a)'ab |a||b| Yoxb =D
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12. Tam gidc ABC vudng cén tai A ¢6 AB = AC = 30cm. Hai dudng trung
tuyén BF va CE cdt nhau tai G. Dién tich tam gidc GFC 1a mdt
trong cdc két qua sau:

a) 50cm? b) 502 cm?
¢) 75¢m? d) 15105 cm?

13. ’}‘_{Ln giac ﬁC vudng tai A ¢6 AB = 5cm, BC = 13em. Goi géc
ABC = o, ACB = p. Hay chon mot trong cac két ludn sau day:
a)pB>a b)B < a
c)B=a d) Khong so sanh duge d9 16n hai géc.
14. Cho géc xOy = 30°. Goi A va B 1a hai diém di dong ldn lugt trén Ox

va Oy sao cho AB = 1. P9 dai 16n nh4t cia doan OB bang mét trong
cac két qua sau day:

a) 1,5 b) V3 ¢) 242 d) 2
L5. Tam gide ABC ¢6 BC = a, CA = b, AB = c. Ménh dé nao sau day la
ding?
a) Néu b? + ¢ — a® > 0 thi géc A nhon;
b) N&ub® + ¢ — a® > 0 thi géc A ti;
¢) N&u b? + ¢? - a®? < 0 thi géc A nhon;
d) Néu b? + ¢® - a® < 0 thi géc A vudng.

16. Pudng tron tdm O c6 ban kinh R = 15cm. Goi P 1a mft diém céch .
tam O mot khodng PO = 9cm. Day cung di qua P va vudng géc véi
PO c6 d9 dai 12 mot trong céc két qua sau day:

a) 22cm b) 23cm ¢) 24cm d) 25cm

17. Tam gidc ABC ¢6 AB = 8cm, AC = 18cm va c6 dién tich bing 64cm?.
Gé6c A cla tam gidc c6 gid tri sinA ldy trong céc gid tri nao sau day?

a) i;% s 0% a3

18. Hai géc a vaB phu nhau nghia 13 B + o = 90°. Khi d6 ta c6:
a) sina = —cosp b) cosa = sinB
c¢) tana = cosP : d) cota = tanP

Hé thdc nao trén day la sai?
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19. B4t ddng thic nao duéi diy 1a ding?

a) sin90° < sin150° b) sin90°15' < sin90°30’
¢) c0s90°30’ > cos100° d)_»c03150° > cos120°
20. Cho tam gidc ABC vudng tai A. Khing dinh nao sau day la sai?
T I ' - = - -
a) AB.AC < BA.BC b) AC.CB < AC.BC
e e N
c)ABBC<CACB - - d) AC.BC < BC.AB

21. Tam gidc ABC ¢6 AB = 4cm, BC = 7em, CA = 9cm. Gid tri cosA la
mét trong céc két qua néo sau day:
2 .
“« o e d =
a) 3 | b) 3 c) 3 ) 2
22. Cho hai diém A = (1; 2) va B (3; 4). Gi4 tri cda AB la mdt trong cac
két qui ndo sau day:

aid b4V ¢) 642 d) 8

23. Cho hai vecto a = (4; 3) va b = (1; 7). Géc gitta hai vecto a va b 1a
mot trong céc gia tri sau day:
- a)90° . b) 60° c) 45° d) 30°
24. Cho hai diém M(1; -2) va N(-3; 4). Khoang cach glua hai diém M va
N 12 mdt trong céc két qua sau day:
a4 - b6 936 . d2Vi3
25. Tam gide ABC c6 A = (-1; 1), B = (1; 3) va C = (1; -1). Trong céc
phéat bidu sau day, hdy chon c4ch ph4t biéu ding:
a) ABC 1a tam gidc c6 ba canh bing nhau; . 4
'b) ABC la tam gidc c6 ba goc ddu nhon; :
¢) ABC 1a tam gidccan tai B (c6 BA = BC);
d) ABC la tam gidc vudng cén tai A.

26. Tam gidc ABC c6 A = (10; 5), B = (3; 2) va C =(6: -5). Hﬁy xét xem
| khidng dinh nao sau day 1a ding? ~
a) ABC la tam gidc déu;
b) ABC la tam gidc vudng can tai B; .
. ¢) ABC la tam gidc vudng can tai A;
d) ABC la tam gidc c6 goc tu tai A.
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27. Tam gidc ABC vudng cin tai A va noi tiép trong dudng tron tdm O
ban kinh R. Goi r 1a ban kinh dugng tron noi tiép tam gide ABC.

Khi d6 ta c6 ti s6 R bing mot trong céc gia tri sau day:
r

2 + 2 J2 = 1 1++/2

1 2 § e
a)l + V2 b) - 0 = d) >

28. Tam gidc ABC c¢6 AB = 4cn, AC = 8cm va dudng trung tuyén
. AM = 3cm. Khi d6 canh BC cla tam gidc ¢6 do dai 12 mdt trong céc
két qué sau:
a) 2V6cm b) 2v3lem  ¢)9em d) (4 + 2V13)em
29. Tam gidc ABC ¢6 BC =a, CA =D, AB = ¢ va ¢6 dién tich S. N&u ting
canh BC lén 2 14n déng thoi tang canh CA 1én 3 lan va gilt nguyén
do 16n cha géc C thi khi d6 dién tich cGa tam gidc médi duge tao nén
sé la m{t trong cédc gid tri sau:
a) 28 b) 3S c) 4S d) 6S
80. Tam gidc déu DEF c6 ba dinh D, E, F 1an luot ndm trén ba canh BC,
CA, AB cta tam gidc déu ABC sao cho DE 1 BC. Khi dé ti sd dién
tich cda tam gidc DEF va tam gidc ABC sé& 14 mdt trong cdc gia tri

sau:

1 1 2 1
a)z b)~3— C)E d)§

Gidi

caw | 1|2 s|afs|e]|7|{s|{afw|{n|n|lv|u|ls
W e baledalata Lelaladalalidnlals
in o _
cau (18|17 {8 [wf2 2 nfnf2afsiw||nln|n
Bip
el oo afu]ainfufu

Cau 1. Ta c6:

sin150° = sin 30° = 1 )

3

- = tan150° = -
cos150° = - cos 30° = -

o[ &

= P4p 4n c 12 can tim.
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- Cdu 2. Tacé:a + B =180°
sin o = sin(180° - B) = sinf
cos o = cos(180° - B) = — cos P
Cau 8. Do a, B ti, a < B = sina > sinP > 0 va 0 > cosa > cosp
= Pédp 4n c 12 cn tim. |
V3

Cau 4. Tacé: sind5° = —‘/2-—2- = c0s45°, léin45°'= sin135°, c0s30° = —,

} => Pdp édn d la cén tim.

2
sin120° = sin60° = iz_q , €08120° = —¢0s60° = m%

= D4p 4n d 1A cén tim.
- O<sina <sinf

Cau 5.D 90° ‘
u 0a<B<90:{cosa>cosﬁ>0

= D4p 4n a 12 cdn tim.

Céu 6. Do ABC vudng, B =30°= C =60°

Ma cosB = ¢c0s30° = -‘{2-—‘?'» = Bé‘p.én a la cén tim.

Cau 7. Do tam gisc ABC déu, AH la dudng cao
= BAH = 30°, ABC = 60°, AHC = 90°
= DPédpénc 1a cAn tim.
' Cﬁu 8. Ta cé a va 180° — o 1a bu nhau
= sina = sm(180° — @), cosa = —cos(180° - )
= Dédp 4n a 12 céin tim. o
Cau9.0°<a<P<90°
| V2

= sino < 'sinB, coso > cosﬂ, cos45° = sin45° = ¥

‘ mBépénal&cﬁnnm'
Cﬁu 10 Dotamg:écABCvuongtalAva B =50° = ¢ .-=40°

= (AC, _CB) +C =180°> (AC, CB) = 140° # 120°
= Bap 4n sai 1a d. | |
Céu 11 Do a b 1a ha1 vectd cung hudng va khac O |
s R T |
= Pép 4n a 12 cdn tim.
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%
Céu 12. Ta ¢6: Syape = %AB.AC - %.30.30 - 450 (cm?)

Goi H 1a chéan dudng vudng géc ha tir G 1a AB.

AAEC <~ AHEG B
EG AG
= mem— =
EC AC
:>-Ij9— =l = HG = 10cm
30 - 3
H
1 AB G
A F ie.
=130 16 - 75em?
2 2
= DP4p 4n c 12 can tim.
Céau 13. Do AABC vudng tai A va BC = 13cm, AB = 5cm
= AC = 132 - 5% = 12em
=>AB<AC =B<a
Vay d4p 4n c la can tim.
OB

Cadu 14. D4t OB = x. Xét tam gidc OAB, ta cé:

sin AOB M sinﬁﬁ
L X L x-2sinAs2
sin 30° sin A
Vay OB 16n nhat bing 2 khi A =90°. Vay d4p 4n d 1a cdn tim.
Cau 15. Cho tam gidc ABC, BC = a, AC = b, AB = ¢, theo dinh li cosin:
2y edoa?
2bc
Né&u b? + ¢2- a’? > 0 = cosA 5 0 = A nhon.
Vay d4p 4n a 12 cdn tim.
Cau 16. Goi A, B 12 diém ma du¥ng thdng qua P vudng géc véi OP véi
dudng tron.
— AB = 2AP = 2,/AO? - PO? =215 -9? =24
Vay dédp 4n c 1a cin tim.
Cau 17. Ta c6 tam gidc ABC la:

gl -;—AB.AC.sinA

COsSA =
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~ sina - 2:-Sumc _ 2.64 _ g_

AB.AC ~ 8.18
Vay dép 4n d 14 can tim.
Ciul8.Doa+B=90"°=0<a<90°%0°<pB <90°
= sina, sinp, cosp, cosa cung ddu duong.
= sina = —cosf 13 sai.
Vay dép 4n sai la a. |
Céau 19. Ta cé: vbi 90° < a, B < 180° thi sina > sinf, cosa > cosf
Vay ddp 4n c 14 cin tim.
Céu 20. Do tam gidc ABC vudng tai A > B < 90°, C < 90°

- — - — ey i

= AC.BC = CA.CB = |CA||CB|cosC > 0
- - - —> - - .

= BC.AB =-BC.BA = -|BC||BA|cosB >0

- >

::>AC BC<BCABlasa1

Vay dép an d 1a cén tim.
Céu 21. Theo dinh ly cosin, ta cé:
b? +¢c? - a® AC’Z+ABz BC* 9% +4% - 7°
2bc 2AC.AB _ 2.9.4

cosA =
= cosA = :?‘2- Vay dédp 'én a 1a cin tim.

Cau 22. Tacé: AB =(2;2)> AB =22+22=8
Vay ddp 4n d 14 cdn tim.
Céau 23. P4p 4n c la cén tim.

Chu 24. Ta c6: M"N e lidag) 4k
— MN = [MN| = J-4? + 6% = 16+ 36 = V62 =213
V4y d4p 4n d 12 cdn tim. L
Cau 25. Ta c6: AB = (2;2) = AB = |AB| = \/27:53--_-

-
AC =(2,-2) > AC = A0 - JoP T (27 =
BC = (0; —4) = BC = [BC] = NCRYe

AB = AC = AABC can. :
Mat khéc: AB® + AC® = 8 + 6 - 16 = BC?
=> Tam gidc ABC vudng can.
Vay d4p 4n b 13 cdn tim.
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Cau 26. Pap'an b 1 can tim.
Cau 27. Do tam gidc vudng can ABC tai A ndi tiép duyng tron bén kinh
R.
= AB = AC = RV2, BC = 2R =P=(1+2)R

Tacé:SAABC=§-AB.AC=R2=pr :>~B~=1+J§
r

Vay d4p 4n a la can tim.
Cau 28. Ta c6:
AM? = AB? + AC? _ BC?
2 4
= BC? = 2(AB? + AC?) - 4AM? = 2(4% + 8%) - 4.3 = 124
= BC = Jﬁlf ‘
Vay dap 4n b 1a can tim.
Cau 29. Ta c6:

Supc = S = —%AC.CB.sinC = %a.b.sinC

Néu tang BC 1én 2 l4n, CA lén 3 14n va giit nguyén géc C ta duge
tam gidc méGi A’'B’C va '

Ssapc = %CA’.CB'sinC = %.3b.2c.sinC = 6. %.a.b.sinC

= SAA'B'C' = GSAABC
VAy ddp 4n d 12 cAn tim.
Sédu 30. Do AABC déu ma ED 1 BC

= EC = 2DC = 2AC
va ABFD, AFEA la cdc tam gidc vudng tai F va E

2 2
= B>« B D0 = (2 -(Ja] = &

L 1 "

Ti s6 dién tich cta DEF va ABC la %
Vay dédp 4n b 12 cén tim. B

II. BAI TAP TUONG TU VA NANG CAO

3ai 18. Chiing minh réng trong moi tam gidc ABC:
b? - ¢* = a(beosC - cgosB)
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Bai 14. Tinh dién tich tam gidc ABC biét BC = a, A = o va hai trung
tuyén BM, CN vudng géc véi nhau.
) sf

Bai 15. Cho tam gidc ABCc6 A =60° a=10,r = . Tinh R, b, c.

