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LT NOI DAU

Cudn siach “HUGNG DAN GIAI BAI TAP HINH HOC 10” gém céc
huong tuong dng céc chuong cua chuong trinh “Hinh hoc 107, viét theo
huong trinh nang cao xuat ban nam 2006.

M&i muc (§) ciia chugng bao gom 4 phan:

I. Tém titly thuyét

II. Bai tiAp cidn ban

III. Bai tap tuong tu va nang cao
IV. Pap s6 va hudng dan giai

Phan I: Trinh bay nhing van dé Iy thuyét trong tidm nhat cia cdc
chuong trinh ma cdc em can phai hiéu va nam ving.

Phan II: Trinh bay 161 gidi chi tiét cda tat cd cac bai tap SGK, moi bai
tap déu néu diy di cac budc lap ludn vdi can cd la cdc dinh nghia, dinh ly,
cdc tinh chat da hoc.

Phin III: Gidgi thiéu cdc bai tap cung dang v6i cac bai tap SGK va cac
bai tap nang cao c6 ddnh dau (*) danh cho hoc sinn khad, gidi.

Phan IV: Trinh bay dap so va huéng din giai cac bai tap ¢ phan IIL

Viéc st dung sdach nén thuc hién theo trinh tu nhu sau: Sau khi hoc ly
thuyét, cac em hay tu minh gidi cdc bai tap SG's, néu gap khé khan cé thé
tham khdo loi giai bai tap trinh bay ¢ pha- II, hon nia khi gidi dugc bai
tap cia SGK, cdc em cing nén so sanh lul gidl cia minh véi 131 giai duge
trinh bay trong sach nay dé hiéu sau siic, day du kién thdc va phuong phap
giai bai toan. Ti8p theo cac em nén danh thoi gian giai cac bai tap ¢ phan
III dé ren luyén kj nang gidi cac dang todn, né'. gap khé khan cé thé tham
khao dap s& va huéng dan gidi ¢ phan IV.

Hy vong vdi cdch bién soan niay, cubr sicli §é la tai liéu ho trg tich
cuc gidp cdc em hoc tdt hinh hoc 10.

Rat mong cdc em dung sdch vai § thic tu chi cao va khéng dung
sach theo cach chi “doc” cac loi gidi ¢o sdn cua cdc bai tap trong SGK.

CAC TAC GIA.



CHUONG 1: VEC TO
§1. CAC DINH NGHIA

I. TOM TAT LY THUYET

1. Vectd 1a mot doan thing ¢o hudne, nehia 1a trong hai di€ém mit
cta doan thing di chi 1o di¢m nao la diém dav, diém ndo 1a diém
cudi.
2. Vect 5 ¢6 diém diu va diém cudi tring nhau goi la vectd khéng.
3. Hai vecto goi 1a cung phudng néu ching ndim wén hai dudng
thing song song, hodc ciing nim trén mét dudsng thing.

Néu hai vectd cling phuong thi hodc ching cling hudng hoidc chiing
ngudc hudng.

4. Hai vectd goi 1a bing nhau, néu ching cung hudng va cung do dai.
, . —> g . . b < .
Néu hat vectd a va b bang nhauthitaviéet a = b.
5. Cha y : + Vectg khong cung phuong va cung hudng véi moi vecto.
+ Mbi vecto déu c6 mot do dai, d6 1a khodng cach giita
_’
diém dau va diém cudi cia vecto dé. Do dai cia vecto ky hiéu | a l

—_D
+ Céac vecto — khong duge ky hieu la O

II. BAI TAP CAN BAN.
Bai 1. Vecto khéc véi doan thing nhu thé nao ?
Giai
Poan thdng c6 hai diu mait, nhung thd ty cia hai ddu mit dé nhu thé
nao cing duge. Poan thing AB va doan thang BA 1a mét.
Vecto 12 mot doan thing, nhung c6 phén biét thu tu cia hai diém

58 —y
muit. Vay vectd AB va vects BA la khac nhau.
Bai 2. G4c khing dinh sau day c6 ding khong ?
a) Hai vecto cung phuong véi mét vecto tha ba thi cung phuong.
b) Hai vecto cung phuong véi mjt vecto thit ba khac O thi cung
phuong.
c) Hai vecto cung hugng véi mot vecto thi ba thi cung huéng.
d) Hai vecto cung hudng vdi mot vecto thd ba khdac O thi cung
huéng. ‘

5
e) Hai vecto nguge hudng vdi mot vecto khac O thi cung huéng.



a)
b)

c)
d)
e)

Bai 3.

DPiéu kién ciAn va da d€ hai vectd bing nhau la ching ¢6 do dax
bing nhau.
Giai
Sai vi vectg thit ba c6 thé 1a vecto 0 khéng.
Puang.

Sai vi vecto thd ba cé thé 1a vecto 0 khéng.

Dung.

Ding.

Sai. ,

Trong hinh dudi day, hay chi ra cdc vec to cung phuong, cdc vecto
cung hudng va cdc vecto béng nhau.

Fo

5/
Pl = I

\_i‘ i

——

W /

®

Giai
P - =p . =y - -
Céac vectog a, d, v, y la cdc vecto cung phuong, cdc vec to b, u
cung phuong.
- - - - - -
Céccép vectocung huéng : a va v; d va y; b va u

—p

Céc cip vecto bingnhau: a va v; b va u

Bai 4. Goi C la trung diém cGa doan AB. C4c khing dinh sau day la
ding hay sai ?

-3 -3 ¥ —>
a) AB va BC cung hudng ; b) AC va AB cung huéng ;;
—> —> . - -
¢) AB va BC nguge huéng : d) | AB|= | BC| ;
o 4 —> - o 4
e) | ACl= | BC| ; f) | ABl= 2| BC|
Giai

- —
a) AB va BC cung huéng la sai.

“ =) i
b) AC va AB cung huéng la ding. A C B

——




- —
¢) AB va BC nguoc hudng la ding

- =5 ,

d) | AB|= | BC| la sai.
—> —

e) | AC|= | BC| 1a ding.
— —

f) | AB|=2|BC/ 1a ding.

Bai 5. Cho luc gidc déu ABCDEF. Hay vé cac vecta bang vecto XB va
c6 :
a) Cdc diém dau la BF,.C :
b) Céc diém cudi la F,D,C.
' Giai
Goi O la tam cua luc gidc déu,
B’ 1a diém déi xung vdéi A qua B.
C’ 1a diém déi xung véi O qua C.
F’ la diém do6i xing véi O qua F.
Khi dé
. - &)
a) Cdc vecto bang AB va cdc diém

- - -5
ddula B,F,Cla: BB, FO , CC'.

' 4
b) Céac vecto bang AB va c6 cdc diém
) T
curla F,D,Cla: F'F, ED, OC.

1II. BAI TAP TUONG TU VA NANG CAO.

- -5

Bai 6. Cho hai vecto khong cung phuong a va b. Cé hay khéng mot
vecto cung phuong véi hai vecto dé ?

Bai 7. Cho 3 diém phan biét thing hang A,B,C. Trong trudng hap nao

- —
hai vecto AB va AC cung hudng 7 Trong trudng ligp ndo hai vecto
dé ngugc huéng ?

—

Bai 8. Cho ba vecto a, b, ¢ cung phuong. Ching té ring cé it nhat:
2 vecto trong ching cé cung phuong.
Bai 9. Cho LUABC. Goi M, N, P 1an luot 1a trung diém c4c canh AB,BC,

- 5 -
CA. Hay vé hinh va tim trén hinh vé cdc vecto bang , MN, NP, PM.
IV. DAP SO VA HUGNG DAN GIAL
Bai 6. C6 duy nhat mot vectd cung phuong véi hai vectos khdong cung

s e
phuong a va b. D¢ la vecto khong.



e ~
Bai 7. + Hai vects AB va AC cung huéng khi A khéng nim giita B va C.
- -
+ Hai vecto AB va AC ngugc huéng khi A ndm gitra B va C.
- -
Bai 8. Khong mdt tinh t8ng qudt, ta gid si a ngugc hudng véi b va

- - — —p
a ngugce huéng véi ¢ . Khi dé thi b cing huéng véi ¢ . VAy c6 it nlhat
12 mot cdp vecto cung huéng.
Bai 9. ' ‘
—> -
e Vectd bing vecto MN la: AP,PC
-..’

-._)
. - - -
e Vecto bing vecto NPla: BM,MA .
- . N
e Vecto biing vecto PM 1a: CN,NB.. "

B N C

§2. TONG CUA CAC VECTO

I. TOM TAT LY THUYRT.

o - —> ) - =
1.Cho hai vectd a va b . Tu mot diém Anaodétavé AB = a tu
- = =
diém B vé@ BC = b . Khi d6 vects AC duge goi l1a téng cia hai

O p g

vectdc a va b.Kyhiéu AC=a + b.
i i i . i 2 S - —>
2. Quy tdc ba di€m :V6i A, B, C batky ta ludncé6 AB + BC=AC
3. Quy téc dudng chéo hinh binh hanh : Trong hinh binh hanh ABCID
Sl el iy
ta c6 AC = AB + AD '
4. Tinh ch4t ca phép cong :

o e . e -
a) 0 + a=a+ 0 = a vdimoivectog a .

- -
b) a+ b = (Tinh ch4t giao hoédn )

+

e T S T .

c)(a + b)+ ¢ = a +(b + ¢ )(Tinh chat k&t hop)
—» -

5. Cha y : + N€u M 1a trung diém doan AB thi MA + MB =

. - — —>
+ Néu G la trong tdm tam gidec ABC thi GA + GB + GC =

-
0

—
0

ILBAI TAP CO BAN.
. = —> - —)
Bai 1. Ching minh ring néu AB = CD thi AC = BD



(ris1d
- s = = 5 )
Tacé6 AB = CD < AC +CB = (B ) (quy tac 3 diénm)
" e 4 — » —» > e 4 .
&> AC+ CB+ BC = CB+BD + BC (ctng BC vao 2 vé)
Lo o ) -
< AC va CC = BB +BD
< iy 7
< AC = BD (tinh chat cua vectu l'}'x(lng)
-y > ‘
Bai 2. Tit gidc ABCD Ia hinh gi néu AB = DCva | AB| = | BC|?
Giail

—> >
Ta c6 AB = DC = AB // DC va AB = DC = tif giac ABCD la hinh binh

5 = i
hanh. Mat khac | AB|= | BC| = ui giie ABCD la hinh thoi.
Bai 3. Cho 4 diém bat l\y M,N,P Q Ching minh cic dang thae sau :

—) - »
a) PQ +NP +MN = MQ ; b) NP 305 - Qb MG
pe S w .
¢) MN +PQ = MQ +PN.
- Gii
- —3 - i

It

—> 4
a) Ta c6 PQ +NP +MN MN +NP +PQ (theo tinh chat giao hodn)

MP +PQ (theo quy tdc 3 diém)

._.)
= MQ (dpem)  (theo ouy tic 3 diém)
- - - - o
b) Ta ¢c6 NP +MN = MN +NP  (theo quy tac giao ~ in)
- - - ) B
= MP = MQ + QP  (theo cuy tic 3 diim)

-5 = -
= QP + MQ (dpcm) (tinh chit grdo hoan)

=y e g

—p -y =~ s 3 .

c¢) Taco MN +PQ = MQ + QN + BN + N(J
—> —> —p —>

= MQ + QN + NQ + PN - ‘\IQ % QQ + I’N MQ + PN (dpcm)

» -“i

Bai 4 Cac hé thic sau ding hay sai (véi moi a va n)’

a)fa+b|=’la|+|b|; b)!:i«-},.>|ii|z:ti+lb|
Giai
3 —> - —> - ~> 4 - -
Lay AB=a.TuBdung BC=b :Khidé AB + BC=a + b=AC
Xét 3 diém A, B, C ta c¢6 :

Sx¥ T T - — - =
AC < AB+BC < |AC|< | ABl+|BC| hay la + bl < |al+|bl



D4u “=" xay ra khi A, B, C thdng hang hay ; , g cung huéng

Do viy : a) Sai. b) 'Pung.

- Bai 5. Cho hinh binh hanh ABCD véi tdm O. Hay dién vao chd tridng
(.....) 48 ddng thic ding

— > - —»
a) AB+ AD =, . -} b) AB + CD =ucoeiaenn. g
- — -
c) AB+OA = v d) OA + OC =.ccovcen. =
- e —
e) OA+OB+0C+0D =i . .
Giai
- - <5
a) AB + AD = AC (quy tdc hinh binh hanh)

- — > -» -

a
b) AB+CD = AB+ BA = 2A = O (quy tdc 3 diém)

T e

c) AB+ OA OA+ AB = OB (quy tdc giao hoan, quy tdc 3 diém)
]

d) OA +OC =0 (vi O la trung diém AC)

—» —3 - > — - - -5 -
e) OA+OB+0C+0D=0A+0C+0B+0D =0

Bai 6. Cho hinh binh hanh ABCD véi tdm O. Cdc khing dinh sau day
ding hay sai ?

- — - - —> —>
a) | AB + AD|= |BD| ; b) AB + BD = BC ;
—> s .o —> — - -
c) OA+ OB =0C+ OD : d) BD+ AC= AD + BC .
. Giai
- -
a) Sai vi : |AB+AD|=lA l<IBD}: C
e o

~b) Ping vi : AB+BD=AD==BC
c¢) Sai '
d) D{mg Vi

BD+AC BC+ CD+ AD +DC

_BC+AD+CD+DC A B

o - -
&BC+AD+CC=BC+AD=AD+BC
Bai 7. Cho tam gidc déu ABC néi ti€p dutng tron tam O.
a) Hay xdc dinh cdc diém M, N, P sao cho

— e i - -
OM=0A+0B;ON=0B+0C; OP = OC + OA
— - -

_.)
b) Ching minh rdng OA + OB + OC = 0

10



Giai
a) Goi M, 1a giao caa OC v dusng ey 7
tron tam O M, /.”/ J P
Do LJ ABC déu, ma O 1u t.ur /
duong tron ngoai ti€p tam gidc ALC. / AL
= KoM, =60°= Ll AOM, it |/ >
gidc déu = M;A = OA = OB (1) B \‘/// 0
Tuong tu M;B = OB (2) X C
Tu (1) va (2) = ta giac AOBM, la \ /
. R 55 o5 i
hinh thoi. Vay de OM =0A + OB tlu M = [,

Hay MC la dudng kinh dudng tron ngoai tiép L ABC B

Hoan toan tuong tu = NP la giao cua duong thing
qua AO, BO vé6i dudng tron hay NA, PB la dudng kinh.
e e T
b) Theocaua: OA +OB + OC = OM + OC=0 (dpem)
- - ) _ \ ) .
Bai 8. Cho hai luc F| va E cé diém dat tai O. Tim cudng do luc tdng
hgp cta ching trong cédc truong hop sau :
= ) o -
a) § va E déucé cudng do 1a 100N, goc hop b3t F; va F, biang 120° (h.a)
—~>

7 = g ~ . = = Y
b) Cudng do cia F 1a 40N, cua I la 30N va goc gidta F; va F, bing

90° (h.b)
o)
0 100N o |
WO” F, 30N
0 40N ’f‘
F, . !
(a) Giai (b))

- > > :
a) bat OA=F>, OB=H, C la dinl. thi tu ¢ta hinh binh hanh OBCA ta c6:

- —) g
Do cutng d¢ ctia Fi baing cuong do F; bing 100 N,

P/’\ = C
|
B 30N
0 " > A
w %0 F,

11



= OA = OB

ma AOB = 120° do d6 AOAC la tam gidc déu. = OC = OA
- = = 9

ma OC OA+OB=K +EK
8 e 4 -
Vay cuong d6 luc tong hop cia F; va F, la 100N
—> - e 4
b) Dat OA = F, OB = B, C la dinh th tif cda hinh binh hanh OACB.
Do goc gita F, va F, bing 90°. Suy ra tit gide OACB la hinh chir
nhat.
— OC = VOA? + AC? = V40% + 30° = 50N

e A R ~p

—
Tac6 OC= OA + OB = F, + F,

Vay cudng do6 luc téng hgp cia F, va F, la 50N.

II1. BAI TAP TUGNG TU VA NANG CAO.
—>

~5 - =y
Bai 9. Cho bon diém A, B, C, D. Chitng minh rédng AB+CD=AD+CB

Bai 10. Cho O la tém hinh binh hanh ABCD. Chitng minh :
- o - -

OA+OB+OC+OD O

Bai 11* Cho ngii gidc déu ABCDE tam O. Ching minh ring :

- 5 o - ~—>
OA+OB+OC+OD+OE

Hay phét biéu bai todn trong trudng hop n gidc déu.

Bai 12*. Cho AABC. Goi A’ l1a diém déi xiing ctia B qua A, B’ 1a diém d6i
xing cia C qua B, C’ la diém d6i xitng cia A qua C. Chiing minh ring
vdi diém O bat ky ta cé :

SE ey
OA+OB+OC OA +OB +OC

v DAP sé VA HUdNG DAN GIAL
—> 3 — :

Bai 9. AB +CD AD+DB+CB+BD AD+ B(dpcm)
> >
Bai 10. Do O la tdAm hinh binh hanh, nén OA + 0C= 0y
- — -
OB + OD = 0

e e . .

_)
Bai 11. DPat a =0A+0B+0C+ 0D+ OE

-
Ta c6 : a la mdt vecto nam trén OA.



—>
Chimng minh hoan toan tuong tu ta c6 a cing la mot vecto nam trén OB
e e

i e )
— a phai la vectd khong hay OA+OB+0C+ 0D+ OE=0

B g

Néu AjA,........A, la n gidc déu tam O thi
= oy ay -3

OA + OA, +.....+ OA, =0
—> —» -3 —> —>

_.._)
Bai 12. St dung AA=AB ; BB=BC ; CC=CA
§3. HIEU HAI VECTO

I. TOM TAT LY THUYET.

- -
1. Vecto ddi ciia vectd a 12 vecto ngudc hudng véi vectd a va cd cling

-y

- o 4
do dai véi vecto a . Pac biét, vecto ddi cia vectd 0 la vectd 0.
2. Hiéu cta hai vectd 1a tdng cla vectd thif nhat vdi vecto ddi cla
vectd thit hai.

) , - —» - -
Hi€u cia hai vectd ava b dugcky hi€u a - b

- - - -
a-b=a+(-b)
—
3. Quy tdc vé hiéu hai vectd : Néu MN 13 mét vectd di cho thi véi

3 ) — - ~>
diém O batky taluéncé : MN = ON - OM

I1. BAI TAP CAN BAN.
Bai 1. Tra 101 cdc cdu hoi sau day :
_—)
a) Vecto doi cha vecto - a 1a vectd nao ?