Bai 16. Cho tam glac ABC Tim quy tich cédc dxem M sao cho:

ABAM ABAC

Bai 17. Cho hinh thang vuéng ABCD, dudng cao AB = 2R, ddy 16n
BC = 3a, day nhoé AD = 2a.
—

- - 2> - -
a) Tinh céc tich v6 huéng AB.CD, BD.BC va AC.BD.
b) G01 I 12 trung diém cta CD, tinh AI BD Suy ra géc caa Al va BD
Bai 18"' Cho tam gléc ABC G lé trong tdm. Ching minh ring:

a) MA.BC + MB.CA + MC. AB = 0.

b) MA? + MB? + MC? = 3MC? + GA? + GB? + GC?, v6i M la di€m tuy
. Suy ra vi tri cia diém M dé MA? + MB? + MC? dat gi4 tri nhd
nhét.

IV. DAP SO VA HUGNG DAN GIAI
Bai 18. '
Theo dinh 1i cosin: a? + b? - ¢? = 2ab.cosC, a? + ¢ - b? = 2ac.cosB

Vay a(b.cosC - c.cosB) = b? - c?.
Bail4d. S= %bcsina'=~ a.ztana.
S e
Bails. R=—

. 3
‘ b=c=10.
Bai 16.
-5 =3 -5 - e —
Tacé: AB.AM = AB.AC < AB(AM - AC) =
Hay AB.CM = 0.

Vay M thay d6i sao cho CM 1 AB, suy ra quy tich M 12 dudng
théng di qua C va vudng géc véi AB.
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Bai 17.

, — - 5
a) Chiéu vecto CD lén AB ta dugc BA.
- -
Do d6: AB CD=AB BA = -AB? = -44°. A 2a
_)
Chiéu vecto BD lén BC
—> 2a
ta dugc vecto BH = AD
- -
Do dé: BD BC BH.BC = 3a° i
Khi d6: .
e e
AC BD-(AB+BC)BD AB.BD + BC.BD
- > - —
Ma BC BD = 3a®va AB.BD = AB.BA = -4a’
Do 46: AC.BD =
- 1 - — - 5 o
b) Thay AI:E(AC‘!-AD) va BD=AD - AB
- = 1
Ta cé: AI.BD=-2—(AC+AD)(AD AB)
1.2 =2 = 2> 22 5 5
= E(AC AD - AC.AB + AD - AD.AB)
(> 2 - =
AC.AD = AK . AD = 8a?
-
Mé J AC.AB=432
AD2=a-2
- - — —
\AD AB=0 vi AD 1L AB

_)
Do dé: AI BD =0
Suy ra géc cia Al va BD la 90°.
Bai 18*. - \

—>

- = - = o> - -
a) Ta c6: MA.BC = MA(MC - MB) = MA.MC - MA.MB

- - e
MB.CA = MB.MA - MB.MC
> - e e T
MC.AB = MB.MC - MC.MA

Cong v& véi vé& ba ding thic trén ta dugce didu phai chitng minh.
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b) Ta cé6:

— 2 - — e e
MAZ = MA = (MG + GA)? = MG? + GA? + 2MG.GA

: . 4 —> : - >
MB? = (MG + GB)? = MG? + GB? + 2MG.GB
4t ey - - >
MC? = (MG + GC)? = MG? + GC? + 2MG.GC
Cong v& véi v& ba ddng thic trén ta duge:
MA? + MB% + MC2= |
' e
= 3MG? + GA? + GB? + GC? + 2MG(GA + GB + GC)
e T e |
ViGA+GB+GC=0 |
Do vay: MA? + MB? + MC? = 3MG? + GA? + GB? + GC%*(1)

Theo (1) téng: MA? + MB? + MC? dat gi4 tri nhé nhat kk
MG =0 tic M =G. '
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CHUONG III: PHUONG PHAP TOA PO
TRONG MAT PHANG

§1. PHUONG TRINH DUONG THANG

. TOM TAT LY THUYET
1. Vecto chi phuong ctia dudng thing

...)
Dinh nghia: Vectd u # 0 dugc goi la vecto chi phuong cta dudng

- -
thang A néu u khdc 0 va gid cia u song song ho#c trung véi A.
2. Phuong trinh tham sé citia duong thing

a) Phuong trinh tham s6 cia dudng thing A qua Mg(xo, yo) va cb

X=X0+tu1

mot vecto chi phuong t(u;; uy) B { (uf +us=0)

Yy =Yo + tug
b) Phuong trinh chinh tdc cda dudng thdng A qua My(xo; yo) va c6
mdt vecto chi phuong u(u;; uy):
%0 = L (u% + U% #0)
uy Ug
3. Vectd phdp tuyén ctia dudng thing

e
Pinh nghia: Vecto u dugc goi 12 vecto phap tuyén cha dudng théng A
- -

néu : # 0 va u vudng gbc véi vecto chi phuong cua dudng théng A.
4. Phudng trinh téng quat cia dudng thing
Phuong trinh dudng théng qua Mo(x; yo) va ¢6 mét vecto phdp
tuyén ;(a; b) 1a: a(x ~ x¢) + b(y - yo) = 0, néu dat ¢ = —axy — by, thi
phuong trinh: ax + by + ¢ = 0 goi 14 phuong trinh téng quét cda dudng
thdng dé. el
5. Vi tri tuong ddi ciia hai dudng thing
ChoApax+byy+c;=0va A ax+by+c,=0
Toa dd giao didm (néu c6) cia A,,A, 1a nghiém hé
{alx Ryt o= (I) tir 46 ta c6 két qua sau:
89X + bgy + ¢ =0

— Haé (I) ¢c6 mdt nghiém < A; cit A,.
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— Hé (I) vd nghiém < A // As.
— Heé (I) ¢6 vb s8 nghiém < A, = Aq.
6. Géc gida hai dudng thing
Cho Ay: a;x + byy + 1= 0, Ag: a;x + boy + ¢ = 0 diat ¢ = (A;, Ap) ta co:

/

e |ajag + byby|

a? + bY - Jod 48
| 7. Cong thite tinh khodng céch
Cho A: ax + by + ¢ = 0 va My(xo; yo) ta c6:

d(My; A) = Jaxo + byo + ¢
a? + b?

L. BAI TAP CAN BAN
Bai 1. Lap phuong trinh ﬁharn s6 va phuong trinh chinh tdc cia dudng
thdng d trong mdi trudng hgp sau:
a) d di qua diém M2 1) Vi c6 vecto chi phuong ;(3' 4)
b) d dx qua diém M (-2; 3) va c6 vecto phdp tuyén 1a u (5 1).
Guu

a) Phl‘.tdng trinh tham s8 d qua M(2, 1) c6 vecto chi phuong u (3 4) 1

jx=2+3t x-2 y-1
{y ki 4t,phmzmgtr:mhc:hmhtécdla 3  = i

b) Do d qua M(=2; 3) va c6 mdt vecto phédp tuyén u (5 1)
Vay d: 5(x + 2) + (y - 3)-0hayd 5x+y+T7=0

Bai 2. Lap phuong trinh tdng quit cla dudng thing A trong mbi trudng
ho‘p sau:

~a) A di qua M(-5; —-8)véc6hé s géc k = -3.
b) A di qua ‘hai diém A (2; 1) va B (~4; 5).
' . Gidi
a) Pudng thing A qua M(-5; -8) va ¢6 hé s8 géc k = -3 cb bhu'ong
trinh: y = -3(x + 5) -8 hay A: -3x -y - 23 = 0. |
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—
b) Ta c6 AB(-6; 4) la vecto chi phuong cia A

= u(2; 3) 1a mot vects phép tuy&n cia A
. >A2x-2)+3y-1)=0hay A:2x +3y-7=0.
Bai 3. Cho tam gidc ABC, biét A(1; 4), B(3; -1) va C(6; 2).
a) Lap phuong trinh téng qudt cua dudng thang AB, BC va AC.
b) Lap phuong trinh tham sé cha dutng cao AH va trung tuyén AM.
Gidi

a) Ta cé KB(Z; -5) suy ra :(5; 2) 12 mot vecto phép tuyén cia (AB)
= (AB):5(x-1)+2(y-4)=
hay (AB): 5x + 2y — 13 = 0.
Tuong tu ta tim duge (BC): x -y -4 =0,
(AC): 2x + 5y — 22 = 0.

.._) .
b) Pudng cao (AH) cia tam gidc ABC nhan BC(3; 3) lam vecto phédp
tuyén = (AH) nhén u( 1; 1) lam vecto chi phuong

=1~t
A X
= (H){y 4+t

3ai 4. Viét phuong trinh téng quit cGa duong thidng di qua diém
M(4; 0) va N(0; -1).

Gidi
-
Ta c6 MN (-4; -1) 12 vecto chi phuong cia dudng thdng (MN)

. 5 ;(1; ~4) 12 mdt vecto phap tuyén cia (MN)
= (MN):1x-4)-4(y-0)=
hay (MN):x~-4y-4=0
3ai 5. Xét vi tri tuong d6i clia cdc dudng thing sau:
a) d;: 4x — 10y + 1 ==0; va dyx+y+2=0
x=5+t

b) di: 12x - 6y + 10 = 0 va :
) di x-Bryaea - 4 {y=3+2t

c)di:8x+10y-12=0 va d, {x=-6+5t
. y=6-4t
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Giai
a) Toa do giao diém d;, d; (néu c6) 1a nghiém hé:
{4x—10y+1=0 v {4x—10(-—x—2)+1=0

X+y+2=2 y=-x-2
x—-_§
) ; £ 8- 1%
d;catdotai | -——; - =
el y-—-.l_ = lc“zal(2 2}
2

12x -6y +10=0
b) Toa do giao diém (néu c6) d;, d;12 nghiém hé: {x =5+t
y=3+2t
12(5+t) - 6(3+2t)+10=0

o x=5+1 = Hé v6 nghiém.
y=3+2t
Vay d; // d,
| 8x+10y -12=0
¢) Toa dé giao diém (néu c6) d, ,d; 12 nghiém hé: {x = -6t + 5t

| y=6-4t
8(-6+5t)+10(6-4t)-12=0 [teR
& <x=-6+5t < {x=-6+5t (Hé ¢c6 VSN).
y=6-4t . y=6-4t

Suy rad; =d; |
Bai 6. Cho dudng thing d: {

x=2+‘2t,‘tim didm M e d va cdch diém
y=3+t
A(0;1) mdt khodng bing 5.
' ' Giai
DoMed=M2+2t;:3+t)
= MA= \/(241—21:-0)2 +(1-3-t)

_ = J4+8t+4t2 +4+ 482 +t2 = [5t2 +12t + 8
- Theo bai ra ta ¢c6 MA = 5 nén ta c6: |
B2 +12t+8 =5 5t2 + 12t + 8 = 25
t=1
17
T B

e 5t7+ 126 -17=0 & |
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Bai 7. Tim s6 do cua g6c gitta hai dudong thing d;, va dz c6 phu’dng trinh
di:4x -2y +6=0vadyx-3y+1=0

Giai
Goi ¢ la géc gixa d,, d; ta cé: |
4.1+ (-2).(-3) _10 1
Je (2P 2 e 102 27

Bai 8. Tim khodng cach tir mot diém dén dudng théng trong céc trudng
hgp sau:
a) A3;5); A4x+3y+1=0
b) B(1;-2); d:3x-4y-26=0
c) C(1;2); m:3x+4y-11=0

= ¢ = 45°

cos ¢ =

- Gidi
4.3+3.5+1 |28 28
dA, A): ——‘ — = = —
a) d( =T N
b) d(B: d) = |3.1~4(—2)—26! _ |-15] iy
,\/32 + 42 ‘5
0 4(C, m) = 3.1+4.2-11 S0