._’
b) Vecto déi cia vecto 0 la vecto nao?
- -
¢) Vecto d6i cia vecto a + b 1a vectd nao ?
Giai
; - - - - Y - -
a) Vecto doi cha vecto -alavecto a vi:-a + a =a +(-a)=0

— -
b) Vecto d6i cia vecto 0 1a vecto 0.
) - - - -
c¢) Vecto déi cda vecto a + bla-a - b vi:

12



a + b+(-a - b)..a +( a)+ b+( b):—..
Bai 2. Ching minh cdc ménh dé sau day

- - - N - - -
ay)Neua +b =c thia=c-b, b=c-a;
- - - = :
b) a-(b+c)=a-b-c;
- - - - -
c)a-(b-¢)=a-b+c;
Giai
- e 4 - o 4 -3 b - -
a)Tacéty a + b =¢c suyraa+b +(-b)=c +(-b)
e — -p
do dé6 a=c-b
e - P
Hoan toan ching minh tuongtutac6: b=c - a
- - - -
b) Ta c6 vecto ddicia b + ¢ la vecto-b - ¢
— - T - - -3 - = o
Do d6 a-(b+c)-a+(b-c)..a+(b)+(c)=a-b-c
— - —~+
¢) Ta c6 do vecto d6i cha vetcog b - c 1a -b 4+ €

4 - - - -> - - = —%

- ->
Dod6é a -(b-c)=a +(-b+c)= a +(-b)+ c=a-b+c

Bai 3. Cho hinh binh hanh ABCD véi tdm O. Mdi kh&ng dinh sau day
dang hay sai ?

- = o ' - = o
a) OA-OB=AB ; b) CO-OB=BA;
> 2> - > > -
c¢) AB- AD =AC ; d) AB-AD=BD;

- - -
e) CD-CO = BD- BO

Giai

—p o ud
a) OA -OB = AB 1A sai

- = -
b) CO - OB=BA la dingvido O

la tdm hinh binh hanh ABCD nén
e T T 2

BO=0D;BA =CD.

- = = I T
Do d6 CO -OB = CO+(—OB) CO+BO=CO+0D-= CD BA

c) AB—AD‘zAC Ia sai.

d) AB- AD = BD 12 sai

0

14



—> —> -—> —> - b — —» — 3
e) CD-CO = BD-BO la dang vi CD-CO =0D ; BD- BO = 0D
(quy tdc hiéu hai vecta.)
Bai 4. Cho hai diém A, B phan biét.
’ - -
a) Tim tap hop cdc diém O sao cho OA = OB;

) - -
b) Tim tap hgp cac diém O sao cho OA =-0OB.
Giai
- )
a) Ta co OA = 0B = A = B (A trung v6i B) mau thuan véi A, B

phan biét. Viy tdp hgp cdc diém O la tap rong.
- - -> > - o> S
b) Tacé OA=-0B = OA+OB=-0B+0B =0
= O 1a trung diém cua AB
Vay tap hop cac diém O chi mét trung diém AB.
Bai 5. Cho hinh binh hanh ABCD, chitng minh ring :
- = 5 -
DA-DB+DC =0
Giai
Ta ¢6 do ABCD la hinh binh hanh =
B T e e
DA- DB+ DC = BA+ DC = BA+ AB=BB = 0 (dpcm)
- -
Bai 6. Ching minh rang : AB = CD khi va chi khi trung diém cda hai

doan thdng AD va BC trung nhau.

Giai
Goi I, J 1an lugt 1a trung diém cia AD va BC.
- o e
Licdé AI=ID ; BJ=JC (*)
s —> - 9> = 2 =

Tacdé: AB =CD < Al+1J+JB =CJ+ JI+ ID

—P 4
o I =dJ1  (do (*)
< I =J (dpem)

Bai 7. Cho sdu diém A, B, C, D, E, F. Chitng minh rdng
. N T - S
AD+ BE+ CF = AE+ BF+ CD = AF+ BD+ CE.

Giai
Véi diém O nao dé6 ta cé :
B e - o5 -
AD =0D-0A ; BE=0OE-OB ; CF = OF-0C
R R e T
= AD+ BE+ CF = OD- OA+ OE- OB+ OF- OC

e T e - o> -

= OE- OA+ OF- OB+ OD-0C = AE +BF+CD (1)



Hoan toan tuong tu :
T T e e e I I
AD+ BE+ CF = OF- OA+ OD- OB+ OE- OC
- - =
= AF+ BD+ CE (2)
Tu (1) va (2) suy ra diéu cdn ching minh.

II1. BAI TAP TUONG TU VA NANG CAO.
Bai 8. Cho hai diém A va B phan biét. C6 thé tim diém M thoa man

mot trong cdc didu kién sau day khong ?
e - - - ™

'a) MA- MB = BA ; b) MA-MB=AB ; ¢) MA+MB=0

Bai 9. Cho tam gidc ABC. Hay xac dinh diém M thoa mén diéu kién :
- s 2 -

->
MA- MB+ MC =0

— -
Bai 10. Chirng minh ring véi hai vectd khong cung phuong a va b, ta
=3 KA S« - =3
c6lal-lbl<la+bl<lal+|bl
Bai 11*. Cho ba diém O, A, B khong thdng hang. Khi nao vecto

- -
OA + OB nim trén dudng phan gidc trong géc WOB ? Khi nao vecto

- - :
OA- OB niém trén dudng phén gidc ngoai cia géc WoB 2

IV. DAP SO VA HUGNG DAN GIAL.
- -

. -
Bai 8. a) V6i moi diém M ta c6 MA- MB = BA

b) Khong c6 diém M nao thod méan diéu kién trén. -
e \
¢) MA+MB = 0 Khi M la trung diém cta AB.

- -
Bai 9. M dugc xdc dinh béi hé thiic BA = CM hay M la dinh tha tu cda

hinh binh hanh ABCM.
- =5 5

Bai 10. Ta vé OA = a , AB = b . Khi d6 trong tam giac OAB ta c6

| 3 = - - — -

OA-AB<OB<OA+AB haylal|-Ibl<la +bl<lal+|bl.
- -

Bai 11. Khi OA = OB thi vecto OA+ OB ndm trén dudng phan gidc cia

iyt iy
- géc WOB . Khi 46 OA- OB nim trén dudng phan gidc ngoai cha
géc WoB.
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$4. TICH CUA VECTO VOI MOT SO

I. TOM TAT LY THUYET.

..,..,)
1.Dinh nghia: tich ciia vectd a véi mot s6 thue k 12 mot vecto, ky
e
hiéu la k a dugc xac dinh nhu sau:
- -
e Néu k > 0 thi vectock a cung huéng véi vecto a .
—> —
e Néu k < 0 thi vectd k a ngugc huéng véi vecto a .
—> —> -
e Dodaivecto kalalka | = |k|| a |,
2. Cac tinh chat :
- —
Vé6i moi vectd @ , b va moi sé thuc k, 1, ta ¢6 :
- -
+k(la)=(kl. a
— - -
+(k+) a=ka+la
- - - —
+k(a+b)=ka+kb
> - - -
+ k a = 0 khi va chi khi k=0 hoac a =0
- - - -
3. Vecto b cung phuong véi a ( a # 0 ) khi va chi khi ¢6 s6 k sao cho
o

b=ka

4. Pidu kién can va du dé ba diém phan biét A, B ,C thing hang 1a ¢6
— -
s6 k sao cho AB =k AC
e -3
5. Cho hai vectd khéng ciing phuong a va b . Khi d6 moi vecto x
- -
déu ¢6 thé bi€u thi mot cdch duy nhi't qua hai vectd a va b . Nghia la
- - -
c6 duy nhdt cApsé mvansaocho x=ma =nb.
6. Chuy:
e Goi I 13 trung diém doan thing AB. Khi d6 vdi di€ém M batky , ta

> - —»

lubncé MA + MB =2 MI.
e Chotam gidc ABC, G la u-ong tam, Km aa vdl m91 dlémeat ky

- -3 -3
taco: MA +MB +MC 3MG




II. BAI TAP CAN BAN.
Bai 1. cho tam gidc vudng cdn OAB v4i OA=0B=a. Hay dung cac vecto
sau day va tinh d9 dai cﬁa ching.

- - - - «9214 -+ 11 = 3=

OA+0OB ; OA-OB ; 3OA+4OB 1—0A+250B -Z—OAH-—OB

Giai
Goi C la dinh tha tu cﬁa hinh chi nhat OACB. Ta c6 :

- -

OA +0B=0C = 2OK véi K lé trung diém cha AB

2
Ta c6 iOA +0131 =|2 OK |= 2 J(0A? - AR?) < z,faz— -2-3—=a\f2'

—>

i — T Y
e Tacé OA -OB=BA=|0A -OB|=|BA |=BA
Do A OAB vudng can tai O = BA =2 0A® =

- o
Vay | OA -OB | = aV2

— —
e Dung vecto OA, =3 0A  _, OA, =3a

— -

OB: =4 OB OB: =4a
GoiC, 1a dinh thu tu cia hinh chit nhdt OA,C,B, ta cé:

A

- - —» —> -
|3 0A +4 OB|=|0A, +0OB, |=|0C, |

Ta cé : OC, =|/OB,* + B,C,>  (Pinh Iy pitago)
=JOB,> + 0A,? =116a’ +9a* =5a A

a

- -
Vay |3 0A +4 OB/ = 5a A
— 21 = ' ; a B
0A,=—0A oa, =21,
e Dung vecto 4 =4 4
-—)

-
OB, =2,50B (0B, =2.6a
Goi C; 1a dinh tht‘x tu cﬁa hinh chﬁ nhat OA;C;B;. Ta ¢6 :

21 - B
-Z—OA+2 50B OA +OB = 0C, ’

=>l————0A+250B| |oc32! A

Xét tam gidc vudng OA,C; ta c6
0C2? = OA% + A.C)’
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V541

5 OCp = /6,252 + 27,5625a° = =R
21 = - 541
Vay | == OA +2,50B | = V' a
4 4
- 11 > f 11
OA, = —O0A OA, = —a
Du to < 2 < %
. ung vec - i3 = = 3
OB, = -—0B OB, = —a
! 7 { 7

Goi C; la dinh thd tu caa hinh chir nhat OA;C3B;. Ta ¢6 -

- - —> Q - - - -
Ry §OB _ oA+ (—9-013) = OA,+ OB, = 0C,
4 9 4 1 C 4
~¥ g —> 2 ’
S 1M oa-20B | = | oc, |
4 7
Xét tam gidc vudng OA4C;s ta c6 OC32 = OA3% + AyCs? :
. 2 2 /
= 0C; = L—l—la) +(§a) = 607321 A
4 7 28
11> 32 J6073
Vay | —=0A-—=0B | = a
4 7 28 B, 0

Bai 2. Cho tam gidc OAB. Goi M, N lan lugt 1a trung diém hai canh
OA va OB. Hay tim nhitng s6 m va n thich hgp trong cdc ding thuc

sau day.

- Y - — - -
OM =mOA+nOB ; MN = mOA+nOB
- " — > -
AN =mOA+nOB ; MB = mOA+nO

Giai
- - - 1 = - - )
e OM=mOA+nOB QEOA =mOA+nOB (Vi M la trung diém OA)

— -
Ma OA va OB khoéng cung phuong

1

- -
(-——m)OAzﬂ —l——m:() m:_l.
do d6 (1) »ay ra < {\2 =49 = 2
n(?Bx—g n=0 n=0
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- 1 > —>
Vay OM=-§OA+ 0.0B
- - -
e MN=mOA+nOB
m.-)

3 —
=3 %AB =mOA+nOB (do'M, N lin lugt l1a trung diém.OA va OB)

=3 - 1 > 1 S
< —(0B-0A) =mOA+nOB & (-é-——n)OB = (-2—- + m)OA (2)

3]

-

—
Ma OA va OB khong cung phuong

(( - — ’ ,
-;——n)OB 0 l'—D.:O n_—_.]:
do d6 (2) xdy ra & {° - {2 -l 2
fl -3 - 1 1
__+m]OAxO —+m=0 ms=-—
L\2 \2 \ 2
MN - -L0a: LoB
V = -—OA+
ay 2 2
—>
s AN mOA+nOB
e ~3 12> - -

<> ON-OA = mOA+nOB & — OB OA = mOA+nOB

2
- -
Ma OA va OB khong cing phuong

( - -
(-;-wn)OB=0 1

= (l - n)OB =(m+ I)OA (3)

do d6 (3) xdy ra < - = {9 &
- -
(m+1jod= 0" (MmEL=0 fm==]
- 1=
Vay AN-~1 0A+—2-0B
- - - - -

e MB mOA+nOB¢:>OB OM = mOA+nOB
-
o OB—EOA = mOA+ nOB '@ (l-n)OB = (%+m)OA (4)

- -
Ma OA va OB la hai vecto khong cung phuong

( o A

(1-n)OB=0 1-n=0 n=1
do d6 (4) xay ra & < 1 - -3 =11 — 1

( m)OA:O —2-+m=0 m=-3
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-3 -

Jud 1
Vay MB = —-2-0A+ 1.0B

Bai 3. Goi M va N lan lugt 1a trung diém cac doan thidng AB va CD.

% el S -
Chung minh ring: 2MN = AC +BD = AD + BC
Giai
Vi N la trung diém cia CD nén ta c6 :
- - - — - — SEC— —
2MN =MC +MD=MA +AC + MB + BD=AC +BD
_ - .
(vi M la trung diém ABnén MA +MB = 0)
— - — — —> =" - =y -
Talaicé: 2MN=MC +MD=MA +AC + MB + BD = AC + BD
- "~
(vi M la trung diém ABnén MA +MB = 0)
=% =3 -5 - -

Vay 2MN = AC +BD =AD + BC
Bai 4. Cho tam gidc ABC va diém G. Ching minh ring:

- —> -

sy
a) Néu GA +GB +GC = 0 thi G la trong tAm tam gidc ABC.
) ) = 1(2> = -
b) Néu cé diém O sao cho OG =§(OA+ OB + OC] thi G 1a trong tim

tam gidac ABC.

Giai
a) Goi I 1a trung diém cia BC. Ta c6 :
- - - =3
GA +GB +GC=0

- - -

< GA +2GI=0 =G, A, I thing hang G nim giita A va I
Sao cho GA = 2GI = G 14 trong tdm tam gidc ABC.
b) Véi G bat ky

Ta cé
e > B > > —> > > >
OA+OB+0C=30G < 0G'+GA'+0G'+GB'+0G'+GC' = 30G
= T _, ‘
<> GA+GB+GC = 0 < G la trong tdm tam gidc ABC (theo ciu a)
- - - - -
Bai 5. Goi G la trong tdm tam giac ABC. Pat a = GA va b = GB.Hay
) ) - 2 o - - -
biéu thi moi vecto AB, GC, BC, CA qua cdc vectoc a va b
Giai
s N S - -
e Taco: AB=GB-GA=b-a=-a+b
- - - -
e Tac6 GA +GB +GC=20
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> > - - ' =5 =3
= GC= GA -GB=-a-b VéyGC -a -b
- - > —» — I
o Tacé BC GC -GB = -GA -GB -GB= -GA-2GB=-a-2b
..,...)
Vay BCH—-a 2b
- o - 2 -5 - - - >

e Tacé CA GA GC GA+GA+GC (vi GA +GB +GC=0)

-

=2GA+GB =2a+ b
Bai 6. Ching minh ring néu G va G’ lan lugt 1a trong tdm tam gidc
N .
ABC va AB'C’'thi 3GG'=AA'+ BB '+ CC'. Tu d6 hay suy ra diéu
kién dé hai tam gidc ABC va A'B’C’ ¢6 trong tdm trung nhau.
Giai
Vi G’ l1a trcng tam AA'B’C’ nén

- - - 3
3GG'=GA'+GB' + GC'

- - -y > >
=GA+AA +GB +BB'+ GC + CC'

e -> —> — - ->
= LxA+GB+GC+AA +BB'+ CC'=AA'+ BB' + CC'

—> - >

(Vi G 1a trong tdm AABC = GA +GB +GC=0)
Tir d6 suy ra diéu kién can va da d€ hai tam gidc ABC va A'B'C’ ¢6
cung trong tdm (cé trong 14m trung nhau) l1a :
- —> - -
AA' +BB' +CC'=0
Bai 7. Cho luc gidc ABCDEF. G.i P, Q, R, S, T, U lan lugt 12 trung diém
cdc canh AB, BC, CD, DE, EF, } A. Chiing minh ring hai tam gidc PRT
va QSU c6 trong tdm trungnhau. '
Giai

bé chu’ng mmh ha1 tam gxéc PRT va QSU c6 trong tam trung nhau ta

ching minh PQ + RS + TU = 0 (theo bai 6)
Thét vay do Q 1a trung diém cta BC do dé

12> =2 1.2 -
PQ = —(PB+ PC)---——(PCw PA)

ViP la trung diém ciua AB
i<

::>P =—AC
Q 2

Hoan toan tuong tu ta c6 :




> d 1 4

RS=-CE ; TU“NE’\
2 2
—> = . i 4 1 » 2
Vay PQ+ RS+ TU = —2—(AC+ (P — AA = O (dpcm)
9

Bai 8. Cho ti giac ABCD. Ching minh rang
i ) > » -~ > e d =
a) C6 mot diém G duy nhat sao cho GA - GB - GC +GD = 0.

biém G nhu thé goi la trong tam cua 4 diem A, B, C, D. Tuyv nhién,
ngudi ta quen ngoi G la trong tam cua tir giac ABCD.
b) Trong tam G la trung diém cua cic doan thang néi trung diém cac
canh doi cua tu gidc, né cang la trung diem cua doan thang néi trung
diém hai duong chéo cua tu giac.
¢) Trong tam G ndm trén cac doan thang noi mot dinh cha ti gide va
trong tam cua tam gidc tao thanh boi ba dinh con lai.

Giai
a) Lay mot diém O xdc dinh nao do ta co
e T S . T T T T <
GA+ GB+ GC+ GD = OA- OG+ OB- OG+ OC- OG+ OD- OG
N N

= 0A+ OB+ OC+ OD- 4 OG
R T e
Bdi vay néu GA+ GB+ GC+ GD = 0
- - = = e
Thi OA+ OB+ OC+ 0OD-40G=0

- =P #=p —p e

Hay OG = -i—(OA+ OB+ OC+ OD) ma O, A, B, D x4c dinh.

Vay diém G dugc xdc dinh.

a5 >
e Gia st con c6 diém G’ sao cho GA'+ GB'+GC'+ GD' = 0
o = e T

Suy ra GA+ (JB+ GC+ GD GA'+GB'+ GC'+ GD'
=3

@4OG—«4OG¢:>4GG 0 &G=G
Vay diém G dugc xdc dinh duy nhat, , '
Piém G nhu vay goi la trong tam cua tu gxéc AB(“D
b) Goi M, N la trung diém hai canh d6i nao dé (AB va CD chéng han)

va G la trong tAm cha ti gidc ABCD
e T T S

Tacé: 0 = GA+ GB+ GC+ GD

— — M
= 2GM+ 2GN
(viM !a trung diém cta AB)
- —>
., 2GM=GA+GB , A
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S

N la trung diém cGa CD = 2GN=GC+ GD)
— - -

= 0=2(GM+ GN)

Suy ra G la trung diém cia MN

Hoan toan tuong ty ta c6 duge G 1a trung diém doan thdng néi trung

diém cta hai canh BC va AD va G ciing la trung diém doan thing néi

trung di€ém hai dudng chéo AC va BD.