3% + 42
Chi y: Diém C (1; 2) € m vy khodng cach cin tim bing 0.
Bai 9. Tim ban kinh cia dudng tron tdm C(-2; -2) va ti€p xdc v6i dudng
théng A: 5x + 12y - 10 =0
Giai |
Dudng tron tdm C (-2; 2) tié'p xtc véi A ¢6 ban kinh:
5(-2) +12(-2)- 10| |44 44
JEs122 18 13

R = d(C; A)

III. BAI TAP TUONG TU VA NANG CAO
Bai 10. Cho AABC véi A(-2; 1), B(4; 3) va C(2; -3).
a) Viét phuong trinh téng quat cta (BC).
b) Viét phuong trinh tham sé cia trung tuyén AM cia AABC.
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Bai 11. Cho AABC c¢6 dinh A(2; 2).
a) Lap phuong trinh c4c canh cia tam giac biét cac dudng cao ké t B vi
C lan lugt c6 phuong trinh: 9x -3y -4=0vax+y-2=0.
b) Lap phuong trinh dudng thing qua A va vudng géc vai AC.
Bai12. Cho A;: x +y-2=0va Ay x+ my + 1 =0 (m 14 tham s6). Tuj
theo m hdy xét vi tri tuong déi cla A, va A,.
Bail3.ChoA;:8x+y-6=0;A:2x-y+5=0
~a) Tinh géc giita A, va Ag.
b) Tim m d€ khodng cach tir A(1; m) dén A, bing khodng cédch tir £
. dén Ag.
Bai 14. Tim toa d§ C cia AABC biét trong tdm cha tam gidc nam tré:
~ dudng thdng A: 3x - y - 8 = 0, hai dinh A2; -3); B(3; -2) vi

Saac = §
IVv. DAP 56 VA HUONG DAN GIAI
Bai 10.
a) Vecto B%(—Z; —-6) = -2(-1; -3) nén (BC) c¢6 vecto phdp tuyér
U@ -1, ‘ |

Vay BC): 3(x~4)-(y-3)=03x-y-9=0
- b) Ta c6 toa dd trung diém M ctia BC 1a M(3; 0)
= AM = (5; -1) 1a vecto chi phuong cda (AM). ..
_ co e [Re-24 8t
= phuong trinh (AB). {y i

Bai 11.
a) Pat (BH): 9x - 3y 4=0, (CK): X+y-2=0.

Do BH L AC = dupng théng (AC) qua A(2 2) nhén uBH (3; - 1) lan
-2+ 3t :

Fab g (t € R).

vecto ch1 phuong. Vay: (AC): {

Tuong tu ta tim duge (AM): {x=2+m (m € R).
. : ly=2-m
(BC): {" sl e POV L
y=3+5n =

b) -3x+y+4=0.
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XxX+y-2=0

Bai 12. Xét hé (I) { , hé nay tuong duong vai hé sau:

Xx+my+1=0

{x 2 -y - {X =2~y
2-y+my+1=0 (m-1)y=-3 (%
Nhu vay tir (*) ta c6 k&t qua sau:
* Néum # 1 = (*) ¢6 nghiém duy nhat = (I) ¢c6 nghiém duy nhat
= A, Cit As. .

* Néum = 1= (*) vd nghiém = (I) vd nghiém = A, // A,
Bai 13.

a) Goi ¢ la géc gitta A; va A, ta co:

3.2+ 1(-1)|

cosSQ = +12\/55___ ‘/_\/,‘\/_ T:b(p=45°
b) d(A; Ay) = d(A; Az)<:>|3+\[%_6‘=“—3%+5|
< |m-3] =v2]6-ml|
(320841
{m—s-—-ﬂ(mm) 0 R
m-3=-2(6-m) m=§;§£
T 1-2
Bai 14. Goi C (x; yo) = G("Oa” = Yo 5).
DoGe(d):Sx—-y—ng::S(ﬁgétE} ?-’-@-5_”8 0 (1)

Mat khac ta co:

St %AB.d(C,AB) ws, B o ;J'z'

2

X0~y0-_5_ 2
"“‘f“z"“l -

(ABix-y-5=0)
Giai hé (1), (2) = toa 4 diém C cin tim.
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§2. PHUONG TRINH PUONG TRON
L. TOM TAT LY THUYET

1. Phuong trinh dudng tron tam I(a; b) ban kinh R
(x - a)+(y -b?’ =R |

2. Phuong trinh

x® + y? - 2ax — 2by + ¢ = O v6i diéu kién a? + b? — ¢ > 0 1a phuong
trinh dubng tron tdm I(a; b) ban kinh R = a® + b? - ¢c. |
3. Phuong trinh ti€p tuyén ciia dudng tron cé6 phuong trinh

(x — a)? + (y — b)® = R? tai diém M(x; yo) la:

(%o — a}(x — Xo) + (yo — )y — yo) = 0.

IL. BAI TAP CAN BAN

Bai 1. Tim tdm va ban kinh cdc dudng tron sau:
a) X’ +y?~2%x -2y -2=0
b) 16x* + 16y* + 16x -8y - 11 =0
) x*+y’-4x+6y-3=0.

. - Gidi |
a) Phuong trinh da cho tuong duong véi phuong trinh:
x-12+(@F-1°=4
Véy tdm cda dudng tron c6 phuong trinh da cho 1a I(1; 1), ban kinh
R=2.
b) Phuong trinh da cho tuong duong véi phuong trinh:

iy (x 3 -1-)2 g (y < -1-)2 =1, Vay tdm la I(--l;; -1—] vaR=1.
2 4 o 2 4
¢) Phuong trinh da cho tuong duong véi phuong trinh:
(x-22+(x+3?%=16 |
Vay tam la I(2; -3) va bén-kix}h R = 4.
Bai 2. Lap phuong trinh duong tron (C) trong cdc-trudng hgp sau:
a) (C) c6 tdm I(- 2; 3) va di qua M(2; -3)
b) (C) ¢6 tam I(~1; 2) va ti€p xdc v6i dudng thingd: x - 2y + 7= 0

¢) (C) c6 dudng kinh AB véi A(1; 1), B(7; 5)
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Giai
a) (C) c6 tam I(- 2; 3) va di qua M(2; — 3) nén ban kinh
R=IM= (2+2)+(-3-3) = J52
Vay (C):  (x +2)% + (y - 3)* = 52.
b) Do (C) ¢6 tAm I(-1; 2) va tiép xticvéi d: x -2y + 7 = 0

1~4+7 B
. R:d(I,d):——m—-~l = —
. J1+4 V5
Vay (C): (x+1)2+(y—2)2=—§.
Xlzlﬂt’?’ﬂ4
¢) Goi I(x;; y1) 1a trung diém AB ta cé: 135
yI: 2 :3

(C) ¢6 dudng kinh AB tdm la 1(4; 3) va ban kinh
© p. AB _ VT -1%+ (-1 5z
2 2 2
Vay (C): (x - 4)% + (y - 3) = 13.
Bai 3. Lap phuong trinh dudng tron qua ba diém:
a) A(1; 2), B(5; 2) va C(1; - 3)
b) A(=2; 4), B(5; 5) va C(6; — 2)

Gidi

a) Goi phuong trinh cén tim:
X*+y’-2ax-2by+c=0v6ia’+b*-¢c30
1 +2°-2a-4b+c=0
Theo bai ratacé hé: { 52+22-10a-4b+c=0
12 +(-3%-2a+6b+c=0

-2a-4b+c+5=0 a=3
<< -10a-4b+c¢+29=0 i b=~%
-2a+6b+c+10=0 PR

Vay dudng tron cdn tim c6 phuong trinh: x* + y* - 6x +y - 1=0
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b) D& thdy MP? = MN? + NP% Vay ba diém M, N, P l4ap thanh ba
dinh cia mdt tam gidc vudng tai N.

Goi I 1a trung diém MP ta tinh duge I1(2; 1), vy dudng tron cAn

fith 66 LM I(2; 1) va b Kink B = lei =5,

Véy phuong trinh cdn tim: (x - 2)* + (y - 1)* = 25.

Bai 4. Lap phuong trinh dudng tron ti€p xdc véi hai truc toa dd Ox, Oy
va qua M(2; 1). '

Giai
Goi I(a; b) 1a tdm phuong trinh dudng tron can tim, do dudng tron
tiép xic vai Ox, Oy nén ta cé:

d(1, 0x) =d(I,0y) =R < |al = [b| =R (1)
Mit khéc do dudng tron qua M(2; 1) nén ta cé:
IM=Ro J2-a (1-b =R (@
Pl ... |lal=lpl=R
Tu (1) va (2), ta c6 hé: _ : (D
: |Je-a2+a-b? =R

Do dudng tron can tim qua M(2; 1) nén tdm I(a; b) cia dudng tron
phdi nim ¢ phin tu thi nhat clia mat phéng (Oxy) tic la a,b > 0

nén hé (I)

_‘.a b=R : a:_b:.R
o & : |
T e-a?a- b? =R a’-6a+5=0 -

Jfla=sbs=1

a=b=‘Rv {R=1 _
< <la=1 <>

[a-s a=b=5

R=5

Vay c6 hai du’b‘ng trbn thoa maén ldn lugt c6 phuong trinh la
x-1’+(y-1°=1vax-57+(y-5)°=25.
Bai §. Lap phuong trinh cda dudng trdn ti€p xic v6i hai truc toa do va
c6 tdm n&m trén duong thdngd: 4x -2y -8 =0
Giadi
Goi I(a; b) .theo béi ra ta cé: { Ia' = b W
: - | 4a - 2b 8§=0 (2)
T (1), tacé:a=b ho#ca =-b
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+ Néua=Db:th€ vao(2)tacé: 2a =8 <> a =4
Vay tam I(4; 4) va ban kinh R = 4.
(= phyong trinh dydng tryn can tim: (x - 4)° + (y - 4)* = 16.

+ Néua=-b:the vio (2)tac6:6a—-8=0c>a = ;
Vay tam I(%; —%) v Ban kinh B = g_

= phuong trinh dudng tron can tim: (x - %)Q +(y - %)2 = }E—?—

2i 6. Cho (C): x* +y* -4x +8y -5=0
a) Tim toa d6 tdm va ban kinh cua (C).
b) Viét phuong trinh tiép tuyén vai (C) di qua diém A(-1; 0)
¢) Viét phuong trinh ti€p tuyén véi (C) vudng goc véi dudng thang
A:3x -4y + 5 = 0.
Giadi
Taco (C):x*+y*-4x+8y-5=0
a) Tam (C) 1a I(2; - 4) va ban kinh R = 5.

b) Cach 1:
DPuong thing A; qua A(-1; 0) ¢6 dang: a(x + 1) + b(y - 0) = 0
('az +b? = 0)

< ax + by + a = 0, A, 1a tiép tuyén cia (C) khi va chi khi:

20 -4b+ 8l 5 |3a-dbl =5 b7
2 2
\/a +b
< 9a® - 24ab + 16b® = 25a% + 25b” < 16a” + 24ab + 9b% = 0
(4a +3bP¥ =0<4a+3b=0,tachona=3b=4
Vay phuong trinh tiép tuyén A;: 3x -4y + 3 =0
Cach 2:

Dé thdy toa do A thda mian phuong trinh (C). Vay phuong trinh
cia (C) tai A la:

-1-2)x+1)+0+4)y-0=0=3x-4y+3=0.
c) Pudng thdng A; 1 A: 3x - 4y + 5 = 0 ¢6 phuong trinh:
4x +3y +m =0
Az 12 ti€p tuyén cda (C) khi va chi khi d(I, A;) = R

d(I, A1) = R Lo}
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o |4.2 +3.(-4) + m|

=H Emw4l = 25

J16 + 9
m-4=5 m=9
Lo —
m-4=-5 m=-1

Vay c6 hai ti€p tuyén théa man la:
4x +3y +9=0vadx +3y-1=0.
IIL. BAI TAP TUONG TU VA NANG CAO
Bai 7. Cho (C): x> +y* -4x -2y -4=0
a) Tim tdm va ban kinh cua (C).
b) Hay viét phuong trinh tiép tuyén cia (C) biét tiép tuyén song son,
vGiA:x+y-1=0.
Bai 8. Lap phuong trinh ti€p tuyén vé6i dudng tron (C):
(x - 1® + (y - 3)* = 16, biét tiép tuyén qua A(8; 10)
Bai 9. Cho hai dudng tron (C): x* + y* = 1 va
(Co): x2+y2-2(m + 1)x + 4my - 5 = 0.
Tim m dé (C) tiép xuc (Cp).
Bai 10*. Tim db dai day cung xéc dinh béi dudng thing: 4x + 3y - 8 =«
 v6i dudng tron tam 1(2; 1) va ti€p xdc véi dudng théng:
AbHx-12y +15=0

IV. DAP SO VA HUONG DAN GIAI
 Bai 7. (C) c6 tam I(2; 1) ban kinh R = 3.
_ Tiép tuyén: A: x +y -3+ 342 =0.
Bai 8. Phuong trinh can tim la:
(49 - 4/82)x + 33y - 8(-49 -4.82)-330=0
" Bai®im=-lhaym= g- thod man bai todn.

Bai 10. Pudng tron (C) tam I(2; 1) ban kinh

RS M) |5.2 = 131 +’15| Sy

V25 + 144
Vay (C): x -2 +(y-1P%=1
Dudng thdng A: 5x - 12y + 15 = 0 c4t (C) tai hai diém phén biét c
' 4x + 3y -8=0 (1
x-2%+(y-D*=1 (@

| tda d6 thod man: {

102



Tu(l),taco:3y=8-4x = y= ?{;3-41 thé vao (2), ta c6 phuong trinh:
(x - 2)% + (?__é_‘}’ﬁ -1

2
) =1¢@9(Xu2)g+(8~4x-3)2=9
> Ux%-A4x+4)+25 -40x +16x° -9 =0

[x=2
@25x2+76x+52=0<:>{ 26
X=-—

925

Khi x = 2 thi y = 0. Vay giao diém 1a A(2; 0).
Khi x = —g—g thi y = 1,28. Vay giao diém la B( —2—9 1,28)

25"

- 2
Vay AB = \/( jf; , 2] 4 (126 - 0) =

€,

(G2 N e o}

§3. PHIUONG TRINH DUONG ELIP
. TOM TAT LY THUYET

1. Pinh nghia elip

Trong mat phiang cho hai diém ¢o dinh I, va F
cac diem M sao cho tong 1M + Fy;M
diém, F Fy = 2¢ 14 tiéu cu.
2. Phuong trinh chinh tic caa Elip

2 2

= 2a khong déi, F, va F,la tiéu

% 4 4 12 -
S+ =1véib*=a"-c
a?  b?
3. Cho elip (E) cé6 phuong trinh chinh tic
¥ yz -
o =1 tacoh
al b?.

(E) cdt Ox tai Aj(—a; 0) va Ay(a; 0)

(E) cit Oy tai B;(0; -b) va B,(0; b), bén diém Al, A, , By, B, 1a bon
dinh cua (E), A;A; goi 1a truc 16n, BB, 1a truc nho caa (E).

1. BAI TAP CAN BAN

Bai 1. Xdc dinh d¢ dai céc truc, toa do6 tiéu diém, toa 4o cdc dinh cda
elip ¢6 phuong trinh sau:

2 yz

a)Eg+—9—= b) 4x* + 9y* = 1 ¢) 4x° + 9y* = 36

103



Gidi
a)Taco a’=25=>a=5,b°=9 =—b=3tu
pP=a’-c?=9=25-¢c> =>c*=16=c=4.
Vay truc 16n c¢6 d¢ dai 10, truc bé c6 do dai 6
Bén dinh cia elip la A, (-5; 0), A2 (5; 0), B, (0; -3), BQ(O;.B;)
Tiéu diém F1 (“‘4; 0), Fz (4; 0) ’

b) Phuong trinh 4x* + 9y’ = 1 & )1[ 2L =1

1 fife J5
~—,b=—-vac= —
. 3 6
Suy ra toa dj caa dinh

NES NS

= a=

Do dai true 16n AjA, = 1, 43 dai true bé B,B, = %
Py | (J5
Tiéu diél‘!‘l F, \——\g’-— J F, L-—-—‘é—-— OJ
Co g iR v
c¢) Phuong trinh 4x° + 9y” = 36 & —5- + s 1

:>a.='3,b=2vé4=9.~»'c2:>c2=5:>'c= J5
Suy ra toa do caa dinh A,(=3; 0), Ax(3; 0), By(0; -2), By(0; 2)
Do dai truc 16n AjA, = 6, d dai truc bé BB, = 4
Tiéu diém Fi(-V5; 0), Fo(V5; 0).
Bai 2. Lap phuong trinh chinh téc cia elip biét:
a) Truc 16n va truc nhé lan luot 1a 8 va 6.
b) Truc 16n bing 10 va tiéu cu bang 6.
- Gidi
2 SR

y

G01 elip c6 phuong trmh — 4 %1 1véia>b>0

a) Truc 16n bang_ 8tac62a=8=>a=4

Truc 16n bang 6 ta c62b=6=b=3
: | &y
Vay elip c6 phuong trinh: vy + 5" 1
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b) Truc 16n bang 10 = 2a = 10 = a = 5, tiéu cy bing 6
=>2c=6=>c¢c=3
Mat khacb®>=a’-¢* =b’=25-9=16.

2 2
Vay phuong trinh cin tim 1a: % My

16

Bai 3. Lap phuong trinh chinh tdc cia elip trong cac trudng hop sau:

a) Elip qua cdc diém M(0; 3) va N(S; - 152_)

b) Mot tiéu diém 1a F, (-3 0) va diém M[l; —-?J nam trén elip

Gidi
Rp—— x? y® :
Goi Elip (E) — += =1vdia>b>0
a’ b?
0,9 _,
a? b2 b? =9
a) Theo bai ra ta c6: 18 P & .
9 144 a’ =25
- + ) =1
a‘ 25b
' : x?  y?
Vay Elip (E) can tim c6 phuong trinh: T i : 11

b) Do (E) ¢6 tiéu diém Fy(-v3:;0) > c=-V3 =¢c?=3
ob’=a?-3 (1)
3

: V3| . 1
Mat khéc do Elip qua M (1; ~ | mén ta cé pel e 1 (2)

-

" 1 3
Thé (1) vao (2) ta c6 —
2) a’ " 4(a - 3)°

< 4(a%-~ 3) + 3a% = 4(a* - 3a?)

2_3 223 _3-_9 (oa
odat- 192241220 |2 T3 7 P Ty 3=y (b
a®?=4 = b%?=1 (thod mdn)
XZ y2
Vay phuong trinh cén tim: THT=1

Bai 4. Ta cdt mdt bang hiéu quing cdo hinh elip ¢é céc truc 16n va truc
nhé la 80 cao 40cm ti mdt tdm vdn ép hinh chir nhat c¢6 kich thuége
80cmx40cm. Ngudi ta vé mot hinh elip 1én tdm vdn ép nhu hinh
dudi day. H6i phdi ghim hai cdi dinh cdch cdc mép tdm vén ép bao
nhiéu? Va 1dy vong day c6 do dai bao nhiéu?
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40 cm /; i\

F1 : e F2

A
\ 4

80 cm

Giai |
Theo bai ta c6: 2a =80 <> a=40,2b =40 b = 20
Mit khéc ta c6 b*=a’-c* -
= c?=a’-b*=40%- 202—1600 400 = 1200
= ¢ = 1200 = 20V3 |
= F1(-20V3;0) va F2(203; 0) va FiF, = 2c = 403

Vay ta phai ghxm hai dinh F. vé F, cdch mép taAm van la:
80 - 403

=40 - 203 (cm) va vong day c6 do dai:

| 2a + 2c = 80 + 40V3 (cm).
Bai 5. Cho hai duting tron C, (F; R;) va C, (Fy; Ro), C; chia trong Cg \%
F, = F.. Hay ching td ring tam M ciia (C) di dong trén mét elip.
| T . Gidi
Xét duong tron (C) tdm M fie’p xiic
ngoai vdi (C;) va twp xuc trong vch (Cg) tai
- H. Ta cé6:

I\IFl + MF2 = MK = KF, + F,H - MH
= KF, + HF; = R, + R, (khong d3i)

Vay tap hop diém M lé_"elip co cic tiéu
diém F,, F, va do dai truc 16’n 2a=R; + R,

L BAI TAP TUONG TU VA NANG CAO

2 2

Bai 6. Choelxp(E)—-aa+%Z-l »

“a) Xdc dinh d6 dai cac truc téa do tiéu dxem, cdc dinh cua (E)
- b) Dudng thing x = V50 cit (E) tai 2 diém phan biét A, B. Tinh AB.
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bai 7. Lap phuong trinh chinh téc cia elip trong cidc trudng hgp sau:
a) Mot tiéu diém F, (-2; 0) va do dai truc 16n bang 10
b) D6 dai truc 16n bing 6 va tiéu cu bang 4

c¢) Elip qua 2 diém A(2; 0) va B ~2—,1J

2 2

bai 8. Cho elip (E) i’fé- " Xg_ =1 va diém I(1; 2). Viét phuong trinh cia
duong thdng di qua I biét ring duong thing dé cit (E) tai hai diém
M va N sao cho I 1a trung diém MN.

bai 9%. Cho 3 diém A, B, C ¢4 dinh theo thit ty nay trén dudng thang co
dinh d, dudng tron (C) thay doi ti€p xic vai d tai A. Té B va C keé
nhitng tiép tuyén véi (C). Hai tiép tuyén nay cit nhau tai M. Tim
tap hop diém M.

V. DAP SO VA HUGNG DAN GIAI

tai 6.
a) Ta c6 a’ -—100:>a-10 b?’=64 >b=8=c=,100-64 =6
Vay do dai truc I6n 2a = 20, do dai truc bé 2b = 16.
Toa do cac dinh: A,(-10; 0), Az(lO' 0), B,(0; -8) va By(0; 8)
Toa dé tiéu diém F,(-6; 0) va [3(6; 0)

b) AB = /128
bai 7. -
2 y2
a) Elip c6 phuong trinh: Eg + of = 1
.x2 2
b) Elip ¢ phuong trinh: % + ?’E 21
é 2 . y2
c) Elip cén tim: T+T§"
13

bai 8. Dé thdy dudng théng x = 1 qua I(1; 2) va song song v6i Oy khéng
thod man. Xét dudng thing d qua I(1; 2), hé s§ géc k c6 phuong
trinh: y = k(x + 1) + 2. Hoanh dé giao diém cua A va (E):
x2 [k(x 1)+ 2]
o
16 9
> (9 + 16k?).x? + (64k - 32k®).x + 16k* - 64k - 80 = 0 (1)

21 = 9x2+16kx -k + 22 -9x16=0
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Puong thing A thod man bai todn khi va chi khi pt (1) ¢6
nghiém phan biét x,, x, thoa mén diéu kién x; + x, = 2 (2)

o _ 2
Taco 2) o —0tk-32K) _ o o 30K 64k = 18 + 32K
9+ 16k

<::>k=~—-1—
3

Thay k = -él_ vao (1) ta thdy (1) c6 hai nghiém phan bigt né

k=—%thoémén.vay Ay = ~—%(_x—1)+2hayA: = —%x+g—

Bai 9*. Ta ¢6 .
MB = MT + TB = MT + AB va
MC = CT' — T'’M = CA — MT nén
MB + MC = AB + AC (khdng doi).
Vay tap-hgp diém M 1a elip
c6 hai tieu diém B, C dp dai
truc 16n 2a = AB + AC

ON TAP CHUONG 111

1. TOM TAT LY THUYET

1. Phuong trinh dudng thing

o Vecto chi phuong cia dudng théng, phuong trinh tham sé
phuong trinh chinh tdc ctia dudng thing.

X=X, +at

o Phuong trinh tham s6 cia dudng théng.: {y N b

- Vecto phdp tuyén cia dudng thdng, phuong trinh tong quét cia

dudng thdng: Ax + By + C =0, A’ +B%? %0

e Vi tri tuong d8i cia hai dudng thing.
A . |AA; + BB,
' JAZ + B2 \[AZ + B2
¢ Khodng cédch tit mot diém dén mot dugng thing:

d(M. A) = IAJ':0 + By, + C|
JA? + B?

e Géc giita hai dudng thﬁng: cosp =
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2. Phuong trinh dudng tron, phuong trinh tié€p tuyén cta
dudng tron
3. Phuong trinh elip
* Dinh nghia elip.
2 2
o Phuong trinh chinh tdc elip: 3(-2» + %é— =l(a>b>1)
a
* Hinh dang elip.
* Quan hé gia elip va dudng tron.