¢) Ta chon mjt dinh nao dé cha td gidc ABCD. Ching han dinh A va

goi G, la trong tdm cia tam gidc BCD tao thanh bdi ba dinh con lai

cia ti gide ABCD. Ta phéi ching minh ring trong

tam G cha td gidc phdi nim trén doan thing AG, .

That vay vi G 1a trong tam cla t gidc ABCD nén : B
e e

GA+GB+GC+GD =0 (%)

Lai c6 G, 1a trong tAm cﬁa tam gidc BCD nén :
- - -

GB+ GC+ GD = BGG

C

- -
Nhu vay tir (*) ta suy ra: GA+ 3GG, =0 A

- -
= GA va GG, ngugc huéng nhau , suy ra G ndm trén doan thing
AGA (dpcm)

III. BAI TAP TUONG TU VA NANG CAO.

Bai 9. Cho tam gidc ABC va mot diém M tuy y. Ching minh ring vecto
e
- v = MA+ MB- 2MC khéng phu thude vao vi tri cia diém M. Dung
- -

diém D sao cho CD = v
Bai 10 Cho 3 dlém O, M, N va s0 k. Ldy cdc diém M’ va N’ sao cho

OM kOM ON' kON

-n)
Ching minh rdng : M'N' = k MN
Bai 11. Cho hai hinh binh hanh ABCD va AA’C'D’ ¢6 chung dinh A.
Ching minh ring :
T
a) BB+CC+DD'=0
b) Hai tam gidac BC’'D va B’CD’ ¢6 cung trong tam.
Bai 12. Cho tam gidc ABC noi ti€p dudng trén (O) , H 1A truc tdm tam

gié.c vaDla trung diém canh BC. Ching minh ring :
3 5 = - 3 -

a) AH 20D b) OA+ OB+ OC = OH ; ¢) HA+ HB+ HC = 2HO
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d) Puong thang HO di qua trong tam G cua tam giiic ABC (dugng
thang do goi la dudng thang J-le cia tam giac ABC)

IV. PAP SO VA HUGNGDAN GIAL
R T

_)
Bai9. v = CA+ CB =2CO (véi O la trung diém cua AB)
- -

=3 —
Vay vectg v khéng phu thugc vao vi tri diéem M. Vi CD = v = 2CO
nén D la dinh th( tu cia hinh binh hanh CADB.

-3 - —~ - -
Bai 10. Tac6: M'N'=ON' -OM' = kON-kOM
T
= k(ON+ OM) = kMN
.—)

Baill. a) BB'+ C'C+ DD'
= T

= AB- AB+ AC- AC+AD AI/

T e T

= AC- AC- AC+ AC = O

b) Pé chitng minh hai tam gidc BC'D va B'CD’ ¢6 cung trong tam ta
- —» — -
chi can ching minh : BB'+C'C+DD'= 0O
->

._-)
Bai 12. a) Goi B’'la diém déi xing véi B qua O. Suyra AH = B'C

—> . - =3
Do BC=20D.Vay AH = 20D
—» — -3 - -
b) Taco OA = OH + HA =0OH- AH
- > o o -

1l

OH -20D =0H- (OB + 0OC)

—> —> o S 4

Suy ra OA + OB + OC =0OH

- - —> - -» > >

c) HA + HB +HC =3HO + OA + OB +0C

- - —> - > -

=3HO + OH = 2HO. Vay HA + HB + HC = 2HO

d) Vi G ]1a trong tAm tam gidac ABC nén tir két qua cau b ta suy ra
- >

30G =OH , do dé H, O, G thang hang.



§5. TRUC TOA PO VA KIE TRUC TOA b0

I. TOM TAT LY THUYET.

1. Truc toa do6 :
e Truc toa do (con goi 1a truc, hay truc s8) 1a mét dudng thing trén

__)
d6 da xdc dinh mét diém O va mot vectd 1 c6 do dai bing 1.

. 2 = S
X
07 1
1
vl
biém O goi la goc toa do, vects 1 goi la vecto don vi caa truc toa d6.

-

Truc toa dd nhu vay dugc ky hiéu (O ; i) .
e Toa dj cua vecto va cdc diém trén truc :

- o ) - -
Cho vecto u nam trén truc (O ; i ), thi s6 axdcdinh dé u =a i
. _—‘) ” __}
goi la toa d6 cua vecto u doi véi truc (O ; 1 ).
oy -

Cho diém M ném trén truc (O ; i ). Khi d6 toa d6 cia vectd OM la
toa do cia diém M.
e Do dai dai sé trén truc:

-

Cho hai diém A, B nam trén truc Ox thi toa do cua vecto AB dugc ky
— i s sk

hiéu la AB va goi la do dai dai s6 cua vecto AB. Nhu vay :

- ~> -t
1. Hai vects AB va CD bing nhau khi va chi khi AB = CD

— — —
2. Hé thiic AB + BC = AC tuong duong v6i AB + BC:

2. Hé truc toa d¢ :

AC

i > o> - ~ - )

e Doivédihe tructoadd(O; i; jI)néu a =xi1 +y j thicapsd
- -

(x; y) duge goi la toa do cua vecto a va ky hiéu a = (x ; v) hay

-»
a (x;'y). S6 thd nhat x goi la hoanh d6, s8 thud hai.y goi la tung

dd cua vecto a .




* i [x = x'
Suyra: a(x;y) = bx; y)e < '
ly =y
3. Bieu thuc toa do cua cac phép toan vecto

e i
“ho a =(x;y)va b=(Kx"; y) Khidoé:

e — > >
b

e a + b =Kx+x;y+y); a - =(X=X; y=Y)

>
e ka =(kx; ky vdi k € R.

- >
e a cung phuong vdi b khi va chi khi — = l. (v6i x = 0;y # 0

X y
1. Trong mit phang toa do Oxy, toa do cua vecto dugc goi 1a toa do cua

{iem M.

Vi hair diem M (xm; ym) va N (xy; yn) ta co I\?N = (XN — XM YN —
v’:ﬂ)

5. Cho M (xum; ym) va N (xx ; yn). Goi P (xp; yp) la trung diém cua doan
‘hang MN ta cé :

XM + XN
Xp = —

Ym t¥N
¥p = ———
i 2

5. Cho tam gidc ABC c6 A (xa; ya), B (xg; yB), C (x¢; yo). G la trong
Xp +Xg + X¢

-Am tam giac, G (xg; yg). Khi d6 : xg = 5 :
. A TY¥R Ve
Y6 = 3

I. BAI TAP CAN BAN.

Bai 1. Trong hé truc toa d9, cdc ménh dé sau ding hay sai?

X3 -
a) Hai vecto a (26;9) va b (9; 26) bing nhau.

b) Hai vecto bing nhau khi va chi khi ching c6 hoanh dd bing
nhau, va tung do bing nhau.
¢) Hai vecto d6i nhau thi ching c¢6 hoanh d6 d4i nhau.

—> - - .
d) Vecto a cung phuong véi vectoc 1 néu a c¢6 hoanh dé bang 0.



- P
e) Vectd a c6 hoanh do bing 0 thi né cung phuong véi vecto j .

Giai
e Cacménhdé dingla:b,c e;
e Cacménhdésaila:a, d.
Bai 2. Tim toa d6 cta cdc vectd sau trong mit phing toa dé

— -5 - - - ) -
8 =1 b 8j ¢ =31 -4}
- - > - — - — - =
d =-(j-1); e =015i+1,3j ; f =ni- j.cos24°,
Giai
- -> -
e a=-1 ¢ a=(-1:0)
— — =
e _b=53) b =05
- — P -
¢« ¢ =81 =-4) = ¢ =(3;4)
- - — —
) d:.}_(‘].. I)de(m.}.;}_)
2 o
- — - —
s e =015i +18 ) o e =(0,15;1,3)
ey i —P Ly
o f =ni - j.cos24’ < { =(n ; —co0s24°)

- : -y —
Bai 3. Cho a(2;1), b(3;4), c(7;2).

— - - -
a) Timtoaddciavectd u =2a -3b + ¢ ;
—» - = = =
b) Tim toa d6 cua vectd x saccho x + a = b - ¢;
> - —
¢) Timcdcsdok,1dé ¢ =ka +1b .
' Giai

- - - - - - - — -
a) u=221i+ j)-331 +43)+71 +2j) =21i -8
.= :
=5 o s (2 5 8)

- - : .
b) Tac6: b - ¢ =3-7;4-2,=(4;2)

— s S

Goi x(x; y)= x + a =x+2,;,y+1).

> o D .= -4 {x:

-6 -
v=1 hay x(-6;1)

Pé x + a=b-c¢ <&+
ly+1=



—> —> - —> - —>
¢) Taco:ka +1b =k(21 + j3)+131 +4))

d -

=2k +3D)1 +(k+4D j;
_,__.)

= K&

s
+1b =2k + 3l; k + 4]) .

Do do ¢ a + e = —0.6

- - ——p 2k+ 31 =7 k=44
o
k+41 =2

- - =5
Viyvdik=44val=-06thi ¢c =ka +1bDb

- 12 o A - s
Béi4.Chou=§i -5),v=ki -4

-7 —
Tim cac gia tri cia k dé hai vecto u, v cung phuong.
Giai
- 1 -
Theo baira: u = (§;~5), v = (k;-4).
1
5 —»

Pée u, v c(mgphucngc:ﬁ— z§c>10k=4<:>k=

LR V)

Vay k = -2— la gia tri can tim.

Bai 5. Trong cac ménh dé sau, ménh dé nao ding?
—>
a) Toa do cia diém A biang toa dd ctia vectd OA , véi O la goc toa do;

b) Hoanh d cia mét diém bing 0 thi diém dé nim trén truc hoanh;

¢) Diém A nidm trén truc tung thi A c6 hoanh do bang 0;

d) P la trung diém cia doan thdng AB khi va chi khi hoanh d6 diém
P bang trung binh céng cua cdc hoanh do hai diém A, B;

e) Tu giac ABCD la hinh binh hanh khi va chi khi trung binh céng
cée toa do ciia A va C béing trung binh coéng ctia toa do tuong ung
cua B va D.

‘ Giai

e Cacmeénhdé dingla:a,c, e.

e Cacménhdéesaila:b,d.

Bai 6. Trong mit phing toa do cho ba difm A (-3 ;4) ,B(1;1), C (9 ;-5)

a) Chung minh ba diém A, B, C thdng hang.

b) Tim toa do diém D sao cho A la trung diém BD.

¢) Tim toa do diém E trén truc Ox sao cho A, B, E thang hang.
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Giai
— -
a) Taco AB=(1+3;1-4)hay AB (4; -3)
— -
AC =(9+3;-5-4)hay AC (12; -9)

iy -
suy ra AC = 3AB hay A, B, C thdng hang.
b) Goi D (xp; yp) la diém sao cho A la trung diém cia BD

1+XD i
= - _ _n
-] 2 o {"D VayD = (-7;7) .
1+yD=4 yp =7
2

e) Goitoado E (xg; 0) (E € Ox).

— - :
= AE (xg +3 ;-4)ma AB =(4; -3)
' —>

Do vay dé A, B, E thing hang thi AE va ?AB cung phuong hay
XE4+3 = % & xp = % : Vé_yE(%;O).

Bai 7. Cho diém M (x; y). Tim toa d6 cta cdc diém

a) M, ddi xing véi M qua truc Ox.

~ b) M,; déi xitng v6i M qua truc Oy.
e) M; ddi xing v6i M qua tdm O.
' : ; Giai
- a) Goi toa do cia M, (x;; y) 1a diém ddi ximg véi M (x; y) qua truc Ox.
- {"1 et L {"1 =% hay M; (x; -y)
, y1+y=0 Y11= -Y
b) Goi M; (xg; y2) 1a diém d6i xiing v6i M (x; y) qua truc Oy. Khi dé.
{x2+x= ¢ . {x2 =~X
yy By g =¥
¢) Goi M3 (x3; y3) la diém déi xing vdi M qua tam O. Khi 46
{xa rxe=h o {xs A hay M; (-x; -y).
y3+y =0 Y5 =¥

Bai 8. Trong mat phing toa do cho 3 diém A (-4; 1), B (2;4), C (2; -2).

a) Tim toa do trong tam cua tam giac ABC.

b) Tim toa dé diém D sao cho C 1a trong tdm tam gidc ABD.

¢) Tim toa do diém E sao cho ABCE la hinh binh hanh.

hay M, (—x; y).
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Giai
a) Goi G (xg; y¢) la trong tam tam giac ABC. Khi do
e > —>
GA+GB+GC = 0 ma GA =(-4-xg;1-yg) ;

__._..)
GB = (2-xg; 4 -yg) ; GC = 2-x¢; - 2-ya) -

Vay G (0; 1).

4 -X5+2-%x5+2-%x5 =0 {xG=O
¥g
b) Goi D (xp; yp). Khi d6, dé C la trong tdm tam giac ABD.

suy ra
{1“)’0 td-yg +(-2)-yg =0

Xy +Xp +X -4 +2+X
{XC___ A 38 D {2___ : D
thi hay
YA t+tY¥YB*YD 2_1+4+yD
5 TEL S mTTE—
3 3
6= -2+x (x, = 8
ke { b hay{ D Vay D (8; -11).
=6 =5+yp Yp = -

¢) Goi E (xg; yg) la dinh thd tu caa hinh binh hanh ABCE.
-3 —>
Suy ra AB = EC (%)

-

>
Ma AB = (6;3), EC = (2 - xg; -2 — yg).

6=2- = -4
Do dé tir (*) = { e {"E Vay E (-4; -5).
3= -2-yg YE = -5

III. BAI TAP TUONG TU VA NANG CAO.
Bai 9. Cho ba diém A(2;5),B(1;1),C (3;3)

. — —> —
a) Tim toa do diém D sao cho AD = 3AB-2AC ;
b) Tim toa doé diém E sao cho ABCE la hinh binh hanh. Tim toa d3

tam hinh binh hanh dé.

Bai 10. Cho tam gidc ABC ¢6 A (-1; 1), B (5; -3) , dinh.C ndm trén truc
Oy va trong tam G ndm trén truc Ox. Tim toa do dinh C.

Bai 11*. Biét M (x;; y1), N (x2; y2) , P (x3; y3') la trung diém ba canh cia
mot tam gidc. Tim toa do cdc dinh cGa tam gidc.

Bai 12 *. Cho tam giac ABC véi A (1; 5), B (-4; -5), C (4; -1).
a) Tim toa do chan duong phan gidc trong va ngoai cua goc A;
b) Tim toa dé tam dudng tron ndi ti€p tam giac ABC.



IV. DAP SO VA HUGNG DAN GIAL
Bai 9. a) D (-3 ; -3). bE M4 ;7).

Khi d6 tam I hinh binh hanh ABCE ¢6 toa db 1a I [g- 4) .

Bai 10. C (0; 2)

Bai 11*. Ky hiéu M, N, P la trung diém céc canh AB, BC, CA ctia tam
giac ABC.
A(x; +X3—X2;y1 +Y3— Y2
B(x; +x3-X2; y1+ya—Yy2

Cxp+x3—X1; y2+Y3— Y-

Bai 12*. a) Vé phan giac trong AM va phan giac ngoai AN thi M (1; - —g— );

N (16 ; 5) .
b) Vé phan gidc géc B cdt AM tai I. Khi dé I 1a tdm dudng tron noi
tiép trong tam gidc ABMtacé I1(1;0).

ON TAP CHUONG I

I. TOM TAT LY THUYET.

1. Vecto:
- Vecto 12 mot doan théng c6 hudng.
- Hai vecto biing nhau néu ching cung huéng va ¢6 d6 dai biang nhau.

2. Cong va tri cac vecto:

-~ -

——)
- Quy tdc ba diém: vé6i bat ky ba diemv A, B, C ta déucé6 AB + BC = AC
- Quy tdc hinh binh hanh: néu ABCD la hinh binh hanh thi

—> - -
AB + AD = AC
= . - -—, o -
- Quy tac hiéu vecto: cho vecto AB véi diém O bat ky ta ludén cé
- - —>
AB = OB - OA

3. Phép nhAn vecto véi mot s

P

p - = - - — )
-Néub =ka (a # 0) thi: b cuing huéng véi a néu k > 0, b ngugc

huéng véi a neuk<0va | bl = |k|.|al.
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- Cac tinh chat:

i3 kil &p=10D &

>

2 4 lha =ka +la
3) k(; + b)=ka +kb

4) ka = 0 c::»k:Ohoacé =0
Mot s cong thie dé lam bai tap .
1) Néu I la trung diém doan thing AB thi v6i diém O bat ky, ta c6
=> 1 —> =y
Ol = —{|0OA + OB
2\
2) Néu G la trong tam tam giac ABC thi vdi diém O bat ky, ta c6

—> 1—) —> -
OG=§OA+OB+OC.

3) Diém M goi la chia doan thdng AB theo ti s5 k # 1 néu

— —5
MA = kMB.
Khi dé véi diém O bat ky, M chia doan thang AB theo ti s6 k # 1 thi
R - -
OM = OA-k OB
1-k

4) Toa d6 cua vecto va cia diém.

- —

Pgi vdi hé truc (O; i ; j) (hay Oxy) trong méit phing toa do:

—» - 3

1) ‘u=(a;b)c:»u=ai+bj

A —>
2) biém M(x; y) & OM = (x; y). '
Néu u(x;;y,) va v(xy;ys)

1) U+ v =(X+X;y;+¥2)iu — v =(X;— X9,y - ¥g).

2) ku =(kx;;ky;)

: -
Néu A(x,;y4); B(xg;yp) thi AB = (xg—X4;yg—¥a)




= 1) Néu1 la trungdiémcdaABthiI=(xA;xB;yA;yB ).

2) Néu G la trong tdm tam gidc ABC cé A(x,;ya); B(xg;yg) va

Cxc;yc)thiG=[2atXB*Xc, yA+y5r+;Yg]‘
(XC YC)t G [ 3 3

II. BAI TAP CAN BAN.

Bai 1. Hay noi rd vecto khéc doan thing nhu thé nao ?
Giai
e Vecto la mot doan thdng nhung c6 phan biét thi tu cia hai diém

- -
mut. Viy vectos AB va vecto BA la khédc nhau.

e Poan théng c¢6 hai diém mut, nhung thi ty cia hai diém mat d6 nhu
th& nao ciing duge. Poan thing AB va doan thdng BA 12 mot.

- o
Bai 2. Néu hai vecto AB va CD bing nhau va c6 gid khéng trung nhau
thi bén dinh A, B, C, D c¢6 1a bén dinh hinh binh hanh khéng ?

Giai

- -
Néu hai vecto AB va CD béing nhau va khéng ndm trén mét duyng
thdng thi bon dinh A, B, C, D ¢6 la bdn dinh hinh binh hanh ABCD.