I. BAI TAP CAN BAN
Bai 1. Cho hinh chir nhat ABCD. Biét A(5; 1), C(0; 6) va phuong trinh
canh CD: x + 2y — 12 = 0. Tim phuong trinh cédc canh con lai.
_ Gidi
Canh AB / CD. Vay duong thing AB qua A(5: 1) nhan n cp(1; 2)
lam vecto chi phuong nén AB: 1.x - 5) + 2(y - 1) = 0
©x+2y~-7=0 ‘

e Dutng thing AD di qua A(5; 1) va nhan ncp(2:1) lam vecto chi

x=5+t
hu én (AD):
phuong nén (AD) {y=1+2t

o Pudng thdng BC di qua C(0; 6) va nhéin 505(2; 1) lam vectg chi

x=0+t¢t
U 2
phuong nén (BC) {y=6+2t

Bai 2. Cho A(1; 2), B(-3; 1), va C(4; -2). Tim tap hop cdc diém M sao
cho MA? + MB%2= MC?.
Gidi
Goi M(x; y) ta c6: MA®= (x - 1)’ + (y - 2", MB? = (x + 3)* + (y - 1)%,
CMC?=(x-4P+(y+2)
Nén MA? + MB? = MC?
& -1+ -2P+&x-3%+(@y-17=@x-4"+(y+2)
& X-2x+14+y -4y +4+x*-6x+9+y° -2y+1=
=x*-8x+16+y* +4y +4
o X+y -10y-5=0< x2+(y-5)%=30.
Vay trong mit phdng Oxy tdp hgp diém M cin tim 1a dudng tron
(C) ¢6 tam 1(0; 5), bén kinh R = 1/30.
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Bai 8. Tim tap hop cdc diém cdch déu hai dudng théng:
A:5x +3y-3=0va A:5x+3y+7=0.
‘ Giai
Dé thdy A, // Ag, nén tap hop céc di€ém cach déu hai dugng thang
Ay, Az 12 dudng thdng A song song véi A;, A; va khodng céch tir A
dén A, bing khoang cdch tir A dén A;. Vay A: 5x + 3y + ¢ = 0
(cx-3vac=T).

le-31 le+71

Ta ldy I(O; —g-) eAta cé dd, Ay) = d(I. Ag) < =

_ V32 +52 3% + 52
ole-3] = ic+7'<:>c._2::>A 5x+3y 2=0. «
'Vay tap hop diém cdn tim 1a dudng thdng A: 5x + 3y - 2 =0
Bai 4. Cho dugng thang A:x -y + 2 = 0 va hai diém O(0; 0), A(2; 0)
a) Tim di€m déi xing cia O qua A.
b) Tim diém M trén A sao cho do dai dudng gap khic OMA ngin nhit.
_ Giai
a) Pudng théng d di qua O(0; 0) va vudng goc v6i A sé nhan
;A('l; -1) 1am vecto chi phuong.

- x=0+t

- Vay d:

Toa d9 giao diém cta d va A 13 nghiém hé:
x-y+2=0 - |2t=-2 =~1
x=1 e et e A ww]
yu—t Ay ot y = 1

Viy giao diém cta d va A la I(-1; 1) :
- Goi O(x'o, y'o) 12 diém d8i ximg v6i O qua A tir doI1a trung diém 00’

i xo+x0 o 0+ x; 0
e 2
P
,'_y0+yo 1 0 y
el e
_ 1l
; A
x0=_2 1 1
& { _ = 0'(-2; 2) M
- Yo=2 ; : :
b)BatI“(xy) X -y +2taco: S _
F(0,0)0=2>0,F(2;00=4>0 o

Vay hai diém C(0; 1) va A (2; 0) ndm vé cung mdt phia so véi A, C
1a diém 4481 xitng cia O’ qua A theo a, ta c6 0'(-2; 2).
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Véi moi difm M € A ta cé:
OM + MA = O'M + MA > O'A.
Vay min(OM + MA) = O'A dat duge khi M 1a giao dlem cua A va AO'.
Dé tim toa d6 M (nhu vay) trudc hét ta lap phuong trinh AQ’, that
vay ta cé
AO= (-4 42) = 22, -1) = (AO'): {’; o

Toa d6 diém M 1a nghiém hé sau:

,t=w§—
(x-y+2=0 2+2t+t+2=0 ‘;
{x=2t+t S x=2+2t =S <x=~—~—3—
y=-1t y=-t 4
=3

Vay M[-§ %) 1a di€m can tim.

Bai 5. Cho ba diém A(4; 3), B(2; 7), C(-3; -8)
a) Tim toa 49 trong tdm G, truc tdm H, tdm I cGa dudng tron ngoaz
ti€p AABC
b) Ching minh ring: I, G, H thing hang.
¢) Viét phuong trinh dudng tron ngoai ti€p A ABC
Gidi
a) Ta dé thdy A ABC vudng tai B
* Goi G(xg; yc) 1a trong tam A ABC ta cé
X, + Xg + X¢ :’4+2—3

b1 =1
XG 3 3
y __YA*YB‘*YC__3+7-—8_E
" 3 3 3

o a2
Vay G(l, 3),

* Do AABC vudng tai B vay truc tdm H trung véi B(2; 7).
* Do AABC vudng tai B nén tim dudng tron ngoai tiép AABC la
trung diém I caa AC, goi I (xg; yi)
Xy, +%Xe 4-3 1

= 2 2
Ya+Y¥Yc 3-8 5
Jr= = ="‘2‘

2 2
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1 5
Vay I| —;-=|.
gyl(z’ 2) :

o 1 2 5] (1 19) < ( 2) ( 19)
an'l B il e ] S e -
b) Ta ¢6 IG (1 2,3+2 - GH=|1 3 3 2

- -
Dé thay IG = %GH , nén ba diém I, G, H thing hang.
¢) Pudng tron ngoai ti€ép AABC c6 tdm I[—;—; - -g—] va ban kinh
R = AC_ V170
2 2
o 2 2
Vay phuong trinh la: (x - —21—) + (y + -g—) = 1—}0—

Bai 6. Lap phuong trinh hai dudng phan gidc cua cdc géc tao bdi hai
- dudng sau: A:3x -4y +12=0va A 12x+5y-7=0.
' Gidi
‘Trong mat phing Oxy goi M(x; y) thudc cdc dudng phan gidc cdn
tim tir d6 ta c6: d(M, A) = d(M, A")
S |3x - 4y + 12| s 12x + 5y - 17|
T B 1225
- 3x - 4y + 12| [12x + 5y - 7|
V25 169
< 13|3x - 4y + 12] =5|12x+5y—7|
(13(8x - 4y +12) = 5(12x + 5y - 7)
13(3x - 4y + 12) = - 5(12x + 5y - 7)
21x - 77y +191=0 (1)
199x - 27y +121=0  (2)

Vay tap hop M 12 hai dudng thing c6 phuong trinh (1) va (2).
Bai 7. Cho dudng tron (C) c¢6 tdm I(1; 2) va bdn kinh bing 3. Chiing
. minh ring tap hop cdc diém M ma tir d6 ta v& dugc hai ti€p tuyén

véi (C) tao v6i nhau mot géc 60° 1a mot dudng tron va viét phdtmg
trinh dudng tron dé .

Lo

<~

| Gidi
Gia st M 1a mjt diém ma tir 6 vé dugc hai tiép tuyén t6i (C) sao cha
hai tiép tuyén d6 tao v6i nhau mdt g6 60°. Gia sir H 1a tiép di€ém cha
mdt trong hai ti€p tuyén d6 ta c6 AMIH vubng tai H, HMI = 30°.
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Vdy M cdch diém I c¢6 dinh mot
khoang bing 6.
= M thudc dudng tron tam I(1; 2)
ban kinh R’ = 6. '
Phuong trinh: (x - 1)*+ (y - 2)® = 36.
Bai 8. Tinh géc giita hai dudng thing A, A,
trong cac trudng hogp sau:
a) A1 2x+y—-4=0va A58 -2y +3=0.

b) Ai:y=-2x +4 va Ag:y=%x+g—.

Gidi
a) Goi ¢ 12 gbc gilta A; A,ta cé:
2.5 + 1(-2)| 8 8

V22 + 12,52 + (-2)? T 5429 145
Vay o 1a géc thda:

8
cosQ = 7T
(Ta c6 thé tinh gidn ding nhd mdy tinh bé tdi, ho#c tra bang s8)
b) A:¢é hé sd géc k; = -2
Agchd hé 80 géc kz =2
‘ Z>k1.k2=;-1 = Al 1 Az
= gbéc gitta A;va A, bﬁng 900_

. 2
3ai 9. Cho elip (E): =

Cos P =

2
y
+2—=1.
16

Tim toa d9 cdc dinh, céé tidu diém va vé elip Vdé.
. Gidi Y a

Tacé a’=16 = a=4
b’=2=9 = b=3

Ma ¢?=a?-b? /
= =7 =c= -

VAy elip c6 4 dinh: -4\ F, F2 /4 x
A(—4; 0), Ax(4; 0),
B,(0; -3), B(0; 3) _ -3

Tiéu diém elip Fi(-v/7; 0), Fo(+/7; 0).
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Bai 10. Ta biét ring Mat Tréng chuyén dong quanh Tréi P4t theo mét
quy dao 1a mot elip ma Trai D4t la tiéu diém. Elip d6 ¢6 4o dai truc
16n 14 769266 km va d9 dai truc bé 1a 768106 km. Tinh khodng cdch
ngin nhit va khodng cdch dai nhdt tir Trai P4t dén Mat Trang.
Biét ring cdac khodng cdch d6 dat duge khi Mat Trang va Tr4i Pat
ndm trén truc 16n cua elip.

Gidi
D¢ dai truc 16n 1a 2a = 769266 => a = 384633
D¢ dai tryc bé 1a 2b = 768106 = b = 384053

= ¢ = (384633)’ - (384053)*
= (384633 + 384053)(384633 — 384053)

= 445837880
= ¢ = J445837880
= 2c¢= 21445837880

= 2a-2c = 769266 - 2Jm

2t : % 384633 - /445837880

' Vay khoang cach ngén nh&t tir Trai Dat dén Mat Tring la:
d= =% _ 384633 - /445837880 (km)

Khoang cach dai nhat tu Trai D4t dén Mat Trang la:
2a 2c _ 2a + 2¢

2

=

(12 =2c +

=a+¢c

= 384633 + V445837880 (km)
Néu tinh gdn ding ta c6: -
d; = 363518,1 (km),
d; = 405747,9 (km).

i

n

CAU HO1 TRAC NGHIEM

1. Cho AABC c6 toa d¢ cdc dinh A(1; 2), B(3; 1) va C(5; 4). Phuong trinh
nao la phuong trinh dudng cao cua tam gidc vé tu A.
a)2x+3y—8=0; o b} 8x -2y =5=0;
c)5x-6y+7=0; d)3x -2y +5=0.
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. Cho AABC vé6i cdc dinh 1a A(-1; 1), B(5; 3) va C(3; -2), M 1a trung
diém cia AB. Phuong trinh tham s6 cta trung tuyén CM la:

a)jx_3+t b))x=3+t ;
ly=-2+4t’ ly=-2-4t
0 x=3-t 4 x=3+3t
y=4+2t" y=-2+4t
X o . 2 x=5+t
. Cho phuong trinh tham sd cua dudng thang d): B3 o O Trong
y=-9v-

cdc phuong trinh sau, phuong trinh nao 1a phuong trinh tdng qu4t cda
(d)?

a)2x+y-1=0; b)2x +3y +1=0;

¢)x+2y+2=0; d)x+2y-2=0.

. Pudng thdng di qua diém M(1; 0) va song song véi dudng thdng
d: x + 2y + 1 = 0 ¢6 phuong trinh tong quat la:

a)dx + 2y +3 =0; b)2x +y +4 =0;

C)2Xx +y -2 = 0; d)x-2y+3=0.

.'Cho dudng thdng d c6 phuong trinh téng quéat: 3x + 5y + 2006 = 0.
Tim ménh dé sai trong céac menh dé sau:-

a) (d) c6 vecto phdp tuyén o= (3; 5);
b) (d) ¢6 vecto chi phuong a =(5; -3);
¢) (d) c6 hé s8 géc k= g.;

d) (d) song song vdi dudng thing 3x + 5y = 0.

. Gi4 tri nao sau day bing bén kinh clia dudng tron tam I(1; -2) va
ti€p xdc véi dudng thdng A: 3x -4y -23 =0

a) 15; b) 5; c) —; d) 3.

‘U!}C.O

. Cho hai dudng thing:
di:2x+y+4-m=0vady(m+3)x+y-2m-1=0
Véi gia tri nao cda m thi d, song song v6i d,

a)m-=1; b)m=-1; ¢)m = 2; d)m = 3.
. Gi4 tri ndo sau day 1a s6 do cia géc giita hai dudng thing:
di:x+2y+4=0;dy:2x-y+6=0

a) 30°% b) 60°% c) 45°% d) 90°.
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9. Cho hai dudng théng
AX+y+5=0vaAxy=-10. GécgiﬁaA;vﬁAgla:
a) 45°% ~ b) 30% c) 88°5752;  d) 4°138’.