Bai 8, N&u c6 nhidu vecto thi xdc dinh téng clia ching nhu th& nao?
Giai
" P& xédc dinh t6ng cia nhidu vecto ta lam nhu sau:
L4y vectg bding vecto thi nh4t, khi d6 diém d4u cha vecto thit hai la
diém cudi clia vecto thif nhat, diém ddu cia vecto thit ba 1a diém cudi
ctia vecto thit hai, qué trinh c nhu vay cho d&n diém d4u cia vectd
thit n la diém cubi ciia vecto thit n—1. Khi d6 téng cla n vecto dugc
xdc dinh 12 vecto cé diém ddu la diém d4u cia vecto thi nhdt, diém
cudi 1a diém cudi cia vecto thif n.

Bai 4. Hiéu hai vecto dugc dinh nghia qua kh4i niém téng hai vecto
nhu thé nao ?
Giai
Hiéu cia hai vecto duge dinh nghia la téng clia vectd thit nhat va
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—) . P d
vecto doi cua vecto thit hai. a — b = a +( - b)

Bai 5. Cac dang thic sau day diing hay sai ?

> - e - o >
a) MN = OM- ON; b) OA-OB = BA;
g - R =3
c) OA+ OB = - BA; d) OP+ QO = - PQ.
Giai
> o =l % i =
a) MN = OM-ON lasaivi OM-ON = NM = M
b) Pung; ¢) Sai; d) Pung.

Bai 6. ¢6 thé dung phép nhan vecto v6i mot sé dé dinh nghia vecto ddi

cua mot vecto hay khong ?
Giai
. ) — -
Theo dinh nghia do6i cua vecto ala vectg -a .

—3 -
Theo dinh nghia phép nhan vecto véi mot sé tacod:-a = (-1). a

—>

_.’
Suy ra vecto doi cua vects a la vecto (-1). a . Vay c6 thé dung
phép
nhan vecto véi mét s6 dé dinh nghia vecto déi cia mot vecto.

-

Bai 7. Cho hai vectd a,b khong cung phuong. Trong cac vecto ¢, d,

> S -

—
u,v, x, y sau day hay chi ra cdc vecto cuns, huéng va céc

vecto nguoc hudng:

- —» > - — - - - ~p
c=la+—2-b; d=—-a+lb; u=3a+4b;
2 3 3
- - - - 1 1= - - -
v=3a-b; X = -—a-—b; y=-9a+3b.
4 3

-

Hai vecto ¢ va d c6 cung phuong hay khong ? Tai sao ?
Giai

- -

e Nhiing vecto cung huéng: d va y
-» o - - - -

¢ Nhiing vecto ngugc huéng: u va d; u va y; ¢ va x



- - )
e Hai vecto ¢ va d khéng cung phuong vi khéng tén tai sé thuc k

- -
nao d6: ¢ =kd.
Bai 8. Cho tam gidc ABC véi trung tuyén AM va trong tdm G. Céc
khdng dinh sau ddy ding hay sai ? '

a) AM = 2AG; b) AG--—3—AM c) MG:EGA;
T - af b b . =
d) AG = 3 AB+ AC |; e) GB AG+BG.
Giai
a) Sai ; b) Ping ; ¢) Pbang ;
d) Sai ; e)Sai;
Bai 9. Cho biét toa dé hai diém A va B. Lam thé nao dé:
: _ | o
a) Tim toa 4% vectoc AB -
b) Tim toa dd trung diém cia doan thing AB.
= Giai

o <y ey ~p '
“  a)Tacé AB = OB- OA, ma toa dd vecto OB la toa dd diém B, toa
.—’ 3
dd vectos OA 1a toa d6 diém A. Tir d6 ta chidng minh dugc toa dy

1 o : )
vectd AB bing toa do di€m cudi B trir di toa do diém dau A.
b) Gid st A(x;¥4), B(xg;ys), I 1a trung diém ciia AB thi

I(XA +Xp . ¥Ya +yj)_
2 : 2

Bai 10. Cho biét toa d¢ 3 dinh ciia mdt tam gidc. Lam thé nao dé tim
toa dj trong tdm cia tam gidc dé.

Giai
Gia st tam gidc ABC c6 A(x,;¥4), B(xg;¥8). C(xc;¥¢c). G 1a trong

e e
tdm tam gidc = GA+GB+GC = 0.

Tir d6 suy ra duge G(x‘“ +’;B TXc . YA +y3§ +YC)
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Bai 11. Cho tam giac ABC. Hay xdc dinh cdc vecto

O - - - =» - o
AB + BC; CB + BA; AB + CA; BA + CB;
S S — - o - -
BA+CA; CB -CA; AB - CB; BC - AB.
Giai

O — - - o -
e AB + BC = AC e CB+BA =CA

— — — — s - - - - -
e AB- CA =CA +AB = CB e BA+CB =CB+BA = CA

S -

e BA + CA = DA
( D chinh la diém thd tu cta hinh binh hanh ABDC )

- o —> B ™ 5
e CB-CA = AB e AB-CB = AB+BC = AC
- - - - ) )
e BC-AB = BC+BA = BE ( E chinh la diém thd tu caa hinh binh
hanh ABCE )

Bai 12. Cho ba diém O, A, B khong thdng hang. Tim diéu kién cdn va

S
di dé vecto OA+ OB c6 gid 1a dudng phan gidc cia géc AOB.
Giai

!
- =

Goi C la diém sao cho OACB la hinh binh hanh thi OA+ OB = OC

Vecto OC ndm trén dudng phéan gidc cia géc AOB khi hinh binh
hanh OACB la hinh thoi; tic 1a OA = OB.

Bai 13. Goi O la tdm cia hinh binh hanh ABCD. Chitng minh ring véi
diém M b4t ky, tacé6 MO =’—4— MA+MB+MC+MD |.

Giai
Ta c6: Do O la trung di€m cia AC va BD nén ta cé
- - > o

- -5
MA+ MC =2MO va MB+ MD = 2MO.

s S

Vay MA+ MB+ MC+ MD =4 MO hay suy ra diéu phdi chiing minh.
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Bai 14. Cho tam giac ABC.

- -
Bai 15. Cho doan thing AB va diém I sao cho 2IA+ 3IB = 0

38

. ~»
= 2NA+2ND

a) Tim cdc diém M va N sao cho
—» —p —> —> —» ey

IV?A—MB+MC 0 va2NA+NB+NC = 0.
b) Vé6i cac diém M, N & cdu a, tim cdc s6 p va q sao cho
- >
MN =pAB+qAC.
Giai

I M e -
a)e MA-MB+MC = 0 /

- -S>

L o BA+MC = 0 N
Vay M la dinh thi tu cda hinh
binh hanh ABCM.

e T B D C

e 2NA+NB+NC = 0

—p - - -
0

2 ( D 1a trung diém cada BC ). & NA+ND = 0
Vay N la trung diém cta AD.

; —> e e ) P - -
b)Ta‘cé MN = AN-AM = EAD——BC: Fy AB+ AC |-| AC- AB

—

_)
AB-— AC.

n
| on
ol

Vay véiM, NG cdu a, thip = Qs dé MN =pAB+ qAC.

’.

-

: - >
a) Tim sé k sao cho IA = kAB.
Sk ; s
b) Ching minh ring v6i moi diém M ta c6 MI = % MA +—§— MB
Giai
- S
a) Tacédo2IA+3IB = 0
._)
0

-3 -5 > -3 -3
o -2AI1+ 3| AB- Al | = < -5AI+ 3AB =



Vay k = = la gid tri cAn tim.

v w

b) Vi M bat ky ta c6

> >

2IA+3IB = 0 = 2

> o -5 —

MA-MI|+ 3| MB-MI| = 0
> -5MI+2MA+3MB = 0 MI = ~5—MA+—5—MB (dpcm).

Bai 16. Trong mit phdng toa d6 cho ba diém A(-1;3); B(4;2); C(3;5).
a) Chitng minh ring ba diém A, B, C khong thing hang.

) 4 -—>
b) Tim toa d6 diem D sao cho AD = -3BC.
¢) Tim toa do diém E sao cho O la trong tdm tam gidc ABE.
Giai
- -
a) Ta c6 AB = (5;-1); AC = (4;1)

- -
= khong ton tai s6 k nao dé AB = kAC hay A, B, C khong théng

hang.
b) Goi D c6 toa dg la (x;y).

—> -
= AD = (x+1;y-3) ma BC =(-1;3)

x+1= -3(-1) {x=2
<
y-3= -3.3

— N
Do dé AD = -3BC

Vay D(2;-6).
¢) Goi E(xg;yg).
Do O la trong tdm tam gidc ABE.

Ta co
XpA+XB*+Xg _ -1+4 +xg =0
3 ) H 3 {XE= -3
ay o )
YA*YB*+YE _ g 3+2+yp _ 0 yg = -5

3 3
Vay E(-3 ; -5). |
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III. BAI TAP TRAC NGHIEM.
1. Cho tam gidc ABC, goi A’, B’, C' ldn luot la trung diém cla céc canh
___..)
BC, CA, AB. Vecto A'B' cung hudng vdi vecto nao trong cac vectg sau:
- =¥
I) AB; II) AC';
: o -
III) BA; IV) C'B

2. Cho ba diém M, N, P thing hang, trong d6 di€ém N & giita hai diém
M va P . Khi d6 cac cap vecto nao sau diy cung huéng ?

— - —» -
I) MN va PN; II) MN va MP;

- - - i
IIID MP va PN; ) IV) NMva NP.
8. Cho hinh chif nhat ABCD. Trong cac ding thic duéi day, ding thic
~ nao ding ?

2 > — —
I) AB = CD; III) BC = DA;

— - > —
II) AC = BD; IV) AD = BC.

4. Cho tam gidc déu ABC véGi duding cao AH. Cac ding thdc nao du6i
day ding ?

- -3 - -
I) HB = HC; II) AC =2HC;

- — — -
III)IAHIz-?-IBcI; IV) AB = AC .
5. Cho diém B & giita hai diém A va C, véi AB = 2a, CB = 5a. Pp dai

_}
vectd AC bing bao nhiéu ?

I) 7a; II) 3a;
n 22, IV) 10aZ.
2
6. Cho bén diém A, B, C, D. Khi di6 ddng thic nao dusi day ding ?
- - - ~ =

I) AB+CD = AC+BD II) AB+CD = AD+BC

: - = - >
III) AB+CD = AD+CB; IV) AB+CD = DA +BC.



7.Cho 6 diem A, B, C, D E, I' Kl o dang thite rao dudi day dung ?

) >

e .

) AB+CD4+FA +BC Jr« + DE

- =
AF;

II) AB+CD+FA+B( +hl* +DF

e T et
IT1I) AB+CD+FA +BC +EF +DP = AE:

e Sy —> —> - >
IV) AB+CD +FA +BC +EF +DP = ALY,

8. Cho hinh thang ABCD vdi hai canh day la AB = 3a va CD = 6a. Khi

e )
d6 | AB+CD | bang bao nhiéu ?
I) 9a; IT) 3a;
117} = IV) 0.

9. Cho hinh vudéng ABCD c6 canh bang a. Khi d6 gia tri | AC+BD |

bang bao nhiéu ?

I)2aV2; I1) 2a;
III) a; IV) 0.
10. Cho ba diém bat ky A, B, C. Pang thitc nao dudi day ding ?
—> > —> -y —> -
I) AB = CB-CA; II) BC = AB-AC;
- = . = -
III) AC-CB = : IV) CA-CB = AB.

Il Cho tam gidac déu ABC c¢6 canh bang a. Gid tri | AB—CB | bang

bao nhiéu ?
I) 2a ;

I a:
a3

a3 ; AR - B

12. Cho hai tam gidac ABC va A'B'C’ lan lugt c6 trong tam la G va G’
Pang thic nao dusi day la sai ?

- - 5 5 - - >
I) 3GG’" = AA'+ BB'+ LC II) 3GG" = AB'+ BC'+ CA'
—» - 2 o - e

, IV)3GG' = A'A+ BB'+ CC'.

I1I) 3GG' = AC'+ BA'+ CB';
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18. Cho diém B § giita hai diém A va C, v6i AB = 2a, AC = 6a. Pdng
thic nao duéi day dang ?

- — - ~»
I) BC = AB; II) BC = -2 AB;
— - : - -
III) BC = 4AB; IV) BC = -2BA.

= =
14. Cho ba diém phéan biét A, B, C. Néu AB = -3 AC thi ding thuc
nao duéi day dang ? )

— - - -
I) BC = 4AC.; II) BC = -4AC;

—» =3 - —
III) BC = 2AC; IV) BC = -2AC.
15. Piéu kién nao dudi ddy la cdn va da dé diém O 1a trung diém cua
doan thing AB ?

I) OA = OB; A =P
— - - - —»
IITI) AO = BO; IV) OA+OB = 0.

16. Néu G la trong tdm cua tam gidc ABC thi ddng thic nao dusi day
ding? :

= - - = - -
I) AG = AB+AC, I AG = AB+AC,
2 3
— - - -
3| AB+ AC 2| AB+ AC
1) AG = : IV) AG =
v 2 ' i 3

17. Goi AM la trung tuyén cia tam gidc ABC va I 1a trung diém cua
AM. DPéng thic nao sau diy la ding ?

e -5 i -
I) IA+IB+IC = 0 ; ID-IA+IB+IC = 0;
- 3 > = -

o
III) IA+IB-IC = 0; IV) 2IA+IB+IC = 0.
18. Trong mit phing toa do Oxy cho hai diém A(-1 ; 4) va B(3 ; -5).

—)

Khi d6 toa d6 vecto BA la bao nhiéu ?

I(2;-1); II) (-4 ; 9),
ITI) (4 ; -9); IV) (4 ;9).
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19. Trong mat phang toa d6 Oxy cho hai diém A(0;5) va B(2;-7). Toa
do trung diém cua doan thing AB la bao nhiéu ?

(2 ;-2), ID (-2 ; 12);

III) (-1 ; 6); IV) (1;-1)

20. Trong mat phang toa dd Oxy cho hai diém M(8;-1) va N(3;2). Néu
P la diém déi xing v4i diém M qua diém N thi toa dd ciia P la bao
nhiéu ?

D) (-2 ; 5); m (11 1}
2 2
I (13 - =3) IV) (11 ; -

21. Trong mat phang toa do Oxy cho ba diém A(5;-2); B(0;3) va C(-5;-
1). Khi d6 trong tam tam gidac ABC cé toa d bao nhiéu ?

Iyt ;1) ; I (0 ;0 ;

ITI) (0 ; 11); IV) (10 ; 0).

22. Trong mat phing toa d6 Oxy cho tam gidc ABC véi trong tdm G.
Biét rang A = (-1;4); B = (2;5); G = (0;7). Héi toa do dinh C la bao
nhiéu ?

D2; 12) II) (-1 ; 12);

I1D) (3 ; 1); IV) (1 ; 12).

23. Trong mit phiang toa d6 Oxy cho bon diém A(3;1); B(2 ; 2) va

C(1 ; 6) ; D(1; -6). Hoi diéem G(2 ; —1) la trong tAm cua tam giac nao
sau day ?

I) Tam giac ABC; II) Tam giac ABD;
III) Tam giac ACD; IV) Tam giac BCD.
AP AN

Cau 1 2 3 4 5 6 7 8 9 (10 | 11 | 12

Dap
an

ar | m (v mr | r (nmr | r (I | 1m | 1 | II | II

Cau 13 |14 | 15| 16 [ 17 | 18 | 19 | 20 | 21 | 22 | 23

IV, 1 (Iv | II |IV|II |IV | I | II | II | II /\
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II1. BAI TAP TUONG TU VA NANG CAO.
Bai 17. Tu giac ABCD la hinh gi néu thod man médt trong cidc diéu kién

sau dﬁy ?
- - - =
a) AC-BC = DC s b) DB mDC+DA.

Bai 18. Cho G 1a trong tAm tam gigc ABC. Trén canh AB ldy hai di€m
M va N sao,cho AM = MN = NB.

a) Ching minh ring G ciing la trong tam tam gidc MNC.

w=p - —> = —>
b) bat GA = a; GB = b Hay biéu thi cdc vecto GC; AC; GM ; (;I\

- -
qua a va b.

Bai 19. Cho tam gidc ABC.Hay xac dinh cic diém M, N, P sao cho:

o b - iy -l -
a) MA+MB-2MC = 0 b) NA+ NB+ 2NC =
O

c) PA-PB-2PC =
Bai 20*. Cho tam gidc ABCv6i BC=a; CA=b, AB=cvalla tim

' - - e
dudng tron nbi ti€p. Ching minh réng : a.JA+b.IB+¢c.IC = 0 ..

IV. DAP SO VA HUGNG DAN GIAL

.Bai 17.a) ABCD la hinh binh hanh.
b) ABCD la hinh thang.

e T TR T T

Bai 18. a) GM+ GN+GC = GA+GB+GC = 0
b) GC =-a-b; GM = Za::b . GN = 4a;5b

Bai 19.
a) Khang c6 diém M nao thod man diéu kién bai ra.
b) N 1a trung diém IC (vdi I 12 trung diém AB).

¢) Goi D la dinh thd tu cia hinh binh hanh ABCD thi P la trun
diém CD.
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Bai 20.Vé hinh binh hanh IB'CA’ ta ¢6

—> - >

IC = IA+IB’ (1) Mat khdc ta c6 :
AC _cCC , IB _ CC

= — = 2

B - BC, " 18 ~ Bo, ¥
Lai c¢é ggi = ig ‘(tinh chat phan giéc)B

Thay vao (2) c6 IB' = 2B (3)

c
. = b2 A’
Ma IB’ va IB la 2 tia d6i nhau. = IB' = - —1IB (4)
c
- a =
Hoan toan tuong tu, ta c6 1A' = - ;IA (5)
- a> b2 - - -
thay (4), (5) vao (1) ta duge IC = - —IA- —1IB hay alA+ bIB+cIC =0

C C



CHUONG II
TiCH VO HUGNG CUA HAI VECTO
VA UNG DUNG
§1. GIA TRI LUONG GIAC CUA MOT GOC BAT KY

I. TOM TAT LY THUYRET.

1. Pinh nghia :
Véi mbi géc o (0° < a < 180°), ta
xdc dinh mot diém M trén nida dudng )
Gid st difm Mcotoa dd (x;y). . N
Khi d6 :
e Tung d y cha diém M goi la
sin cuia géc a, va viét sina = y. x 0
e Hoanh 46 x cia diém M goi la
cosin cia goc a, va viét cosa = x.

tron don vi sao cho xOM = a. M
!
i
1
;

V

e Tiss L (véix=0) goi la tan cla géc a, va viét tana = =
X x

o Tist = (véi y # 0) goi la cotang cha géc a, va viét cota = -3
" h £

Khi d6 sina, cosa, tana, cota goi la cdc ti s6 lugng gidc cua goéc a.

2. Tinh chit :
| N&u hai géc b nhau thi sin cia ching bing nhau, con cosin, tang v
cotang cua ching déi nhau. C6 nghia la :

sina = sin(180° - a)

cosa = —c0s(180° - a)

tana = ~tan(180° - a) (o # 90°)

cota = —cot(180° - o) (0° < a0 < 180°)

3. Bang gid tri luong gidc cua mot s§ géc lugng gidc dac biét.
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Géc | 0° 30° | 45° | 60° | 90° | 120° | 135° | 150° | 180°
1 3 ' 1
sin 0 | — __\/_—% m\_/_:.B. 1 ig_ __\/_—_é_ —_ 0
2 2 2 2 2 2
3 | V2 | 1 1 | V2| V3
cos 1 —— _ = 0 e | st | e -1
2 2 2 2 2 2
0 ! 1 J3 | kxd | -3 1 - 0
t —_— - ' o -
an 73 3 9.4 3 J§
t | kxd | 3 1 = 0 = 1 J3 | kxd
KX B R - - X
CO \/‘3’ \/—é
4. Chuy:

e Véimoi a € [0% 180°] thi sina > 0.

e cosa 2 0 khi a € [0% 90°)

e cosa <0 khi a € [90°% 180°].

sina < sinf

e VG4i0°<a,B<90°, a<fPthi<.
cosa >cosf =0

° Vé'l 900 <a, B < 1800, o & B thi sina > SlnB
02cosa >cosf

11. BAI TAP CAN BAN.
Bai 1. Tinh gia tri ding cla cédc biéu thitc sau (khdng dung mdy tinh bd
tui hodc bang sd).
a) (2sin30° + co0s135° — 3tan150°)(cos180° - cot60°, ;
b) sin?90° + c0s?120° + cos?0° - tan?60° + cot?135° .
Giai
a) Te ¢6 : (2sin30° + cos135° — 3tan150°)(cos180° — cot60°)

- (2 1 V2. 3.(:3-)J(*1 _ -1-)

2 2 8 43
(. 2 ( 1 J2 J3
=1-24+3||~1- w | =81 ff1e 221
T Y 75) 2 "3
b) 5in’90° + c0s?120° + cos%0° — tan®60° + cot?135°

( 12 1
2 2 2 2

- i 12 - (V i - _
1+L 2) + (V3) +(-1)
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Bai 2. Pon gian céc biéu thuc
a) sinl00° + sin80° + cos16° + cos164°
b) 2sin(180° — x)cotx — cos(180° — x).tanx.cot(180° — x) véi 0° < x < 90°
Giai
a) Ta c6 sin100° + sin80° + cos16° + cos164° |
= sin(180° — 80°) + sin80° + cos16° + cos(180° — 16°)
= sin80° + sin80° + cos16° — cos16° = 2s5in80°
b) 2sin(180° — x).cotx — cos(180° — x)tanx. cot(180° — x)
= 2sinx.cotx + cosx.tanx(-cotx)

cosS X
= 2smx - cosx.tanx. = 2C0SX — COSX = COSX .

sin x tan x
Bai 3. Ching minh cédc cong thuc
a) sin’x + cos’x = 1 :

|
3 ; 1+ cot’ = o T
cos” x sin”“ x

Giai
a) Né&u x < 90° thi céng thic da dugc ching minh & 16p 9.
Néu x = 0° hosc x = 90° thi theo dinh nghia
sin%0° + q0320° =0+1=1
sin®90° + c0s?90°=1+0=1.
Néu x > 90° va nhd hon ho#c béing 180° thi dit y = 180° - x ,
Ta ¢6 sin’x + cos®x = sin’y + (-cosy)? = sin’y + cos’y = 1 .
b) Tacé

b) 1 + tan’k =

. 2 2 gt
sin“ x cos“ x +sin“ x 1

e 1l+tan’x=1+ = 2 = g
cos® x- cos“ x cos” x
cos®x  sin®x+cosZx 1

e ls+cot’x=1+ i o B e
sin‘ x sin“ x sin“ x

Luu y : Ba déng thic ¢ bai 3, goi 1a cdc ddng thitc lugng giéc co ban va
ta s& dugc 4p dung ma khdng cdn ching minh.
III. BAI TAP TUONG TU VA NANG CAO.

Bai 4. Cho géc a, véi sina = -é— va 90° < a < 180°. Tinh gi4 tri cha biéu the
P = 3sin’a + 4cos’a + cosa
Bai 5. Tinh gi4 tri cdc biéu thic
. a) 3 - sin®90° + 2c0s%60° — 3tan?45° .
b) 4a’sin245° + (2acos45°)? — 3(atand5°)? .
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Bai 6. Biét rang cos15° = . Tinh c4c ti s6 lugng gidc cha géc a.

J6 + V2
4

Bai 7. Cho tam gidac ABC. Ching minh rdng néu :
(1 — sinAX1 — sinB) = cosAcosB thi : (1 + sinA)(1 + sinB) = cosAcosB.

IV. PAP SO VA HUGNG DAN GIAL

.-

Bai 5. a) 3 — sin®90° + 2c0s?60° — 3tan®45° = -

D | =

b) 4a°sin®45° + (2acos45°)® — 3(atand5°)® = a2 .

V6 -2
4

Bai 6. sina = ;tana=2-\/§;cota=2+\/§.

Bai 7. (1 - sinA)(1 — sinB) = cosAcosB.
< (1 — sin®A)1 - sin’B) = cosA.cosB.(1 + sinA)(1 + sinB)
= (1 + sinA)1 + sinB) = cosA.cosB .

$2. TICH VO HUGNG CUA HAI VECTO

I. TOM TAT LY THUYET.

-

—
1. G6c gida hai vectd : Cho hai vectog a, b

-3 -

déu khéac vecto 0. Tu diém O bat ky ta vé /

- - > - ‘ < A

OA = a, OB = b. Khi d6 : s6 do cia géc

AOB dugc goi la sd do géc hgp bdi hai vecto ()43:)—)_,

b

—.
b

-

-
a va b hodc don gian la géc gitta hai vecto

; va g Ky hiéu(;, g).

2. Tich v6 hudng cta hai vecto a va b la mot s§, ky hiéu 1a ;g, va
dugc xac dinh bdi cong thic ;E = | Z| | §| .cos(;, g)
Khi a = b thi a.b = a.a duge ki hidu (a)® goi 12 binh phuong v
huéng ciia vects a. Vay a’=| alZ (tdc 12 binh phuong vd hudng cua
mot vectd bang binh phuong 46 dai cha vecto d6).

- - - - —

3. V6i hai vecto a va —l; bat ky tacé a.b = a.b’, trong dé b’ 1a hinh
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- -
chiéu cia b trén dudng thing chia vecto a .

R
4. Cdc tinh chat : Véi moi vects a, b, ¢ va moi s6 thuc k, ta c5 -

b.a (tinh chat giao hodn)

- — ] y

‘bt & (tinh chat phan phéi)
49)a.b=0=alb.

5. Biéu thuc toa dd cia tich vé huéng :

-

- -
Trong hé toa dé (O; i; j). Cho haivecto a =(x;y), b =(x" y).
Khi dé6 :
- —
)a.b =xx+yy;
- = —
2)| al =\[;; = x?+y? ;
- ! 4 - s e i d
3)cos(a,b) = e lestr A N (az0,bz0).
_ \/x2 + yz.\/x'2+y'2

ot s J
dachiét a L b @ox"+yy'=0.

I1. BAI TAP CAN BAN. ;
-+ —
Bai 1. Trong trudng hop nao tich vd hudéng a.b cé gid tri duong? Cé gia

tri Am, c6 gia tri bing 0?
G.riii -

g -y - = S -y
Tacé: a.b =|allbl.costa,b). Malalz0;lbl=0
ek
& :
Dodé a.b cégiétriduong®<a_f_” 2
(a,b) < 90°

—» -
s 20,b=0
a.b cégiétriﬁm.<::><a

- —

(a, b) > 90°

- - - -

;.-l; c6 gid tri bling 0 & a"iO hoge -b =0 o alb
(a,b) = 90°



‘ ¥~ -y 3 g = o
Bai 2. Cho tam giac ABC. Tong (AB, BC) + (BC,CA) + (CA, AB) ¢6 the chay
nhan gia tri nao trong cdc gia tri sau : 90°; 180%; 270°; 360" ?
Giai
BEV e g i e -
Ta c6 (AB,BC) + (BA,BC) = 180° : (BC,CA) + (CB,CA) = 180°
ol il e

(CA, AB) + (AC, AB) = 180°

e - — - -

ma (BA,BC) + (CB,CA)+ (AC,AB) = A+B+C = 180°

— -5
Do vay tong (AB,BC) + (BC,CA) + (CA A = 360°

~

Bai 3. Cho tam gidac ABC vudng tai A va B = 30°. Tinh cac gi4 tri cua biét
thic sau : .
~_>

—p
> —
2) cos(AB,BC) + sin(BA,BC) + tan AC:CB)

’

- > - - - >

b) sin( AB, AC) + cos(BC,BA) + cos(CA,BA) .
Giai
Do tam gidc ABC vudng tai Ava B =30°= C =60°.
- - B - -

= (AB,BC) = 150° ; (BA,BC) = 30°; (AC,CB) = 120°

- > - —>

(AB,AC)=90°; (BC,BA) =30°. Do vay:

—)
o
a) cos( AB BC ) + sin( BA,BC) + w
= c0s150° + sin30° + tan60° = -£ —;— J3 = \/—2+ 1
ol = _—
b) sm( AB,AC) + cos( BC BA) +cos(CA,BA)
= sm90° + cos30° + cosO"— 1+ f 2 +2\[§ 3

Bai 4. Cho bon diém A, B, C, D bt ky. Chitng minh ring :

e e e T

DA .BC+ )B.CA+DC.AB =0

Tu dé suy ra mot cach ching minh dinh ly : “Ba duong cao trong mat
tam giac dong quy” .



Giidii
Céch 1. V6i diém O bat ky ta c6 :

i e e
DA .BC+ DB.CA+DC. AB

- o5 o5 o e s

= (OA- ODXOC- OB) + OB OD)i(O)A«-OC)»i»(OC ODXOB-0A)

Rt s e T T S S S S T I 2

= OA.OC- 0OA.OB- 0OD.OC+ OD.0B+ (0B.0OA- OB.OC- 0OD.0OA

e e e T I e

+0D.OC+ OC.OB-0C .0A-0OD.0B+0D.OA =0.

e T Y S S
Cach 2. Ta c6 DA.BC+ DB.CA+ DC..AB
= DA(DC- DB) + DB(DA- DC) + DC(DB- DA)

e T R I S e S e

= DA.DC-DA.DB+DB.DA-DB.DC+ DC.DB-DC.DA=0.
e “Ba dudng cao trong mot tam giac ddng quy” .

o o - o
That vay; tir ding thic tién ta suy ra : Néw DA.BC =0va DB.CA =0

thi I-)-E:B = 0, hay néi cdch khdc : Néu AD 1 BC va BD L AC thi
CD 1 AB. Diéu d6 chimng t6 réing néu hai dudng cao vé tir A va B clia
~ tam gisc ABC cit nhau tai D thi CD ciing 12 dutng cao ctia tam gidc do.
Bai 5. Chitng minh riing diéu kién cin va di2 dé tam gidc ABC vudng tai A -

- - 3
"la: BA.BC = AB
Giai

-»> 5 - G 0

> -
Trong tam gidc ABC ta c6 : BA.BC = BA(BA+ AC) = BA%+ BA.AC

: ) -
B&i vay tam gidc ABC vudng tai A khi va chi khi BA.AC = 0 hay khi

- = i
BA .BC = BA? 4+ 0 = AB? (dpem) .
Bai 6. Cho tam gidc ABC va ba trung tuyén AD, BE, CF. Chung minh

- = = 5 9

rang BC.AD+ CA .BE+ AB.CF =0

Giai
: > - 5 A
Ta c6 D la trung di€m cia BC = 2AD = AB+ AC
122 = F E
= BC AD = -Z—BC(AB+ AC) c
B D
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e o e el -
Hoan toan tLrCing tu ta co - BC.AD+ CA .BE+ AC .CF

=> o e s
= B( (AB+ AC)+ ~2~ AMA, BC) + = AB((;‘A+ CB)

4

1&)

> == >
-2-(BC AB+ BC ACf C f\ B[‘»(“‘A B(“ Ab, C‘A*AB CB) =-.0=0.

1o
2
- -
Vay BC AD+ CA. BE+ AB (F = 0 (dpcm) .
Bai 7. Cho hai diém M, N nim trén duong tron dudng kinh AB = 2R. Goi I

l1a giao diém cua hai dusng thang AM va BN.
) >

i > 3 o o —>
a) Chung minh rang' AM Al = AB. Al ; BN.BI = BA.BI

- - >

b) Tinh AM.AI + BN BI theo R
Giai
- -
a) Ta c6 do AM la hinh chiéu cia AB trén Al do vay
S -
AM Al = AB Al

- — =y
Tuong tu BN.BI = BA .BI
- =

b) Tacé: AM AI+ BN .BI =

- = o -2 )
= AB(AI+IB) = AB® =4R"

Bai 8. Trén hai dudng thiang a, b cdt nhau tai M c6 hai diém A, B thujc a
--,

va hai diém C, D thudc b thoa man : DEA.MB = ﬁCI\Iﬁ) Ching minh
ring bon diém A, B, C, D ndm trén mot dudng tron.

Giai
e Goi I la tdm dudng tron (C) ngoai ti€p tam gidc ABCB
N&i B véi I cat (C) tai B;. Khi d6 B;A 1 MB,

- -
nén MA 14 hinh chiéu cia MB, 1én MB.

o

Bdi vay MA MB MBl MB = (MI+ IB )(MI+ IB)

g

_ (MI- IBYML+ B) - M12~IB2 = d* - R?
(trong d6 MI = d, R 1a b4an kinh dudrng tron (C)).
e Goi D, 1a giao diém thi 2 cia b véi (C). Khi d6 ta cing dé dang

e
ching minh duge MC.MD, = d*- R%
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~—> e »

Véy MA.MB = M M D} = (}]2 . ’R~’
Mat khéc theo gia thiet

- - - -

MA.MB = MC.Miﬁ), do dé M?)l = N?Divi hai vecto nay cung nam
trén dudng thing b).
= D = D, hay D thudc dudng tron (C).
Tém lai 4 diém A, B, C, D ndm trén mét duong tron.
Bai 9. Cho doan thdng AB c6 dinh, AB = 2a va mot so k°. Tim tép hop cdc
diém M sa0 cho MA® - MB? = k%

M
Giai
Goi I 1a trung diém ciia AB, vé1 M tuy y.
Goi H 1a Finh chiéu cia M lén AB, ta c6 : \
: , i =¥ I e T
MA? - MB? = MA?- MB? = (MA- MB)(MA+ MB)
- - - - - Bl ;
= BA.2MI =2AB.IM =2AB.IH B H 1 A

3 o il .
Nhu vay diém M thudc quy tich khi va chi khi 2AB.TH = k*.

i B 2
Hay IH =-l—§....—-..-.: = IH = L
2AB 4a
Vay tap hgp cdc diém M 'a dudng thiang vudng géc vdi AB tai H trén
2

e , k
AB sao cho AB,IH cung hutng va IH = =

1— -3 -» - -

Bai 10. Trong mit phéng toa dg <o u = 51’-—53’ vav=ki-43.

- <y
a) Tim nhing gia tri cua k dé u L v.

b) Tim nhing gié tri ciak dé | u [=] v ]|
' Giai

(-1-;—5) , : = (k; ~4) .

_-'
Tacd: u
2

-3 - -

e k
8wl vw& u.v =0<:::>-—2— +20=0k=-40.

Vay véik = 40 thi u L v.

= —3
b)|u|=\/-1—+25=~\[—}19—}- e
4 2

= Jk?+16

54



smnne

f F oy g TR 10 ) TR 37
I)é | 8} |= 1 v l gz "111 = }{ + ;‘E s Y ‘; e, E( g o ,!,‘._mw .

Vay vai k = i"——gz thi | t; f=i v
Bai 11. Trong mét phang toa do cho tam gide ABC co cdc dinh A (-4 ; 1),

B((2;:;4).C(2;-2).

a) Tinh chu vi va dién tich tam gidc.

b) Tim toa do cua trong tam G, truc tam H va tam I cha dudng tron
ngoai tiép tam giac ABC. Tu dé hay kiém tra tinh chat thang
hang cua ba diem I, G, H. |

Giai
—» - -3

Taco: AB=(6:3), AC =(6;-3), BC =(0; -6).

— AB = J36+9 = V45 ; AC= V36+9 = V45 : BC = J0 + 36 = 6.

a) Chu vi cia tam gidc ABC 1a AB + AC + BC = 6 + 2445
Ta ¢6 AB = AC = AABC can tai A. Goi D la trung diém BC.

-
= AD1BCvaD(2:1)= AD =(6:0)= AD = 6.
1 1
Vay Siagc = E'BC'AD = —2—.6.6 = 18 (dvdt)

b) Goi G la trong tam tam giac = G (0 ; 1)
—>

-
AH | BC

—> -

BH L AC

e Goi H (xy; yn) 1a truc tam AABC. =

= =iy
Ma AH =(xy+4;,ynu-1,BH =(xyg-2;yy-4)

'

=y =d
AH.BC =0 =5 {O(XH +d] = 5()’5 -1 =0 XH

- —> S(XH e 2)‘ B(yH “4) - 0 <
BH.AC =0 YH

1
Vavy H | =;1
i (2 ]

e Goil((xpypla tim duting trom ngoai tiép tam gidc ABC.
g
1Al =|1B|

a0 e

* Dodé

n{lA:IBQ
_ < —3
IA=1C | |1Al=|1c]

(x; +4)% + (y; ~1? = (x; - 2% + (y; - 4)°
=
(x; +4)% +(y; -D? = (x; - 2% + (v, + 2)°
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>
I
|

4x+2y~1=
4x-—2y+3=~0

J
i R
‘(‘
[
=
\mb
b
et
—
o
e N

N

—> 1 \
Do d6 GH =(—-;OJ,
2

Q4

= [ - ~1— ;G)J
;
- GH = ——ZGI::» I, G, H thing hang.

II1. BAI TAP TUONG TU VA NANG CAO.
Bai 12. Cho tam gidc ABC vudéng tai A, AB = a, BC = 2a. Dua vao dinh

i T T T S

nghia tich vd huéng hay tinh AB. AC, AC.CB, AB.BC.
Bai 13. Td gidc ABCD c6 hai dudng chéo AC va BD vuéng géc vdi nhau va
cdt nhau tai M, P la trung diém doan thang AD. Chitng minh MP 1 BC:

- o

khi va chi khi MA MC MB .MD
Bai 14. Cho AA’ la mot day cung cua dudng tron (O) va M la mét diém

ném trén day cung d6. Ching minh ring : 21&:& : N?O = MA(MA -~ MA’)

Bai 15. Cho diém M nim trong dudng tron (0). Tam gidc ABC ndi tiép
trong dudng tron (O) sao cho cac goc AMB, BMC, CMA déu bing 120°.
Céc dudng thdng AM, BM, CM, cdt duyng tron lan lugt tai A’, B’ va C'.
Chiing minh_,rﬁng : MA + MB + MC = MA' + MB’ + MC'.