10. Gi4 tri nao sao day bing khodng cach tit M(0; 3) dén dudng thing
A: xcoso. + ysina + 3(2 - sina) =

a) V6 - b) 6; : ¢) 3sina; d) - :

sina + cosa

11. Phuong trinh nao sau day la phuong trinh dudng tron:
a)x>+2y-4x-8y+1=0; b)4x*+y*-10x-6y -2 = 0;
)xP+y?-2x -8y +20=0; d)x*+y?-4x+6y-12=0.

12. Cho dudng tron (C): x* + y? - 2x — 4y -20 = 0. Trong céc ménh dé

sau tim ménh dé sai:
a) (C) c6 tam I(1; 2); b) (C) ¢6 bdn kinh R = 5;
¢) (C) di qua diém M(2; 2); d) (C) khéng di qua diém A(1; 1).
18. Phuong trinh nao sau day la phuong trinh ti€p tuyén tai M(3; 4) v6i
dudng tron (C) x* +y* - 2x -4y -3 =0:
a)x+y-7=0; . b)x+y+7=0;
x-y-7=0; dx+y-3=0.

14. Cho dudng tran (C): x* + y* — 4x - 2y = 0 va dudng thdng
(A): x + 2y + 1 = 0. Trong cdc ménh dé sau tim ménh dé ding
a) A di qua tam caa (C); b) A cit (C) tai hai diém;

c) A ti&p xic véi (C); d) A khong c6 di€m chung véi (C).

15. Tim tdm I va ban kinh R cia dudng trdn (C): x* +y* - x+y-1=0

ta duogc:

a) I(-1; 1), R = 1; b) I(w -“) = -‘12-—6",

_ 6. ; E
C)I(""E "é’),R-* —5- d)I(ls "'1)9 R - ‘jg.

16. Véi gid tri nao cua m thi phuong trinh sau diay la phuong trinh
duong trom: x> + y? - 2(m + 2)x + 4my + 19m - 6 = 0
a)l<mc?2; - b)-2<m<1,
¢)m < 1 hodcm > 2; d) m < -2 hodcm > 1.

17. Vé6i gia tri nao cla m th1 duéng thang A: 4x + 3y + m = 0 ti€p xic
v6i dudng tron (C): x® + y* = 1:
am=3; b)m = 5; ¢cm=1; d)m = 0;
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18. Cho hai di€m A(1; 1) va B(7; 5), phugng trinh dugng tron dudng kinh
AB la:
a)x>+y*+8x+6y+12=0; b)x*+y’-8x-6y+12=0;
O)x*+y*-8x-6y-12=0; d)x*+y°+8x+6y-12=0.
19. Puong tron di qua ba diém A(0; 2), B(-2; 0), C(2; 0) c6 phuong trinh

la:
a)x’ +y*=8; b) x> + y* + 2x + 4 = 0;
o)xl+y?-2x-8=0; dx*+y°-4=0.

20. Cho diém M(0; 4) va dudng tron (C) c6 phuong trinh:
x* +y® - 8x — 6y + 21 = 0. Tim phat biéu dung trong cic phét biéu sau
a) M nam ngoai (C); b) M ndm trén (C);

¢) M n&m trong (C); d) M trung véi tam (C).
2 2
21. Cho elip (E): -’2-% + —%— = 1va cho cdc ménh dé:

(I)  (E) c6 céc tiéu diém Fi(-4; 0) va Fy(4; 0);
) (B)eotiss S=2
a b

(III) (E) ¢6 dinh A, = (-5; 0)
(IV) (E) c6 d9 dai truc nhd bing 3;
Tim ménh dé sai trong cdc ménh dé sau:
a) (I) va (I); b) (IT) va (I1I);
¢) (I) va (II1); d) V) va (D).
22. Lap phuong trinh chinh tdc cda elip ¢6 hai dinh 14 (-3; 0), (3; 0) va
hai tiéu diém la (-1; 0), (1; 0) ta dugc:

2 2 2 2 2 2 2 2

x* Xy oyt oKy
LINPR ANIURE NN A SEO0 10T R A PN S AR

) 5 *7 gt ¢ 573 1 "9

23. Cho elip (E): x> + 4y® = 1; va cho céc ménh dé:
(I)(E) ¢6 truc 16n bing 1;
(II) (E) ¢6 truc nhé bang 4;

(II1) (E) c¢6 tidu diém Fl[(); —-‘/2_§.J

b

(V) (E) c6 tidu cu bang V3.
Tim ménh dé ding trong cic ménh dé sau

a) (I); b) (II) va (IV);
¢) (I) va (III); d) (IV) va (D).
24. Day cung cua elip (E): = + -‘;’)12— 1 (0 <b < a) vudng géc véi truc 16n

tai tiéu diém co do dai la.
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B 2 2 2
a)gfL; b) .23__ BT .22__;‘ 5 o) ia__
. S50

a
25. Mot elip ¢6 truc 16n béxig 26 ti s0 §= % Truc nho cua elip biang

bao nhiéu? . ' L
a)5; b) 10; c) 12; - d) 24.

26. Cho elip (E): 4x* + 9y2 36. Tim ménh d2 sai trong cac menh dé sau:
a) (E) ¢6 truc 16n bang 6; b) (E) ¢6 truc nhé bing 4;
~ ¢) (E) c6 tidu cu bing V5; ~ d)(E)c6 ti s6 §= {_5_

27. Cho dudng tron (C) tam F, ban kinh 2a va mot » diém F; ¢ bén
trong (C). Tap hop tam M ciia dugng tron (C’) thay déi nhung luén
di qua F,va tiép xic véi (C) 1a dudng nao sao day?
a) Pudng thing; k) Pudng tron;
¢) Elip; 3 - d) Parabol. |
28. Cho diém F(4; 0) va duong thing A:'x = 345— Tap hop nhitng diém M

trong mit phing sao cho MF = %MH

a) Elip; ' b) Pudng thing;

“¢) Parabol; _ Tl d) Pudng tron.
: 2 g :
29. Cho elip (E): "— + %.. =1 (0 < b < a). Goi F, F; 12 hai tiéu diém va

cho diém M(0; —b) Gi4 tri nao sau day béng gia tri cta biéu thu’c
MF] MFz + 0M2
a) a’ + b%; ‘b)2¢%. ¢) 2b%; - dya®- bt

Z 2

30. Cho elip(E): 7); + -é» =1 va duémg Lhéng Ay + 8 = 0. Tich cac khoang

' cach tir hai heu diém ctia (E) dén A biang gi4 tri nao sau day?
‘a) 16; b) 9; 2 )8l o A
' | - Gidi

| Cau a.telatagsielrlsedalio
| P4p 4n ant bbb b el adnbd]l ald

Cau 1l 12 13 | 14 | 15 | 16 | 17 ] 18 | 19 | 20

'Bép{m odotoa arloe b c b | ¢ d | a
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' Cau 21 | 22 | 23 | 24 | 25 [ 26 | 27| 28 | 29 | 30

P4p 4n d c d b a c c a a|b

1.

.Ul

Pudng cao vé tir A(1; 2) nhén vecto Bﬁ’C (2; 3) lam vecto phdp tuyén.
Viy phuong trinh 1a: 2(x - 1) + 3(y - 2)=0 hay2x + 3y -8 =0
= P4dp 4n ding la a)

JXM=XA+XB=~1+5=2

. Goi M(xy; yw) 12 trung diém AB thi 2 2
ly yA+yB_3+1=2
M~ 2 2
Vay M(2; 2) = CM = (-1; 4) 1a vecto chi phuong cia (AM)
vay CM: (¥ =3¢ — Ddp 4n dung 1a b)
y=-2+4t
x=5+1t (1)
. Ta co d:
S {y:-g—zt @2

Tiu (1) taco t = x — 5 thé vao (2) ta co
y=-9-2x-5 o -2x-y+1=0
o 2x+y-1=0 = Pdp 4n dung la a)
Pudng thing di qua M(1; 0) va song song véi dudng thing
(d): 4x + 2y + 1 = 0 nhan n(2; 1) lam vects phép tuy&n. Vay dudng
thing d6 c6 phuong trinh:
2x-1)+l(y-0)=0=2x+y-2=0
- Viy ddp 4n dingla ¢) ;

Putng thiang d: 3x + 5y + 2006 = 0 ¢6 hé s6 goc k = - g

Vay dap dn sai la c)

Pugng tron tam I1(0; -2) va ti€p xic véi duong thang
4 ) | 5
A:3x -4y -23=0¢6 ban kinh R = l:—}aﬁ-_w(—‘ 2 23 ulf_’. =3
ng + (- 4 Do

Vay dép an dang la d).
ds ldy < it by o

m+3 1 -2m-1

(m+3)=2 m=-1

. , = o m= -1

2m + 1)+ m ‘m#1 |

Vay dap :in dung la b).
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8. Goi la géc gitra hai dudng thing d, va d, ta cé:

ety 1.2 + 2.(-1)] _ 0

CTE

Vay ddp 4n ding la d) .

9. Goi ¢ 1a géc gita hai dudng thdng A, va A, ta cé:

lo+11 1 .

——— = = =45
a1 vr °

Vay dép 4n ding 1a a) '

[0.cosa + 3sina + 3(2 - sin o)

= ¢ =90°

10. Ta ¢c6 d(M,A) = =6

Jsin® o + cos? @
Vay dap 4n dang la b).
11. Phuong trinh x> + y* - 4x + 6y - 12 =0 (x - 2)* + (y + 3> = 5
Pay 1a phuong trinh dudng tron tdm I(2; -3) va ban kinh R = 5. Vay
ddp 4n ding la d).
12. Viét lai phuong trinh (C): (x + 1% + (y + 2)* = 25 ¢6 tam I(-1; -2).
Vay ddp 4an sai 1a a).
18. Viét lai phuong trinh (C): (x - 1)* + (y - 2)* = 8
Vay phuong trinh ti€p tuy&n cia (C) tai M(3; 4) la:
B-1)x-3)+4-2)y-4)=0=x+y-7=0.
Véy ddp 4n ding 1a a)
14. Viét lai phuong trinh (C): (x - 2)° + (y - 1)> = 5. Vay (C) c¢6 tdm

1(2; 1), ban kinh R = V5, ta ¢6 d({, A) =Ef\/2,5_+ 1 _ 5. vay a tiép

xiic v6i (C) = Dép 4n ding 1a c).

i i R 1)
15. Viét lai phuong trinh (C): ;«:---»E + y+—2- =

: : Oy ’ NCPIEN
V. e £ i ban ki = —=—
ay (C) ¢6 tAm I(z, 2) vé n kinh R | N AT
= Ddp 4n ding 1a b)
16. Phuong trinh x* + y* ~(m + 2)x + 4my + 19m - 6 = 0 1a phuong trinh
dudng tron khi va chi khi: (m + 2)? + {2m)? - (19m - 6) > 0.

o 5m2,~—15m+10>0®m2—3m+2>0c>[m>5
; m«<l1

.y +2 dan an dang 1a c).
17. A: 4x + 3y + m = U tiép xidc v6i dudng tron (C): x* + 3 =1 khi vd chi
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17. A: 4x + 3y + m = 0 ti€p xidc vdi dudng tron (C): x* + y? = 1'khi va chi
khi d(0, A) =R (v61 O(0; 0)va R =1) '
o .y

——=]1 & [m| =D &
V3% + 4%

Vay dap an diang 1a b)
18. Puong tron dudng kinh AB c6 tam I(4; 3) 1a trung diém AB va ban

kinhR2123:\/(7 1) 2«}‘(5 1) =\/362 16 _ /3

=
m=-5

Vay dudng tron cé phuong trinh:
x-42+(y-32=13x*+y*-8x-6y-12=0.
Suy ra d4p 4n diung la ¢)
19. Dé thdy toa do A, B, C théa man phuong trinh x* + y* — 4 = 0.
Viay dédp 4n ding la d).
20. Pudng tron (C) c6 tdm I(4; 3) ban kinh R = 2
Taco MI = 4-0?+(3-4°=16+1=y17 >R=2.
Viy M nim ngoai (C) = ddp 4n ding la a).
21. T« phuong trinh dd cho > a=5,b=3,¢c=4
= 2b = 6. Vay d9 dai truc nhé bang 6 = (IV) sai
= Ménh dé sai la d).