Bai 16. Tim dang cia tam gidgc ABC néu :
S R T Y .

(AB.BC)CA+(BC.CA)AB+(CA.AB)BC =

V. DAP sd VA HUGNG DAN GIAL

e e - > )
Bai 12. AB.AC =0 AC(‘B—-—3:a . AB.BC = - a’.

- — > > > o 2 5
Bai 13. St dung : 2MP . BC = (MA+— MD)(MCw MB) = MA.MC- MD .MB.

Bai 14. Goi N 1a trung diém cia AA’ ta ¢6 :
-—> - —> — —» -3 -
2MA .MO =2MA MN = MA(MA+MA") = MA? -~ MAMA’

-y
_ - - - '
Bai15.Data=§A{i b*%'ng—g . Va st dung bai 14 ta cé :

-y - — —»
MA + MB'+ MC - (MA’ + MB’ + MC') = MO(2a+2b+2c) =0
Bai 16. AABC la tam giac déu.
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$3. HE THUC LUONG TRONG TAM GIAC

_TOM TAT LY THUYET

1. Pinh ly cOsin trong tam giac
Trong tam gidc ABC, vdi AB = ¢, BC = a, AC=b la ludn ¢6 :

a’? = b* + ¢ - 2bc cosA

b? = a? + ¢* - 2ac cosB

c? = a’ + b? - 2ab cosC

Hé qua:
b? + c? - a? a’ +c? - b? a’+b®-¢?
coSA = —————; cosB = —— - ¢0sC = ——m8 ———.
2bc 2bc . 2ab

2. Pina ly sin trong tam gidc
Trong tam gidc ABC, véi AB = ¢, BC = a, AC = b. Ta cé:
a b c

% = —— = —— =2R(R la bén kinh dudng tron ngoai tiép)
SinA sinB sinC

Hé qua: Véi moi tam gidc ABC, ta co:
a = 2RsinA, b = 2RsinB, ¢ = 2RsinC.

3. Cong thuc d6 dai trung tuyén cla tam gidc
Cho tam gidc ABC, BC = a, AC = b, AB = ¢. Goi m,, m,, m_ ldn

lugt 1a Ao dai cdc trung tuyén tuong dng véi BC, AC, AB. Ta cé:
, bl+c? a® , a'+d b, a’+b? c?

m, = ey Wy = o, e

m’
! 2 4 2 4 ‘ 2 4
4. Dién tich tam gidc
Véi tam giac ABC ta ky hiéu h, h,, h_lan lugt la cdc dudng cao

@ng véi cdc canh a, b, ¢; R, r lan luot 1a ban kinh duong tron ngoai

tiép, ndi ti€p tam gisc ABC, p = f‘igi‘i, S la dién tich.

— —

Khido:
S= —ah, = —bh, = =ch;
LS

= —ab.sinC = & bcsinA = iac.sinB; S = E-135;8 &= P
2 2 4R

S = Jp(p - a)p - b)p -¢).
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I1. BAI TAP CAN BAN.
Bai 1. Tam gidc ABC c6 a =12, b = 13, ¢ = 15. Tinh cosA va géc A.

Giai
Ap dung dinh 1y cosin, ta cé:
b*+ ¢t -a® 13 +15* -12°

a’ = b? +¢® - 2bccosA = cosA= —— " = ~ 0,6410
2bc 2.13.15

Vay CosA = 0,6410 = A = 50

Bai 2. Cho tam giac ABC ¢6 AB = 5, AC = 8, A = 60°. K&t qua nao trong

cdc két qua sau la do dai canh BC ?
a) V129 ; b) 7; ¢) 49 ; d) /69.
Giai
Ta c6 a® = b? +c? - 2bc cosA = BC’ = AB* + AC? - 2AB.AC.CosA
= BC? = 5% + 82 - 2.5.8.c0s60" = 49
Vay BC = 7. Két qua (b) ding.
Bai 3 .Hinh vé 30 v& mot ho nuéc nam & goc tao bdi hai con dudyng. Bén

ban An, Cutng, Tri, Puc du dodn khodng cach tir B dén C nhu sau:

An ¥ Skm. . .\‘\._‘
Cudng : 6 km. Y .,\:\_ /

Tri: 7 km. //‘/-5:\

Buc : 5,5 km. P =N

Biét ring doan dudng tir A dén B g @\
12 3 km, doan duong tit A dén C la Hinha0

4 km, géc BAC la 120°. Dy dodn ciia ban nao vé khodng cdch BC sat
thuc té: nhat ? :
Giai ,
Ta c6 : BC? = AB? + AC* - 2ABACcosBAC = 3% + 4° - 2.3.4.c0s120° = 37
= BC=x~ 6,1 km.
Vay Cuong du doan ding hon.
Bai 4. Cho tam gidc ABC. Ching minh cdc khiang dinh sau
-a) G6c A nhon khi va chi khi a® < b” +¢*
b) Géc A tu khi va chi khi a* > b’ +¢?
¢) Géc A vudng khi va chi khi a* = b* +¢?
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(:iai

4 bz + CZ - {i;
Ta c6: CosA = .
2bc
P i v* L ' 4 ' p
a) Goc A nh(_)n & CosA 30 &5 e—un ~ 50 +» al <b?+c?

2he
b) Géc A tu khi va chi khi CosA < 0

bz + (3.'2 — 82 : ; 2 :
T <0 < a"»>b" +c¢°
c

( b? + ¢ - a* , L
¢) Gée A = 90" & cosh =10 & —— »J;} e 2 ) =5 8 = b® +°,
2be

ai 5 .Cho tam giac ABC co A = 60", B =45". Tinh hai canh a va c
Giai
Tu cong thie dinh ly sin trong tam giac
a b c

A a—

sinA sinB sinC

3
. ; o 4-\‘.“ /3
- b.§1nA _ 4.§1n6? = 2 = 4_13_ = 2/6.
sinB sin45 v2 V2
5
_ bsinC _ 4.sin75’ 5.5.

sinB ~  sin45’
ai 6 . Cho tam giac ABC c6 A =60° a = 6. Tinh ban kinh dudng tron
ngoai tiép tam gidc.

Giai
Tu dinh ly sin trong tam giac ta co:
6 6 12 —
.a = 2R = 2R= T - = R = 2\/3
sinA sin60" /3 3
2

iai 7. Chitng minh ring néu ba goéc clia tam giac ABC théa man hé thic
sinA = 2sinB.cosC thi tam giac ABC la tam giac can.

Giai
Ta c6 sinA = 2sinB.cosC
a _2b atsbt-d o ateb o
2R 2R 2ab a

& b?P-c? =0« b=c Vaytam giac ABC can tai A.



Bai 8. Hinh bén vé mot chi€c tau thay dang neo d4u & vi tri C trén bién
va hai ngudi d vi tri quan sat A va B

cdch nhau 500m. Ho do dugc géc ’[
EAB = 87°; BBA = 62°. Tinh c4c 7
s,
khodng cdach AC va BC. A
A g,
Giai e
i i o,
a c6: _ & ]
- A LR o ' e ——
C=180°-(A+B) = 180° - 149° = 31° M
8/ ea” 87\ A

Ap dung dinh 1y sin ta c6:

AC BA o ke sinB.AB

‘sinB  sinC - sinC
sin62°.500
sin 31°
ABsinA _ 500.sin87°
sinC sin31°

Viy: AC ~ 867(m) ; BC = 969 (m)

Bai 9 .Goi'H la truc tdm cua tam 'giéc khong vuéng ABC. Chiing minh
riing ban kinh cdc dudng tron ngoai ti€p cac tam gisc ABC, HBC,
HCA, HAB déu biéng nhau. ‘

=~

I

Hay AC = ~ 857 (m)

BC =

~ 926 (m)

Giai

Goi R; R;; R,; R,
ldn lugt 12 bén
kinh dudng tron
ngoai ti€p tam gidc
ABC, HBC, HCA,
"HAB. Theo hé qua
cia dinh ly sin, _ £ _
‘trong tam gidc B @ . B b 4
ABC ta c6:

Trong ca hai trudng hop: Géc A nhon (h.a), 1a géc tu (h.b) ta déu cé:

EI:IF+BAC =180° = sinEfiF =sinBAC
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Do d6 theo hé qua caa dinh ly sin ta cé:
BC a a
Rl = . = - -] - =
sinBHC 2sinBHC  2sinA
Hoan toan ching minh tuong tu ta cing ¢c6 R, =R, = R
Vay R = R, = R, = R, (Diéu phai ching minh)

3ai 10 . Tam gidc ABCc6a=7,b =28, c=6. Tinh m,.

Gidi
Ap dung cong thic trung tuyén ta c6:
, b*+c® a? . 64436 49 151 V151
m = ——— D ma = _—— T — = ma = —
" 2 4 2 4 4 2

3ai 11 . Tam gidc ABCc6a=5b=4,c=3 Lay diém D d6i xirng véi B
qua C. Tinh 4% dai AD.

Giai
Ta c6 tam gidc ABC c6 AC 1a trung tuyén, nén ta cé:
2 2 2
AC? = AB” + AD* BD
2 4 A
Suy ra
uy 1 3
AD? = -2—[4.ACZ + BD® - 2AB? | i 2
1 B 5 ¢ " D
= —|44*+5°-23*| =173 |
Sl ]
Vvay AD = V73 =~ 85 -
A D
3ai 12 . Cho hinh binh hanh ABCD c6
AB = 4, BC = 5, BD = 7. Tinh AC. 4 7
Giai |
Goi O 1a giao diém cia AC va BD
thi AO la trung tuyén cia tam gidc B C‘
2 2 2 2 2 2
ABD. Tacé : AO* = 2B ;AD —Bf - 2 2T 82

Suy ra AO =~ 29 = AC = 2A0 =~ 5,8.
3ai 13. Ching minh ring trong mét hinh binh hanh, téng binh phuong
cac canh bing tong binh phuong hai dudng chéo.
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Giai
Goi O la giao diém hai dudng chéo
AC va BD cua hinh binh hanh ABCD.

Ta c6: AO* = AB’ + AD’ - BD*
: 2 4
Hay AC’ _ AB'+AD' BD* A
4 2 4

Suy ra AC* + BD? = 2(AB? + AD?), ma AB = CD; AD = BC.
Vay AC? + BD? = AB? + BC? + CD? + DA? (dpcm)

Bai 14. Ching minh ring tam gidc ABC vudéng & A khi va chi khi
5m? = m] + m’
Giai
Tacé : 5m? = m) + m’

b%? +¢* a* a’+c¢? b* a’+b? ¢
=%

ety @ -

2 4 2 4 2 4
I 10(b2+ c‘)‘-5az =2a’+ 2¢ -b? +2a’ + 2b* - ¢* & 9a% = 9b? + ¢?)

hay a® = b®*+c® Suy ra tam gidc ABC vuéng tai A.
Bai 15 . Tam gidec ABC c6 b = 6,12; ¢ = 5,35; A = 84°. Tinh dién tich tam

gidc dé.
Giai

Ap dung cong thic S = —;-bc.sinA = 8= %.6, 12.5,35s5in84" ~ 16,3.
' Vay S =~ 16,3
Bai 16. Cho tif giac ABCD. Goi M, N 14n luot 12 trung diém ciia AC va BD.
. Ching minh ring AB% + BC? + CD? + DA? = AC?*+BD*+4MN?.

Giai e
Trong tam gidc ABD ta c6: C
2 2 ., BD?
AB? + AD* = 2AN*+ = (1)
Trong tam g{éc CBD ta c6: A B

2
CD? + CB* = 2CN*+ BIZ) 2)

Cong v& v6i vé cua (1) va (2) ta cé:
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AB* + BC* + CD* + DA* = 2(AN*+CN”) + BD* (3)

Xét tam giac CAN ta co:
AN" + CN* = 2MN* +ATO (4) (Vi M la trung diém AC)
Thay (4) vao (3) ta dugc:

2
Ag } BD? = AC? + BD? + 4MN?2

AB? + BC* + CD* + DA*® = Q[ZMN'Q.

Bai 17. Goi S la dién tich tam gidc ABC va R 1a bdan kinh dudng tron
ngoai tiep tam gidc ABC. Ching minh rang S = 2R” sinA.sinB.sinC.
Giai
Ta co: S = Z%:—. Ap dung dinh 1y sin ta c6

S = QRSIHA'QR:;{HB'QRSIHC = 2R%*sinA.sinB.sinC.

Bai 18. Ching minh riang dién tich cia mdt tif gidc béing nua tich hai

dudng chéo va sin cua géc hop bdi hai dudng chéo dé.
Giai
Gia st 2 dudng chéo AC va BD cit
nhau

A D

tai O va géc AOB la géc nhd nhat
trong
bén géc tao bai hai dudng chéo cia tu

gidc. Goi S,, S,, S,, S, lan lugt 1a dién
tich tam giac OAB, OBC, OCD, ODA.
Khi dé dién tich tit gidc ABCD bing

S, +8, + 8, +8, .

Tach: S, = %OA.OB.sinAéB 30 -;-OB,oc.sin BOC

Vi AOB+ BOC = 180° Nén sin AOB = sin BOC

Vay S, +8, = -;-OB(OA +0C)sin AOB = -;-OB.Ac.sin AOB

Hoan toan tuong tutacé : S, +S, = —;OD.AC.sin AOB
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Nén S, +8, +8S, +8, = -;-AC(OB +OD).sin AOB = % AC.BDsin AOB

Bai 19. Gidi tam gidc ABC biét
a)c=14; A:GO"; B = 40°

A

b)b=45; A =30°: B = 75°
e)c=35; A =40"; C =120°
d)a=1375: B =83": C =57° .
o Giai
a) A=60°; B =40°. Tacé C = 180°-(B+ C) = 180°-100° = 80°
Tu dinh ly sin trong tam gidc

. . 0
c.sinB _ 14.sin40 ~91

a8 b i € Gihg
_sinA' sinB  sinC sinC sin80°

c.sinA _ 14.5in60°

va a = — = — :
sinC sin80°

~ 12,3.

b) A=30°; C =75°= B =180°- (A+C) = 75°
Ap dung dinh ly sin trong trong tam gidc ta cé

ot b.sinA _ 4,5.sin30° ~ 2.3
sinB  sin75° :

Do B=8=75° = AABC cAntai A = c=b =4,5.
Viy: B=75%c=4,5;a = 23.

¢) B = 180°- (A+C) = 180° - 40° — 120° = 20°
c.sinA _ 35.sin40°
sinC sin120°
csinB _ 35.5in20°

b= = ~
sinC 8in120° 188

~ 26,0

—
E—

d) A =180°- (B+C) = 180° - 83° - 57° = 40°
a.sinB _ 137,5.5in83"

b= ~ 212,3
sinA sin40°
a.sinC  137.5.5sin57°
c = Z = 4 ~ 1794
sinA sin40°
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3ai 20. Giai tam gidc ABC biét
a) a = 6,3; b=6,3; C = 54°
by b =32 ¢c=45 A =87

¢)a=7b=23 C =130°

Giai
: . (1800 - éj (180° - 54°)
a)Doea=b=> A=B = A=B = 5 = 5 = 63’
. : . a.sinC  6,3.sin54°
Ap dung dinh ly sintac6é: c = = — =~ 5,7.
pEERg SRAS sinA sin63’

b) Ta c6 a* = b® + ¢* - 2bccosA

= 32°4+45°-2.32.45.c0s87" ~ 2898,27
Suy raa = 53,8
Ap dung dinh ly sin ta c6

b.si .81 -

sinB = SinA ~ SRR ~ 0,5940

a 53,8
Suyra B ~ 36°, C = 180° —(ﬁn é) ~ 57°
¢) Ta c6 ¢ = a® + b* - 2abcosC

= 7%+23%-2.7.23.c0s130° =~ 784,98
Suy rac = 28,0

_ _ 3

Ap dung dinh 1y sin ta c6 sinA = a.8inC = Bt ~ 0,1915

e - 28
Suy ra A =~ 11° B = 180° —-(A+ é) ~ 39°

3ai 21. Giai tam gidc ABC biét
a)a=14;b = 18; c = 20;
b)a=6;b=173;¢c=4,8;
c)a=4;b=5;c=17.
Giai
a) Ap dung dinh li cosin ta suy ra
b®+c*-a®  18%+20°-147

A _ ~ 07333 => A =~ 43
cos 2be 2.18.20 bR
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b.sinA _ 18.8in43°
a 14

= Ba6l"> C =180°-(A+é) ~ 76

Lai c6 sinB = = 0,8769

b) Ap dung dinh i cosin, va dijnh ¢ sin ta suy ra
b*+c*-a’ _ (7.3)" +(4,8)' -6
2be 2.7,34,8
bsinA _ 7,3.sin55"
a 6
=B~85 =C = 180"-(2&4— B) » 40°

CosA = ~ 0,5755 = A =~ 58

Lai c6 sinB =

= 0,9966

e¢) Ap dung dinh ly cosin, sin ta suy ra
b*+c®-a® 5 +7°-4°
CosA = —— ‘.
V=T T T 287
b.sinA _ 5.8in34°
a

~0,8286= A~ 34°

Lai ¢6 sinB = ~ 0,6990

=B~ 44°=C = 180"-(A+ ﬁ) ~ 102",

Bai 22. Biét hai luc cung tdc dong vao mot vat tao véi nhau géc 40°.

Cudng 49 cia hai lyc d6 1a 3N va 4N. Tinh cudng d6 cia lye téng hop.
Giai B C

Do BAD = 40° = ABC= 140°
. Ap dyng dinh 1y cosin ta ¢6
AC* = BA*+BC*-2BA BC.cos ABC A
= 8%44%.2.3.4,008140° » 43,39 = AC =~ 6,8
Vay cuting d9 cia lyc tdng hgpAC ~ 6,6 (N).
Bai 28, Tir vj tri A nguti ta quan sdt
mdt cdy cao nhu hinh bén, Biét AH = 4m,

HB = 20m, BAC = 45° Tinh chiu cao clia cay. /
Giai
Do tam gidc AHB vudng tai H
= AB? = AH? + HB® = 4% +20° = 416. Nén AB=~ 20,4. Laic6:
HB 20

1 f g - A = g
SinHAB=7 » - ~ 0,9804. = HAB ~ 79,

E 7 B
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Ma HAB=ABC = ABC ~79". Suy ra ACB ~ 56"

Xét tam giac ABC ta cé

CB AB AB.sin45’ 20,4.sin45"
T — = CB= : 0 = : 0
sin45’ sinC sinb6 sin56

17,4.

Vay chiéu cao cia cay CB~ 17,4(m).

Bai 24. Trén néc mot toa
nha c6 mot cot ang-ten. Tu

vi tri quan sat A cao 7m so
véi mat dat, c¢6 thé nhin ’

thay dinh B va chan C cia

cot ang-ten dudi géc 50° va -
40° so vdi phuong ndm AN )
ngang. Tinh chiéu cao cua QUL
toa nha dé. 1ninla

Giai

Xét tam gidc ABC c6 A = 50° - 40° = 10°.

B =90° -50° = 40° (Vi tam gidc ADB vudng tai D)
Ap dung dinh ly sin trong tam gidc ABC ta c6
a.sinB _ 5sin40° |

= ~ 18,5
sinA sin10°

AC=b=

Lai c6 CD = AC.sin CAD ~ 18,5.5in40° ~ 11,9 = CH ~ 7+11,9 = 18,9
Vay chiéu cao toa nha CH = 18,9 (m).

II1. BAI TAP TUONG TU VA NANG CAO.

Bai 25. Cho tam gidc ABC. Ching minh réng;:

m’ +m! +m? = g':(aa\2 +b* +¢?).
Bai 26. Tam gidc ABC c6 canh AB =3, CA=17, BC = 8.
a) Tinh dién tich tam gidc;
b) Tinh d6 dai phan gidc trong AD cha géc A .
Bai 27. Mc}t‘ngudi ding cdch mot cdi thdp 10m,
nhin thay cdi thap dudi géc 55° va dugc

10

Y

N
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phan tich nhu hinh vé. Tinh chiéu cao
caa thép. .
Bai 28. Trén ngon d6i c6 mdt cdi thdp cao 100m

(Hinh bén). Tir dinh B va chéin thdp C nhin
chdm A & chan 4di duéi cdc géc tuong ding 1a
30° va 60° so v6i phuong thing diing.

X4c dinh chiéu cao HA cta ngon d8i.

e L (Ll L Ll
e T

IV. PAP 86 VA HUONG DAN GIAL
Bai 25. Tif cfng thic tinh d9 dai trung tuyén ta dugce

2 2 2 b2+c’ az az+cz b? 32+b2 c?
m? +m} +m? = S i s o S P
2 4 2 4 @ 2 4
= %(a2+b2+c2) (dpem)
Bai28.a)>S=6V3 b)ADz_—‘B;)Q

Bai 27. Chiéu cao thap BC ~ 12 (m).
Bai 28. Chiéu cao ngon déi 1a AH = 50 m.

,, : ON TAP CHUONG I1L
1. TOM TAT LY THUYET.

1. Dinh nghia gid tri luong gidc cua mét géc

V6i mdi géc a (0° <o <180°) ta xdc dinh diém M trén nita dutng

trdn don vi sao cho

A

A=a

S e (18) + (8 - 05755=> A =~ 55°
2bc 2.7,34,8

Gié st diém M c6 toa dé‘ (x;y). Khi d6

e Tung d6 y cha diém M goi 1a sin cia géc o, va viét: sina .

e Hoanh d% x cia diém M goi 1a cosin cia géc o, va viét: cosa .
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e Ty sd X (x # 0) goi la tan cia goe a, viét tana = sina
y cosa
., . X . i , " . Cosa
e Ty s6 — (y #0) goi la Cotang cia géc a, viét cota = ——.
4 Sina

2. Tich vo hudng cua hai vecto

nd

e Tich v6 huéng a.b cta hai vects a va b dugc tinh theo cong thic:

a.b = |;|.|B|.cos(;,g).
e Cac tinh chat:

1) e;b - b{i,

2) (ka).b = k(a.b);

3) e;(t;+5) = ab + t;;,

4)alb < a.b=0;
5) Binh phuong vé6 huéng cliia mot vecto bang binh phuong doé dai
ctia vecto d6. a® = | ; |*

e Biéu thuc toa dd cha tich vd hudéng cha hai vecto va khodng cich
gitta 2 diém
1) Néu ;(x;y), B(x’;y’) thi a.b = xx"+ yy'
2) N&u M(x;y,), N(xy;yy) thi MN = \/(XN - xM)2 +(¥n - .VM)2

3. Pinh 1y cosin trong tam gidc

a? = b? + c¢? - 2bccosA

b? = a* + ¢ - 2accosB

¢? = a? + b? - 2abcosC.

4. Pinh ly sin trong tam gidc

a b c - - ar
= = = 2R (R ]a ban kinh dutmng tro ABC
sinA sinB  sinC tron ngoai tiep A )

5. Coéng thic trung tuyén

2 _ b2 +c’ az.m, a’+c¢® b* , a®+b?
= - — b =

m ;
" 2 4
6. Cong thuc tinh dién tich tam gidc

<
_4'
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1
S= bh, = —ch
b 2cc

LI ey
g * g2
1

I

—~absinC = %bcsinA = %acsinB.

= %%5 = pr= \/p(‘p—a)(p—b)(p—C)

Ti'ong dé AB = c; BC = a; CA = b; h,, hy, h 12 cdc duong cao tuong dng
v6i cdc dinh A, B, C cta tam gidc ABC. R, r l4n lugt 1a ban kinh dudng
tron ngoai ti€p, noi tiép tam gidc ABC. p la nia chu vi.

IL. BAI TAP CO BAN.
A. CAU HOI TU KIEM TRA
Bai 1. Phat biéu dinh nghia tich vé huéng cia hai vecto. Khi nao thi tich
vd hudng cia hai vecto la sé duong ? 1a s6 Am ? bang khéong ?
' Giai
Tich vd hudng cia hai vecto ; va B 12 mdt s6 dugc xac dinh:
ab=lallblcos(ab)

—3

b >0 e cos(a,b) >0 0°<(a,b)<90°

.
S

-

b <0 & cos(a,b) <0 < 90° < (a,b) < 180°

@
0y

-

b =0 <> cos(a,b)=0<(a,b)=90°

Bai 2. D€ gidi tam gidc ta thudng dung dinh 1y cosin trong nhitng truong
hgp nao ? Dung dinh li sin trong nhitng truéng hgp nao ?
Giai
o DE gidi tam giac ta thudng dung dinh 1y cosin trong trudng hop:
+ Gidi tam gidc khi biét ba y&u t& 1a canh. -
+ Gidi tam gidc khi biét hai canh va mt géc xen gidla.
e Dé gidi tam gidc ta thuyng dung dinh ly sin trong trudng hop:
+ Gidi tam gidc khi biét hai géc va mot canh xen giita.
+ Gidi tam gidc khi biét hai canh va mét géc xen giita.
Bai 3. Cho biét dd dai ba canh cia tam gidc. Lam thé nao d€ tinh
a) Cac gbéc cua tam gidc d6 ?
b) Cac dusng cao cua tam giac d6 ?
c) Ban kinh dudng trén ndi ti€p va ngoai ti€p tam gidc ?
d) Dién tich tam gidc ?

- I
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Giai
a) Dé tinh ba géc cha tam gidc thi:
Buéc 1: Sir dung dinh 1y cosin dé€ tinh 1 géc,
Budce 2: Sit dung dinh ly cosin ho#c dinh ly sin dé tinh géc thu hai,
Budce 3: Sit dung téng ba géc bang 180° dé tinh géc thi ba.
b) Pé tinh cdc dudng cao ta nén:
Budce 1: Tinh dién tich tam gidc theo cong thic Hé-rong.
Buéce 2: Tinh h, = L ' h, = 2 ‘R = = ;
a b ¢ c
¢) Dé tinh ban kinh dudng tron ngoai tiép, ndi ti€p tam gidc thi:
Buée 1: Tinh dién tich tam gidc theo cdng thic Hé-rong.
abc S

Busec2: R= — ;r= — .
4S5 p

d) Tinh dién tich tam gidc theo céng thic Hé-réng.

Bai 4. Trong mat phing toa dd, biét toa do ba dinh cla tam gidc, 1am thé
nao dé tinh chu vi, dién tich, toa d8 truc tdm, tAm dudng trdon ngoai
tiép tam gidc?

Giai

e Tinh chu vi: Tinh khodng cédch giita cdc dinh . Khi d6 chu vi cia
tam gidc l1a téng ba khoang cdch dé.

o Tinh dién tich:
+ N&u da tinh chu vi thi ta chi cdn Ap dung cdng thic Hé-rong,

+ Ap dung S = -;-absinC bang cdch tinh BC, AC, cosC réi tir d6

tinh sinC qua cong thic sin® C + cos®*C = 1.
e Tim toa do truc tdm:
Goi truc tdm H(x,,y, ) tam gidc ABC, khi dé:
AH 1 BC - AHBC =0
| Eﬁ 1L AC BHAC =0
Gidi(») = toa dd H .
e Tam dudng tron ngoai ti€p: Goi I(x,;y,) 12 tAm dudng trdn ngoai
. IA=IB _J|TA| =|TB|
tiép thi T ot
d {IA=IC {IIAI = |IC|
e Gidi hé (»+) =>toadol.

(*) (S dung cdng thidc biéu thic toa do)

(++)
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B. BAI TAP
Bai 1 .Ching minh cédc cong thic sau:

R =%<1;|2+|S|2-1;_6|ﬂ>;
ek =§<|;+i;|2-z;_i;|2.

Gidi

1 - 9 - 2 - - 2 1 2 2 2 -2 - -
a) Tacé:E(!a' +|/bl2=|a-b]| )=-§(a +b ~-(a+b -2a.b))

- —

5b & Vv a.b =§(|;|2+|B|2-|;_5|2>

1 -
Z2a.b
2

- - -2 2 - - -2 2 -
b) Tacé : |a+b|2-|a—b|2=-}l-(a +b +2a.b- (a +b -2a.b))

L
4
l—n-—b —

a.b .Vay a.b =

—

(|;+glz-|a—g|2.

]

= b
4

|

‘Bai 2. Goi G la trong tdm tam gidc ABC.
a) Ching minh réng véi moi diém M ta ludn c6
MA? + MB? + MC? = 3MG? + GA? + GB? + GC2.
b) Tim tap céc diém M sao cho MA? + MB? + MC? = k?, trong d6 k la
moét s6 khong d6i. .
Giai

a) Ta c6 MA? + MB® + MC* = (MG + GA)’ + (MG + GB)' + (MG +Gc)’
= 3KJ—G2+(—}—A4+(-§§3+E‘CQ+2-M—G(GK+G—I§+§(—J)

= 3MG® + GA? + GB? + GC?

b) MA’ + MB' + MC' = k* & MG’ = [k - (GA? + GB* + GC')]

(vL)

Viy :
e Néu k?-GA?-GB?-GC? >0 thi tdp cdc diém M la dudng tron

tdm G, bdn kinh R = \/%(k' -GA?-GB? - GC”)

e Né&u k? - GA? - GB? - GC? = 0 thi tap cac diém M la diém G.
e Né&u k? - GA? - GB? - GC? <0 thi tap cac diém M la tap réng.
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Bai 3 .Cho hinh binh hanh ABCD. Tim tap cac diém M sao cho
MA? + MB? + MC? + MD? = k?, trong d6 k 1a mot s6 khong déi .
Giai
Goi O la tam hinh binh hanh ABCD, ta cé:
MA® + MB? + MC? + MD? = k*

2

< (MO+6K)2+(MO+OB) +(MO+OC)2+(_1\7I_(_).+6T))2 = k?

< 4MO?* + OA? + OB? + OC? + OD? + 2MO.(OA + 0B +0C + OD) = k?

¢ MO* = 7[K* - OA* - OB? - OC* - OD"]
o MO? = i-[kz - 20A* - 20B*] (Vi O Ia tam hinh binh hanh)
Vay:

e Néu k* - 20A? - 20B? > 0 thi tap cac diém M la dudng tron tdm O
ban kinh R = \/%[V - 204’ - 20B*],

e Néu k* - 20A* - 20B? = 0 thi tap cac diém M la diém O,
e Né&u k* - 20A* - 20B? < 0 thi tap ciac diém M la tap réng.
Bai 4 .Trén hinh bén cho vé hai tam gidc vudng cdn ABC va AB’C’ ¢6
chung dinh A. Goi I va J 1an lugt 12 trung diém cha
hai doan thiang BB’ va CC’. Chiing minh

rang.
a) Al LCC’, AJ LBB’;
b) BC'LBC

Giai
a) Ta cé

]

iCC = %(AB + AB')(AC - AT)

- +(ABAC - RBAC + ABAC - AB'AC)
_ %(AB.AC' - AB'AC) (Vi cic géc BAC va B'AC' 1a c4c géc vudng)
_ —;—(AB.AC'.COS BAC'- AB'.AC.cos B'?\C) =0
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(Vi AB = AC; AB' = AC’ va hai géc BAC' bing géc B'AC)
Vay Al L CC'. Ching minh tuong tu ta c6 BB’ L AJ .
b) Ta cé

BC'BC = (AC - AB|(AC - AB))

= AC'AC- AC'AB' - ABAC + AB.AB’

= ACAC + ABAB (Vi cdc géc BAC va B'AC 1a céc goc vudng)
= BCB'C = AC'AC.cos CAC + Aﬁ.AB’.cos BAB' = 0
(Vi AB = AC; AC' = AB' va CAC +BAB' = 180° nén
cos CAC = -cos BAB') . Vay BC' L BC.
Bai 5 .Cho hinh vuéng ABCD canh a. Goi N la trung diém CD, M la diém
trén AC sao cho AM = %AC.

a) Tinh cdc canh cia tam gisc BMN.

b) C6 nhan xét gi vé tam gidc BMN. Tinh dién tich tam gidc d6.
¢) Goi I 12 giao diém cua BN va AC.Tinh CI.
d) Tinh bén kinh dudng tron ngoai ti€p tam gidc BDN.

. Giai B
a) Ta ¢6 AC = av/2; ma AM = %AC.
& MO Sa\/§ R
4
Xét tam gidc CMN ta c6 :

MN? = CM? + CN? - 2CM.CN.cosNCM A

2 2 :
R §——2.33J§.5.cos45" B o—— e —
8 4 4 .2 8 4 4 8

av10
4

Vay MN =

Xét tam gidc BNC ta cé

2 2
BN”:BC"+CN’=a2+%- 5a.vayBN=3-‘/§-
Xét tam gidc BMC ta c6
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BM‘ = BC? + CM? - 2.BC.CM.cosBCM

2
L4t 2 g 30V2 e B
8
Vay BM = E?

b) Nhan thay BM = MN, mat khac MN? + BM? = BN*
Do vay tam giac BMN vudéng can tai M

2
L S,..= lpMMN < L aV10 aV10 _ Ba’ i vich)
N = g 2 4 4 16

¢) Xét tam giac BCN, ta c6 CI la phan gidc trong cua tam giac
BI BC _a _, _ pr-g

IN CN L

Ma BI+1N:BN=§—2‘-/-—5- e IN=E-é‘/§

=

o

a
» . : CN 2
Xét tam giac BCN ta ¢cé : cosBNC = =
: BN ~ a5

— IC% = IN? + CN? - 2IN.CN.CosBNC
a5 a V5 _ 14’ a' _ 8a’

_bat a® _a’ _ 8a’
T 36 4 ‘6 '2°5 36 6 36
Vay IC = z‘fa:a‘f

d) Ta c6 S, = EBD.DN.sin BDN = %a\/ﬁ.i.sinz;s“ -2

Lai co, gm R la ban kinh dutng tron ngoax tiep tam giac BDN:

\/— a a\/_
p . BDDNBN _ o \10a
a‘ T4

4'SABUN
Bai 6.Cho e = (4;1) va f = (1;4)
a) Tim goc gilta cac vecto ej va f

b) Tim m dé vecto a = e+ mf vudng géc vdi truc hoanh
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¢) Tim n dé vectd b = ne+ f tao véi vectd i+ j mét géc 45",

Giai
a) Taco
e.f 4.1+1.4 8 -
Cotat )il e 5 = (&f)= 61'5540"
lell £l  V1* +4°.J4% +1°
b) Tai a=e+rmf c6 toa 46 (4 + m;1 + 4m) .

Truc hoanh nhén Y= (1; 0) lam vecto don vi

Nhu vay ;vuﬁng g6c véi truc hoanh khi :
4+ml1+(1+4m)0=0 m=-4
Viy m = - 4 12 gi4 tri c4n tim .

¢) Tacé b = (4n+1;n+4); it = (1;1).

ey b’(” J] 4n+1+n+4
=cos(b; i+ j) = e = - -
bl s J(@n+1) + (n+ 4)* V2
- 5n+5
J17n% + 16n + 17.42
> > o © Bn+b J2

=(bji+j)=45°

J17n® + 16n + 1742 B

n=4
©1T*+16n+17=06n+5° ©8n’+34n+8=0 1
n=—
‘ 4
Viy n=4;n= % 12 gi4 tri cdn tim.
Bai 7 .Cho tam gidc ABC. Chitng minh ring
2 2 2 2 2 2
a) cotA = D +:S "2 . b)cotA + cotB + cotC = 2 +:S+c
Giai
. . a b* + ¢? - a*
) Ta ¢6 sinA = —; cosA =
2 R =R ™ 2be
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cosA  b*+c¢*-a%® 2R b? +c?-a’ b* + ¢* - a*
= CcOotA = — = : = B =
sinA 2bc a abc 4S

b* + ¢* - a*

4S5

b) T cau a, ta suy ra

Vay cot A =

cot A + cot B+ cotC = b* + ¢ -a2+a"" +c?-b? +b" +a®-¢? _ b? + ¢ +a’
4S 45 4S 45
Bai 8 .Cho tam gidc ABC. Chitng minh ring diéu kién can va da dé hai
trung tuyén ké tu B va C vudng géc v6i nhau la b? + ¢* = 5a°
Giai C
Gia st BE va CF la hai trung tuyén
caa tam gidc ABC. Goi G 1A trong
tAm cua tam gidc.

Ta ¢c6 BE L CF < tam gidc GBC vudng tai G

@GMz—;-BC(MIAtrungdié’mBC) ) R — -

2 a2 2/(v2 2 2 2
= (imaj = (EJ @(-1—) b owe B ). 8 & b?+c?=5al
3 2 3 2 4 4

Bai 9 .Trong s6 tam gidc ¢6 hai canh 12 a va b, tim tam gidc c6 dién tich

l16n nhat
Giai
Goi hai canh cda tam giac ABC 1a AC = b, BC = a.
"Tacd Sy = -;—BC.AC.sinC = —;-ab sin C.

Do a, b khong d6i, do dé Sapc 16n nhat < sinC 16n nhat
< sinC = 1 hay C = 90°

Bai 10 .Cho tam gidc ABC c6a= 12, b = 16, ¢ = 20. Tinh dién tich tam
gidc, chiéu cao h,, cdc ban kinh R, r cGa dudng tron ndi ti€p, ngoai
tiép tam gidc. |

Giai
Ta ¢6 p = a+;+c _ 12+126+20 _

e Dién tich tam gidc ABC

24.
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S=Jp(p-a)(p-b)(p-c) = 24(24 - 12)(24 - 16)(24 - 20) = 96

abc 12.16.20
e R= = =10
4S 4.96

Bai 11 .Cho hai dudng trdon (O;R) va (O’;R’) cdt nhau tai hai diém A va B.
Trén dudng thing AB ldy diém C & ngoai hai dudng tron va ké hai
ti€p tuyén CE; CF dén hai dudng tron (E; F 12 cdc tiép tuyen) Chung
minh réng CE = CF.