. 2y
22. Goi (E): 5 +*5=1(a>b>0)
a° b
Do (E) c6 hai dinh (-3; 0) va (3; 0)
= a = 3, tiéu diém (-1; 0) va (1;0) = ¢ = 1.
Mit khdcc®P=a?-b? = a?-c*=9-1=8.
2 2

Vay (E): §2- + %.5 =1 => Dép 4n dung la c).

: 2 2
23. Viét lai phuong trinh (E): >+ ¥ _ -

@)

:»a=1,b=—1—_ véc2=a2-—b2=§::sc=3/—§-
2 4 2
= 2c = V3 (tidu cy bling /3 ). Vay dép 4n ding 1a d).

2 2 . ,
24. Tiéu diém cia (E): X + %? =1(0 < b < a) 1a Fy(-¢; 0) Fy(0; c). Pudng
a . .

thing A qua F, va vudng géc véi truc 16n c6 phuong trinh x = —c.
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Thay x = ~c¢ vao phuong trinh (E) ta c6 %-

l
9
2
Vay A cit (E) tai hai di€ém phén biét 1a M(—c, -—|vaN (—c E—-]

e 2
= MN = 2-’?—:»Dapandunglab)
25. Tacé2a 26 = a = 13, 3--1-2-:;»c-12
a. 18

mab?=a?-c2=b%=(13°%-(12°=169-144 =25

- =>b=5= Ddp 4n ding l1a a)
g 2y

26. Vit lai (E): —+=—=1

9 -4

Tu phuong trinh' Suy ra a=3,b=2=c=45
Tir d6 ta c6 2a = 6, 2b = 4, 2c = 2J5 va §= __‘g’_

Vay d4p 4n cdu sai 1a ¢)

27. Ta c6:
MF; + MF; = KF; - MF,; + MF; = KF, = 2a
Vay tap hop diém M la tam cia dudng
tron (C) 1a mot elip ¢6 hai tiéu diém Fl,
F, d6 dai truc 16n 2a.
Suy ra dap 4n ding la ¢)

28. 'Ggi M(x; y) 1a dinh trong mat phéng séo cho MF = i MH. Ta c6:
gy 7 Ei)
[(x__4) +y?]= 16[:; -

1

4
5

25|

Jx-42+y? =2
J(x )+y 5

i

9x? + 25y° = 25.9 mlw
@x-ﬁ-yz o h e

Vay chon a).

29. Elip (E): X + %-2- 1 (a > b > 0) 6 hai tiéu diém Fy(-c; 0), Fy(c; 0)

Ta tinh duge MF, = Ja® + b?, MF2=\/b2 +c?, OM? = b?
Nén suyra MF,MF; + OM? = b + & .\Jb% + & + b?
cbt s P+ bi e Ob? 4 e = 2%+ (a® - b?) =a? +b®

Vay dap dn diang 1a a)
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0+3| ()+3i
Suy ra d(F,, A) = —i———-——- = 3; d(F,,
y 1 \/I \/l_

= Tich khoang cdch giita hai tiéu diém cua (E) dén A 1a 9.
Vay dap an dung la b).
II. BAI TAP TONG HQP VA NANG CAO
Bai 11. Trong mit phdng v6i Oxy cho hinh vudng v6i mot dinh
A(0; 5) va mot dudng chéo nam trén duong thing A: -2x +y = 0.
Tim toa do tdm cua hinh vudng.
Bai 12. Cho hinh vuéng c6 hai dinh lién ti€p la: A(2; 0) va B(-1; 4). Hay

tim phuong trinh cdc canh cua hinh vudng.
2 2
Bai 13. Cho elip (E): 1‘9_ N YT =1. Goi A, A, la hai dinh trén truc lon va M la

mdt diem di dong tren (E). Tim tap hop toa do truc tam H cia A MAA,.
Bai 14. Cho AABC c6 canh BC = 10 ban kinh dudng tron ndi ti€p
r =3 canh AB: x - 2 =0, canh AC: x - J3y - 12 = 0. Tinh chu vi A ABC.
Bai 15. Tim tim va ban kinh dudng tron noi ti€p tam gidc tao bgi hai
truc toa do va dudng thidng (d): 3x + 4y - 12 = 0.
Bai 16*. Cho (C,,): 2;3 +2y% —4(m - 1)x + 12(m + 2)y + 10m® + 68m - 3 = Q.
a) Chiing minh ring khi m thay déi (Cy) ludn ludén 1a dudng trbn
b) Tim tap hgp cdc tdm I cua (C,)

IV. DAP SO VA HUGNG DAN GIAI

Bai 11. Toa 36 tam I cida hinh vudng la I(2; 4)

Bai 12. Papsé: AB:4x+3y-8=0 CD:4x +3y +17=0
AD: 3x -4y -6=0 BC:3x -4y +19=0

(luu y c6 hai hinh vuéng théa man bai todn)

Bai 13. Tap hop truc tam clia A MA,A, la elip c6 phuong trinh: -——+—¥—— 1

9 81
= :
il : x ; )l 1 0
Bai 14. Huéng din: Ta ¢6:  cosA = === = = A =60
: J1. \fl +3
= —2 = 309‘,,'.::» tanig— = tan 30° = —\7%—
Mat khdctacé r=(p - a)tané nén 3 =(p - 10‘)&—
2 V3

=  2p=200+3V3)
D4p s6: Chu vi AABC 1a 2(10 + 3V3)

Bai 15. (d) cit Ox 14n luot tai Au4; 0) va B(O; £)
Tac6: OA=4,0B =3 = AB =5
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Bai 15. (d) cdt Ox l4n lugt tai A(4; 0) va B(0; 3)
Tac6:0OA=4,0B=3=>AB=5 '
Phuong trinh dudng phan gidc trong OE ctua AOB la (A):

y=xox-y=0
V@& phén giédc trong BD cua géc OBA nén:
OD OD BO 3 OD DA OD+DA OA

E —— T e—— —
-

1
DA DA BA 5 ~ 3 B "3+5 8 2

oD=2 (__)
:>OD-2 = D_Z’O

Pudng phan gidc BD qua 2 diém B(0; 3) va D(g; 0], nén cé

phuong trinh la: BD: —y-=1¢:BD:2x+y—3=0

3

wlwIN

Tam I cia dudng trdn ndi ti€p tam gidc OAB la giao diém ciia OE
va BD, nén ta c6 toa do 1a nghiém cia hé phuong trinh:

x-y=0 dosis AR 1

2x+y-3=0 y=1
Vay tdm I(1; 1) va bdn kinh 1a: R = d(I; OA) = |y,| = 1
Bai 16*. |

a)Tacé(C..,):xz-a—yz—Z(fn-1)x+6(m+2)y+5m2+34m—-g—=0

Do dé: a:_m-i,b=_3(m+2),c=5m2+34m_g
Tac6é: a®+b’—c=(m-1)*+9(m +2)° - (S_mz +34m —g)

o a2+b2—-c'=5m2+37+-g->0‘v’m.
VAy (C) ludn luén 12 dudng tron khi m thay d8i.

b) Tam I {"‘m‘1=° W)
y=-38m+2) (2)

Tu(l),tac6x=m-1lom=x+1
Thay m = x + 1 vao (2):
y=-3m+2)=-3x+1+2) <©y=-3x-9.
Vay tap hop cdc tdm I cta (Cw) 12 dudng thingy = -3x - 9
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ON TAP CUOI NAM
. TOM TAT LY THUYET

Chuong 1. Vecto

1. Pinh nghia Vecto
2. Téng va hiéu cia hai vecto
e Quy tdc ba diém (P&i véi phép cong)

->

- —
Véi ba diém tuy ¥y M, N, P ta luén ¢c6 MN + NP = MP
e Quy tdc hinh binh hanh

) - 5 ~3
Néu ABCD la hinh binh hénh thi AB + AD = AC
e Quy tic ba diém (d6i véi phép trir)

—

- -
Véi ba diém O, A, B tuy y ta c6 AB=0P - 0A
3. Phép nhan mot sé v6i mot vecto

-3 R
e Ba diém A, B, C thdng hang & 3k ¢ R, AB =k AK
4. Hé truc toa do

e Cho hai di€ém A va B trén truc (O; ZJ Khi d6 c¢6 duy nhit s&

a sao cho EB = a‘_e’. Ta goi s0 a la 46 dai dai s& cta vecto IB ki
hiéu a = AB
Chuong II. Tich vé hudng cua ha1 vectd
1. Gi4 trj lugng gidc cGa mot géc a bat ki véi 0° < o < 180°

= - - - -
2. Tich v huéng cta hai vectd ABLCD <« AB.AB=0
8. C4c hé thudc lugng trong tam gidc va giai tam gide
Chuong III. Phuong phdp toa do trong miit phing
1. Phuong trinh dudng thidng

2. Phuong trinh dudng tron
8. Phuong trinh Elip

Bai 1. Cho hai vecto a va b ¢6 |a| =3, |b| =5va (3.3):120%\7@1

gia tri ndo ctia m thi hai vecto a+mbvaa-mb vudng gbc véi nhau?
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Gidi
Hai vecto a + mb va a - mb vudng géc vdi nhau khi va chi khi:
(;-&ng.(;dmb.):chaz —;(mg)+mg.;-m2b2 =0

3

& |a?| - m|a|[b|cos(@, B) + m|bla|cos(a, B) - m” [b] = 0

N VIR N T S L S S
g g | 15
S m=z 8. ‘ |
N

Bai 2. Cho AABC |

. - -
a) Dung diém M sao cho AM = —g—AB . Dung di€m N sao cho

db
AN = -=AC.
o8
- - o - 4 : Y
b) Néu AM = a AB, AN =B AC tim mdi lién hé giita o va B dé
MN // BC N
' Gidi
a) Dung diém M sao cho AM = §AB la
M
‘ - - . :
hai vects AM, AB cung huéng. , B C

Dung diém N sao cho AN = -gAC va AN ngugc huéng véi AC

b) D& thdly v6i « = 1, B = 1 khéng tho méin vi MN = BC
~ Nhu vy MN // BC khi va chi khi:
— e T T - —
MN=kBC <& AN-AM=kAC-kAB

- -

- —» : - =3
< BAC-aAB=kAC-kAB < (a+k)AB+(k-pAC=0
'@ {awk#ﬂ Ll ' '

k~-p=0""
a=p

a,B#

Vay véi { thi MN // BC

Bai 3. Cho AABC la tam gidc ddu canh a, M 12 mot diém trén dudng
tron ngoai ti€p AABC.
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a) Tinh MA? + MB? + MC? theo &.
b) Cho dudng thing d, tim diém M trén dudng thing d sao cho:
MA? + MB? +.MC? nhd nhat.

Giai

Do AABC déu nén trong tdm G cia AABC trung véi tdm O cda
dudng tron ngoai ti€p A ABC, ngoai ra theo dinh ly ta cé:

a a a a
— 2R - R = = = —
sin A 25in60° , V3 V3
"2
a) Ta c6
- - - a2 g2 - -
MA? = (MO + OA)? = M02+2MO OA+OA2 5 «-é—+2M0.0A
__)
—2-3- + 20M.OA (1)
- 2a
Tuong tu ta c6: MB? = = 2‘0M OB (2)
—> 232 —> -
MC? =25 +20M.0C (3)

Cong tung vé (1), (2), (3) ta cé:
- S

MA® + MB? + MC? = 2a® + 20M.(OA + OB + 00)
- 2a% (do OA + OB+ OC = 0)
b) Véi moi diém M ndm trén d cho trudc ta cé: :
MA® + MB? + MC? = 30M* + (OA% + OB® + OC%)
Viay MA® + MB* + MC? nho nhat <> OM nh¢ nhat = M 1a hinh
chiéu vuong géc cua O trén d (hay néi cach khidc ta ha OM J._d‘th‘_x
M la diém can tim) (luu ¥ khi d qua O thi O = M)
Bai 4. Cho \ABC déu canh 6(cm). Mot diéem M ném trén canh BC
sao cho BM = 2(cm?

a) Tinh d¢ dai cua doan thiang AM va tinh cosin cua géc BAM
b) Tinh ban kinh dudng tron ngoai tiép AABC
) Tinh dé dai duong trung tuyén vé tit dinh C cta AACM
(l) Tinh dién tich A ABM
Gidi
AB

Ap dung dinh 1y sin trong A\ABC ta co: © == .= IR
sinC
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6 3 6 -
= = = - = 2 3 A
2.5sin60° V3 3 vy
: _

a) Ap dung dinh 1y cosin trong A ABM ta c6
AM? = AB? + BM? - 2AB.BMcosB

36+4-24c0s60° =28 = AM =27 B M c
cosBAM < AB* + AM” -BM® 36+28-4 _ 60 _ 5
2AB.AM 2627 247 2V7 |
b) Goi R; 12 ban kinh dudng trdn ngoai ti€p AABM, theo dinh ly sin
ta co:
m.=2R1—_->R1 AM 27 JT _o[7
sinB

2sinB _ 2sin60° v3 V3

2
¢) Goi m, 1a d6 dai trung tuyén vé tir C cia A ACM ta cé:

2 2 Kaad
m2 < AC’ +MC* AM® 86416 28 _,. .
: 2 4 2 4
= me = Jl_g (Cm)
1 N PN AR 2
d) dt(AABM) = EBA.BMSIHB = —2-.6._2.311160 = 6.-~—2-— =33 (cm?)
Bai 5. Chirng minh ring trong moi tam gidc ta déu cé:
a = bcosC + ccosB

sinA = sinBcosC + sinCcosB
h, = 2RsinBsinC

Gidi
a) Ap dung dinh ly cosm ta c6:

2 2 . .2 32
bCOSCi-CCOSB-ba +b* - ae o 8 ik
; 2ab 2ab

2 tgg g gt g

_a +b"-c"+a"+c"-b" 2a =& (dpem)
2a ‘ 2a '

b) Theo a) ta c6: a = beosC + ccosB (1)

Ap dung dinh 1y sin ta c6: a = 2RsinA, b = 2RsinB, ¢ = 2RsinC
thay vao (1) ta c6: 2RsinA = 2sinBcosC + 2RsinCcosB
< sinA = sinBcosC + sinCcosB (dpcm)

¢) Theo cong thdc tinh dién tich ta c6: S,,pc = 1 an
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Mait khdc: S,upc = %bcsinA = —;-bc. g}f{ (2) -
be |

Tt (1) va(2) =>h, = °R = 2RsinBsinC (dpcm)

Bai 6. Cho cdc diém A(2; 3), B(9; 4), M(5; y) va P(x; 2)
a) Tim y dé A AMB vudng tai M
b) Tim x dé ba diém A, P, B théng hang

Gidi

a) Ta cé AK’I =(3;y - 3), N_I% =(4;4 - y), AABM vudng tai M khi va
chikhi AM.MB =0 < 3.4+(y-3)d -y)=0
> 12+4y-y'-124+8y=0 & y2-Ty=0 o sz
- - ‘_.

Luwu y hai vecto AM,MB= 0 Vy
- —
b) Ta c6: AB(7; 1), AP(x - 2; -1)

- -
Ba diém A, B, P thing hang khi va chi khi 3k sao cho AB = k AP
7T=k(x-2) T=-x+2 x=-5 ‘
= = <
{1=k(-1) { 2 -1 { =-1
"Vay x = -5 thi 3 diém A, P, B thing hang.

Bai 7. Cho AABC, biét phuong trinh cia dutng thang AB: 4x + y - 12 = 0.
Pudng cao BH: 5x — 4y — 15 = 0, dudng cac AH: 2x + 2y - 9 = 0, v6i H
la giao diém ba dudng cao. Hay viét phuong trinh hai dudng thdng
chita hai canh con lai va dudng cao thit ba.

Gidi
DoA=AH n AB = toa do A la nghiém

5
4x+y-12=0 . X=— 5
‘ . va —;
®{2x+2y-—9=0 = {y—g _yA(2,2)

Tuang tu B(3; 0)
+ Pudng thdng (BC) qua B(3; 0) va vudng géc v6i AH nén (BC) nhén

nan(l; 1) 1am vtpt = (BC): {" =Sebly
y=0+t

+ Pudng thing (AC) qua A(—g; 2) va vudng géc v6i BH nén (AC) nhén
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CJ!

nan (5: ~4).1am vipt. Vay T Lt

y=2-4m
-+ Lép phuong trinh (CH): Toa do C la nghiém hé:
. x=3+t,y= t

ﬁy=2--4111,yr==--g—-¢»5m

t=

e 4
3+t=—+5m 3
| Cadn g 4 13
& t=2-4m - ¢:>_<x=_3+§=-§-
x=3+t,y=t g
.
13 4
Vay C|—;--
5 (3 3)
Pudng cao (CH) qua.C nhén IIAB.—. (4; 1) lam vtpt.
13 |
Xx=-—+4n
Vay (CH):
.='§+n_

Bai 8. Lép phuong trinh dudng tron c6 tdm nim trén dudng thing
A: 4x + 3y — 2 = 0 va ti&p xuic véi hai dudng théng
Aix+y+4=0 va Ag: Tx — y+4 0

‘ G
Goi I(xo; yo) 12 tdm cia.(€) cdn l4p _
Dol € (A) ta cé: 4xo+3y0—2 0 (1)
Mat khdc (8 ) ti€p xuc v6i 2 dudng thing A; va Az nén ta c6
X +y0 +4] |7x0 y0+4|
a4 = 40,8 o X

P -5lxo+yo+4l = f7xo-~yo'+4|

g (5%, + 5y, +20=Txy —~y, +4 o 2x, ~ 6y, - 16 =0
';Sxﬂ_ + 5y, +20=-Txy +y, -4 -12x, -4y, - 24 =0
- 3%, +y,+6=0 (3)

Tir (1), (2), (3) ta ¢6 hai hé:

(4%, +3y,-2=0 4x, + 3y, -2=0
I I
(){xg—-3y0-8=0 : =X o {310+y0+6=0
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, =2
* Giai (I) ta duge {"0 .
Yo =~ 2
Vay I(-4; 6) va ban kinh R = d({I: A)) = 3J2
Vay (€ ): (x + 4)* + (y - 6)* = 18

* Giai (II) (tuong tu nhu trén)
2 2
3ai 9. Cho elip (E): i%"é‘ + ?é-é- = 1. Hay xdc dinh toa do cac tiéu diém, cac

dinh va vé elip (E). Qua tiéu diém cGa elip dung dudng théng song
song v6i Oy va cit elip tai hai diém M va N. Tinh d6 dai doan MN.

Giai
Tacé: a°=100 = a=10,b’=36 = b=6
= ¢ =a%-b®=100- 36 = 64 = c=8.
Vay (E) c¢6 hai tiéu diém
Fi(-8; 1), Fu8; 0). Bon Ay
dinh cua (E) la: Ay(-10; 0), B,

A;(10; 0), B,(0; -6), Bx(0; 6).
+ Xét diém F(-8; 0) dudng AT 0 FONA X

thing qua F, va song >
song v6i Oy ¢6 phuong \E’//

trinh x = -8

. ‘ 64 y°
- Thay vao phuong trinh tacd: —+—=1
y vao phuong trinh (E) tac 100+36

64 ). (36) 18
= y?= 1""“036=Q“J -y
= ( 100 0] Y775
Vay dudng thdng x = -8 cit (E) tai hai diém

18 T g
M(“B,—s—) va N(-‘B,-?J

9
: 2
- MN = (_1.§.+.1.§J _9 18 _36
5 5 5 5 _
+ Tuong ty dudng thdng song song véi Oy va qua F, cdt (E) tai M’, N’
va MN = 2 |

1. BAI TAP TUONG TU VA NANG CAO
3ai 10. Cho truéc hai diém A, B c¢s dinhva haisom,nvéim +n <0

a) Chitng minh ring tén tai duy nhat diém I théa man:
—> - iy .
milIA +nIB = 0
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wy — s
b) Suy ra v6i M 1a diém bat ky ta c6 mMA + nMB = (m + n)MI
: _ - -
Bai 11. Cho AABC ldy cdc difm M, N, P sao cho MB = 3MC

- — 5 - s
NA +3NC =0, PA+PB=0.
Tinh IVfP, MN theo AB va AC. Suy ra M, N, P thdng hang.
Bai 12. Cho AABC c6 AB = 5, AC = 6, BC = 7. Goi trung diém AC la M
Tinh bdn kinh dudng trdon ngoai tiép AABM.

2 _ a2y . 2 _ 2 A
" Bai 13. CMR: AABC déu néu: {b(b a®) =c(a” - ¢%)
' : : cosA +cosB=1

| - 2 2
Bai 14. Tim giao diém cda A: {x % véi elip (B): 2+ L=
y=-1+t 4 1

Bai 15. Cho A(-1; 1), B(1; 3), C(2; 5). Tim t&p hop diém M thod mar
MA? + MB? + M02 = 40
Bai 16. Cho (e,): x* + ¥ +2mx -6y +4-m =0
a) Chitng minh ring (¢;) 1a dudng tron vm
b) Tim quy tich tdm cia (ey) khi m thay déi.

IV. DAP SO VA HUONG DAN GIAI
Bai 10. a)mIA +nIB OcamIA +n(IA A%): 6

c(m+n)IA+nAB 0 = AI AB (dom+n:0)

‘m+n

Do A, B c8 dinh nén vecto AB khéng ddi.

| ‘m+n
Vay tén tai mét diém I duy nhﬁt thoé mIA +nlB =
' T
b) Ta c6: mMA +nMB m(MI + IA) +n(MI + IB)

35 _(m+n)MI+mIA+nIB—-(m+n)IA (dpem)
Bai 11.

Ta cé:
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_,)
=% AP = ‘—2’AB (3)

- .

—> —> 2 —»
NA+3NC=0 = AN:ZAC (4)

32 12
— AM-m—ACvaAB (5)

Thay (3), (4), (5) vao (1), (2) ta cé:
3 R

- >
AP = AB —-Z—AC (6) va MN* §AB -—AC (7)
> - .
Tu (6) va (7) tacé MP=2MN = M, N, P thang hang
Bai 12. Theo dinh 1y trung tuyén, ta co:
2
AB? 1 BC? = 2BM? + A%
) M
= BM? = —;—[AB"’ +BC? - AC ]

- %(25 +49 - 18) =

= BM = 247 C
Ap dung dinh Iy ham s& cosin trong A ABM

AB® + AM? -BM® 25+9-28 L1
Ta c6: cosA = W = el
=5 sinA = 1-—1—=gl/§
25 5
Ap dung dinh 1y ham s& sin trong A ABM ta ¢6:
R__BM _ 2J7 s\/—
2.8inA 2f

(R la bén kmh dudng trbn ngoai tiép A ABM) _
Bai 13.Tacé: bb?-a%)=c@®-¢* <« b*-ba®=ca’?-¢
< b2 +c®=a’b+c) o o-bec+c?=a’
(chia c& hai v& cho b + ¢ > 0) ‘
= b% - be + ¢ = b? + ¢® - 2bc.cosA (dinh ly cosin)

= —2bc.cosA = -be < cosA = % - A =60
; S 1 1
Thay cosA = 5 vao cosA +cosB=1 =>cosB=1 - 3 = 3
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= B 60°
= AABC 1a tam gidc déu.

Bai 14.
Thay {x = vao phuong trinh -’-(—‘—-,4-1‘—:.
ys=-1+% 4 1
o 4t2 : 2 2 2
Ta c6: (1+t)-1 < tT+1-2t+t°=1
& -%=0 - o [t =0
_ lt=1
Khit=0 => {'}_‘:Ol. Nén giao di€m 1a A (0; -1)
. ye-1 -
Khit =1 '._._.,{"‘i,._ Nén giao diém 1a B (2; 0)
e A :
Bai 15. '

Goi M (x; y) khi d6 ta c6:
MAz-:(x+1)2+(y—1)2=x2+y2_+2x—2y+2
B?=(x- l)z%(y 32=x+y?-2x-6y+10
CC=(x-2°+(y-5%=x" FyPidx - 10y+29
VayMA2+MB2+M02-4O©3(x +y%) - 4x - 18y + 41 = 40
o 3x>+y?)-4x-18y +1=0

d 2 2 4 e . 1 :
SOX+y -—x-6y+==0
y 3 y 3 .

Cp e e
w(x —2.—é—x.+§-)+(y —6y+9)-~§—

4\ § 94 o
é(x .3) + (y —3) 5 (1) S
Vay t4p hop diém M 1a du’frng tron ¢6 phuong trinh (1)
Bai 16. a) Ta c6; m? ;9-(4-m).-.m2'+m+5=(m2 +m+i—')+3§-

2
=(m+~%~) +-119->0 Ym.

. .Véy (em) 12 phudng_ trinh dudng tron Ym
b)  Goi tdm (en) 12 I(x; yo) ta c6 {:" > ;m
_ | b
Vay quy tich tam I cda (e,) 12 dudng thing y = 3.
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