Giai

Ta cé /c,(o) CA CB CE CE2
'%c/(oa)_z CACM:HE = 6?. = CF2
= Yoo = Senon hay CE = CF

Luu y: Bai 11 trén dugce st dl.m'g nhd |
~ dinh ly sau (dugc viét & cufn phan loai
hinh hoc 10 cta cung tdc gia).

Dinh ly: Cho dudng trdn (O;R) va diém M cd dinh. Mot dudng thing
thay déi di qua M va cdt dudng tron tai hai di€ém A va B thi tich vo
huéng MA.MB 1a mdt s§ khéng d6i. (Gi4 tri MA.MB khéng déi néi
trong dinh 1y trén goi 1a phuong tich cia diém M d6i vdi dudng tron
(0). Ki hidu S0 -
Swo = d°-R?  (d = OM)
Bai 12 .Cho dudng tron (O;R) va mot di€m P c§ dinh trong dudng tron.

Hai ddy cung thay d6i AB va CD ludn di qua P C
va vudng géc vdi nhau

a) Ching minh ring AB? + CD* khéng d6i; A

b) Ching minh ringPA? + PB? + PC? + PD?
khéng phu thudc vao vi tri

cua P.

8o

xd
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H

i

Giai
a) Goi E; F theo thu tu lan luot 1a trung
diém cua AB va CD. Ta
AB? + CD* = (2AE)’ + 2(CF)’

4(AO* - OE* + CO* - OF*) = 4(2R* - (OE* + OF*))
4(2R* - OP*) = 8R* - 40P* khong dbi.
b) Ta cé6:
PA® + PB? + PC? + PD? = (PA + PB)? + (PC +PD)* - 2PA.PB - 2PC.PD
- (PA + PB)? + (PC +PD)* + 2PAPB + 2PCPD
= AB%? + CD? + 4 ./ P/,
= 8R? — 4PO? + 4(PO? - R?) = 4R? khong déi .
C. BAI TAP TRAC NGHIEM
. Gia tri cos 45" + sin45" bing bao nhiéu ?

1 I V2, 1) V3; V) 0.

. Trong cdac ddng thuc sau, déng thic nao ding ?

I) sin (180° - a) = - cosa ; II) sin (180° - @) = - sina ;
IIT) sin (180° - a) = sina ; IV) sin (180° - a) = cosa ;
. Trong cdc ddng thuc sau, ddng thuc nao sai?
I) 8in0° + cos0° = O; II) 8in90° + c0s90° = 1;
J3+1

I1) sin180° + cos180° = ~1; IV) 8in60° + cos60° = 5

. Trong cdc hé thic sau, h¢ thic nao khéng dvng véi vx 0180’ ]

I) (sinx + cosx)’ = 1 + 2sinx.cosx ; II) (sinx — cosx)? = 1 - 2sinx.cosx ;
III) cos®x — sin*x = cos’x — sin®x ;  IV) cos®x + sin*x = 1.

. Cho O 12 tam dudng trdn ngoai ti€p tam gidc ddu MNP. Trong céc cip
vectd sau, cap ndo gdm hai vecto ma géc giita ching béng 120° ?
DMN va NP ; IDMO va ON ;III)MN va OP ; IV)MN va MP

.Cho M, N, P, Q la 4 diém tuy y. Trong céc hé thic sau, hé thic nao sai?
I) MN(NP + P’Q) = MN.NP + MNPQ;
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II) MP.MN = - MN.MP;
III) MN.PQ = PQMN;
IV) (MN - PQ)(MN + PQ) = MN? - PQ’.

7. Trgng cdc hé thic sau, hé thic nao ding ?

-3 - - - —;2 -
I)Ia.bl=|a|.|b|;II)\/:=|a|;

2 - - -
III)\[ajza; IV)a==¢tlal.

8.Cho a = (3;4), b = (4;-3) . Két luan nao sau day la sai ?
0; I)alb;
bl=0; W) lallbl=0.

D v(1;-3); IDv(2; -6); IIDv(1; 3) ; IV) v(-1; 3)

10. Cho A ABC c¢6 a = 14; b = 18; ¢ = 20. K&t qua nao sau day la gdn
ding nhat ? | |
I) B ~ 42°50'; II) B =~ 60°56'

* IIIHB = 119°04'; IV) B =~ 90°.

11. N&u tam gisc MNP c6 MP = 5; PN = 8 va MPN = 120° thi do dai
canh MN (1am trdn d&n chi s& thap phéan tha nhit) 1a
D11,4; ID124; IID70 ; IV120.

12. Cho A MPQ tai P. Trén canh MQ 14y hai diém E, F sao cho cdc géc
MPE, EPF, FPQ bing nhau . Pat MP =q, M
PQ = m, PE = x, PF = y (hinh bén). Trong céc
hé thudc sau, hé thic nao ding ? E
I) ME = EF = FQ; | L oL
II) ME? = q* + x*-xq; ‘ y
I1I) MFz. =g’ +y’-yq;

. IV) MQ® = q* + m® - 2qm. m
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13. Tam giac ABC c6 BC = 10; A= 30°. Ban kinh dudng tron ngoai ti€p

tam giic ABC bang bao nhiéu ?

)5 1D 10: 111)39—;1\/) 103

J3
14. Tam gidc véi ba canh 1a 5, 12 va 13 ¢6 dién tich bing bao nhiéu ?
1) 30; 1) 20 V2 ;
) 10V3; : IV) 20.
15. Tam giac ABC c6 ba canh la 6, 10, 8. Ban kinh dudng tron ngoai ti€p
tam gidc d6 bang bao nhiéu ?
D J3; ID 4;
11D 2; V) 1.

16. Tam ABC ¢6 B = 60°, € = 45°, AB = 5. Hdi canh AC bing bao nhiéu?

I) 5V3; 1) 5v2;
111) i@—; IV) 10.
2

Déap an:

Cau 1 2 3 4 5 6 7 8
Pap an | 1I 111 I IV I I I IV

Cau 9 10 11 12 13 14 15 16
Pap 4n | III 11 I I1I 11 I 1 | I

II1. BAI TAP TUONG TU VA NANG CAO.
Bai 13.Cho tam gidc ABC c6 AB = 10, AC = 4 vA A= 60°.
a) Tinh chu vi tam gidc.

b) Tinh tan é
¢) Cho diém D trén tia d8i cia tia AB sao cho AD = 6, hdy tim diém E
trén tia AC sao cho BE la tiép tuyén cia dudng tron ngoai ti€p AADE.

5V3

Bai 14.Cho tam gidc ABC c¢6 A= 60°,a=10,r = 5

a) Tinh R : b) Tinh b, c.
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Bai 15.Cho tam gidc ABC c6 AB = 13, BC = 14, CA = 15, dudng cao AH.
a) Tinh dién tich tam giéc ;
b) Tinh dudng cao AH cta tam gidc ;
¢) Tinh HBHC .

sinB.sinC = g-

Bai 16. Chitng minh réng tam gidc ABC thod man ' bt
, @ -b ¢

a = a-b-c
1a tam gidc déu.
IV. DPAP SO VA HUONG DAN GIAL
Bai 13: a) Chu vi tam gidc ABCla : 2p=AB+BC +CD =10 + 4 + 8,72 222,72
a)tanC = -5\3
b) Piém E cin tim 12 diém trén tia AC va cich A mot doan = 5 + V85

Bﬁi14;a).R=}-9— ¢ b)b=c=10

J3
i
Bai15.a)S=84:b) AH=12;¢c) HB.AC .
a’-p'-¢
a-b-c
Mat khéc : a® = b? + ¢® — 2bc.cosA = cosA = -;— = A =60°(1)

2

Bai 16. Ta c6 a® = oa’l=b’-bc+ec

Lai ¢6 : sinBsinC = % <> 4sinBsinC = 3
< 2(cos(B-C)—cos(B+C)) =3« 2cos(B—-C) + 2 cosA =3

208 (B-C)=2(vi A =60°)>cos(B-C)=1=B=C(2
Tu (1), (2) = tam gidc ABC déu.
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CHUONG III
PHUONG PHAP TOA DO
TRONG MAT PHANG

$1. PHUGNG TRINH TONG QUAT CUA PUOGNG THANG

I.TOM TAT LY THUYET.

1. Vecto n khac () c6 gia vudng goc vai dudng thidng A goi la vecto
- phép tuyén cia duong thing A.
e Cho dusng thing A di qua My(x, ; y.) va nhan n(A ; B) lam
 vecto phdp tuyén khi di qua A ¢6 phuong trinh téng quat :
Ax+By+C=O(A2+B2¢O;C-—--AxO—Byo)
e Khi B = 0 thi (A) c6 phuong trinh: Ax + C = 0 l1a dudng thing
vudng géc truc Ox '
A = 0 thi A c6 phuong trinh: By + C = 0 la duong thing
vuong goc truc Oy
C = 0 thi A di qua goc toa dd.
Luu y : Puong thing
Xy % =1 (a#0 ; b»0) di qua A (a ; 0) va B (0 ; b) goi la phuong
o .
trinh dudng thdng theo doan chin.
2. Trong hé Oxy cho 2 dugng thing
AAx+By+C; =0
A21A2X+B2y+02=0

” A, B

e Aj, A; cat nhau & — » —

A, B,
e A1/ A P A1=B1 ¢Cl
o A, B, C,
e A=Ay ':::'AlzB‘-_-Cl
A B C

]
L]
=]

II. BAI TAP CAN BAN.

Bai 1. Trong (4c ménh dé sau, ménh dé nao dung?
a) Dudnys, thing song song véi truc Ox c6 phuong trinh y = m (m # 0)
b) Pudrg thing song song véi truc Oy c6 phuong trinh x = m®+1
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¢) Phuong trinh y = kx + b 1a phuong trinh cia dudng thing:
d) Céac dudng thing déu c6 phuong trinh dang y = kx + b.
e) DPudng thidng di qua 2 diém A(a;0) va B(0;b) c6 phuong trinh
LD A
a b
L Giai
e Cdc ménh dé ding: b ;c;a.
e Cdc ménh dé sai: d ; e
Bai 2._Viét phuong trinh t6ng quét cha:
a) DPudng thdng Ox
b) Pudng thidng Oy
¢) Dudng thing di qua M(xo; yo) va song song véi Ox;
d) Pudng thdng di qua M(xo ; yo) v& vudng géc véi Ox;
e) DPudng thidng OM, véi M(x, ; yo) khac diém O.
' - : Giai
a) Do dudng thdng Ox di qua O(0 ; 0) va vudng géc véi j (0; 1)
= Ox cé phuong trinh téng quaty = 0
b) Do dudng thing Oy di qua O(0 ; 0) va vudng géc v6i 1 (1 ; 0)
= DPudng thing Oy c6 phuong trinh x = 0
¢) Do dudng thdng qua M(xo; yo) va vudng géc véi j (0 ; 1)
= Dudng théng c6 phuong trinh 0 (x - xo) + 1(y — yo) =0
hay y - yo = 0 (yo # 0)
d) Do dudng thidng qua M(xo; yo) va vudng géc véi i (1; 0)
= Dudng théng c6 phuong trinh 1(x — x¢) + 0(y — yo) =0
hay x — x9 =0 ( xo % 0)
e) Do dudng thdng di qua O (0; 0) nén né c¢6 phuong trinh:
Ax + By =0
Mat khéc : dudng thing di qua M(xo; yo)
= Axo + By =0
Lay A=y, = B=xq
Do d6 dudng thdng c6 phuong trinh: yox — xgy = 0
Bai 3. Cho tam gidc ABC c6 phuong trinh cdc dudng thdng AB, BC, CA la
| AB:2x -3y-1=0
BC: x + 3y +7 =0
CA:5x-2y +1=0
Viét phuong trinh dudng cao ctia tam gidc ké tir dinh B.
Giai
Toa d9 di€ém B la nghiém cta hé:

84



[2x-3y-1=0 X =2

< 5 suy ra B —2;——5~)
lx+3y+7=0 y=5— 3
3
N . ) 1 1
Deé thay AC di qua M(O;E) g N(—E;OJ

; g 1 1 .
= Puong cao BB nhan MN(—— ;- —2—) lam vecto phap tuyén.

= Pudng cao BB c6 phuong trinh:
1 1 5
~-—(x+2)-—|y+—1|=0
5( ) 2( 3]

37
Hay 2x+5y+—3—-—0

Bai 4. Cho 2 diém P(4; 0) ; Q(0; -2)

a) Viét phuong trinh dusng thing di qua diém A(3; 2) va song song
v6i dudng thang PQ;

b) Viét phuong trinh dudng trung truc cia doan PQ.

Giai
a) Ta c6: Pudng thing PQ c6 phuong trinh:
E«f——y—"‘l S x -2y -4=0
4 -2

Puong thing A song song vdi PQ c6 phuong trinh la:
x—-2y+c=0 (c = 4)

Do Adiqua A(3;2)suyra3d3-22+c=0<c-=1

Vay dudng thdng A cidn tim c6 phuong trinh:
x— 2y +1 =0

b) G01 J la trung diém cta PQ => J(2;-1;

Duang trung truc cia PQ nhén PQ( 4; -2) l1am vecto phdp tuyén
= Pudng trung truc ciia PQ ¢6 phuong trinh:
-4(x-2)-2(y+1)=0
hay 2x +y — 3 =0

Bai 5. Cho dudng thing d: x — y =0 va difm M(2; 1)-

a) Viét phuong trinh téng quét cia dubmg thing/dsi xing cia d qua
iiém M;

b) Tim hinh chiéu cia diém M trén dutmg thﬁng d.
Gidi

a) Xét tap hop nhing diém A doi xdxg v6i A qua M khi A chay trén
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d. Pat A(xo; yo) chay trén d v A(x ; y) 1a diép1 d8i xung vai A qua M.

Ta co: {x+x0= 4 <::>l {xox %
S YHye=2 ¥ | Yo=2-y
DoAe dnénxg—-yo=4=2>4x)-2-y)=0=x-y-2=0
Do d6 dudng thdngdsi xing véi d qua M ¢6 phuong trinh:
x-y-2=0
b) Xét dusng thidng A c6 phuong trinh: x + y + m =0
Dé thay A L d
MeA<¢3>2+1+m=0&m=-3
Vay duong thidng A di qua M va vudng géc vdi d c6 phuong trinh :

x+y-3=0
Goi M ' la hinh chiéu cia M lén d. Suy ra toa d9 M la nghiém cia
3 .
X=—
. ; x-y=0 2
hé phuong trinh: {x+y—3=0 o 3
Y=§
3.8
Vay M’| —;—
(23]

Bai 6 . Xét vi tri tuong doi cla cac cap dudng thdng sau va tim giao
diém cha ching (néu cé)
a)2x-5y+3=0vabx+2y-3=0
b)x-3y+4=0va0,6x-15y+4=0
c)10x+2y-3=0vabx+y -1,6=0
Gidl

a) Ta cé: -g #* -_-5- = dudng thdng 2x — 5y + 3 = 0 cit QUBng théng

5x+2y-3=0
Toa d9 giao diém I 12 nghiém ctia hé
r : 9
2x-5y+3=0 | *" 59 9 21
{5x+2y—3=0 =49 8y =1 29' 29
y= ~
AL e
: i | -3 4 e :
b) Ta ¢c6: — = —— # — = hai dudng théng song song véi nhau
0,5 -1,5 4
c) Ta c§: ? = -f— = -_T3-5— = Hai dudng thdng tring nhau
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I11. BAI TAP TUONG TU VA NANG CAO.
Bai 7. Viét phuong trinh cac duong cao cia tam giic ABC biét A (-1; 2);
B (2; -4); C (1;0)
Bai 8. Viét phuong trinh cac duong trung trie cua tam giac ABC biét
M (-1; 1); N (1; 9); P (9; 1) la cac trung diém cua ba canh
Bai 9.Cho diém A (-1; 3) va duong thang A ¢6 phuong trinh
x — 2y + 2 = 0. Dung hinh vuong ABCD sao cho 2 dinh B, C ndm trén
A va cac toa do cua dinh C déu duong.
a) Tim toa do cac dinh B, C, D
b) Tinh chu vi va dién tich cua hinh vuéng ABCD
Bai 10. Cho 2 dudng thing:
d:2x-y-2=0 d:x+y+3=0 va diém M (3 ; 0)
a) Tim toa do giao diém cua d, va d,
b) Viét phuong trinh dugng thang di qua M cat d; va d; 1an lugt tai
cac diem A va B sao cho MA = MB

IV. DAP SO VA HUGNG DAN GIAL
Bai 7.
Goi H la truc tam caa tam giac ABC. Ta co:
e DPuong cao AH ¢6 phuong trinh: x -4y +9=0
e DPuong cao BH ¢6 phuong trinh: x-y-6=0
e DPudng cao CH c6 phuong trinh: x-2y-1=20
Bai 8.
Gia st M, N, P theo thu tu 1a trung diém cia AB, AC, BC chia tam
gidc
ABC k
Pudng trung truc cia BC c6 phuong trinh : x + 4y - 13 =0
Pudng trung truc cia AB, AC lan lugt Ja: x -y +2=0vax-1=0
Bai 9.
a)BO;1) ; C2;2 ; D4
b) Ta c6 chu vi hinh vudng ABCD la: 4 x AB = 45
Dién tich cia ABCD 1a : ABx AD = /5 x5 = 5
Bai 10.

a) Toa do giao diém I ciad;, vad,la 1 '(v%;mgj

b) MA c¢6 phuong trinh y = 8(x ~ 3)
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$2. PHUONG TRINH THAM SO CUA PUONG THANG

I. TOM TAT LY THUYET.

1.Vecto u khdc 0 c6 gid song song hodic trung véi A dugc goi la vécto
chi phuong cia dudng thing A.
2. Trong mit phang toa dq Oxy, cho du’bng thdng A di qua M, (xo; yo)

| va c6 vécto chi phuong u (a; b). Piém M (x; y) € A thi:

{;‘z;:j;t teR)

(1) goi 1A phuong trinh tham s8 cia dudng thﬁ\ng A.
3. Tu (1) v6i a # 0; b #0 thi:
X% YWy . ; )
e goi 12 phuong trinh chinh t4c cGa A

Luu ¥: Néu a = 0 thi A c6 phuong trinh tdng quat x — xo = 0 va khéng
c6 phuong trinh chinh téc.

Néu b = 0 thi A c6 phuong trinh téng qudt y — yo = 0 va khéng
c6 phuong trinh chinh téc. -

Né&u u (a ; b) 12 vecto chi phuong ciia dudng thing A thi

n (-b ; a) s& 12 vecto phdp tuyén chaa A.

IL. BAI TAP CAN BAN.

Bai 1. Cho dudng thing A : {" e

(t e R) Hoéi trong cdc ménh dé

sau, ménh dé nao sai:
a) Piém A (-1; -4) thujc A;
b) Piém B (8; 14) khong thuQé A, diém C (8; -14) thudc A;

c) A ¢6 vectd phép tuy&n u (1; 2);

- d) A c6 vectd chi phuong u (1; -2);
x-8 y-14

~ e) Phuong trinh l1a phuong trinh chinh tic caa A,
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f) Phuong trinh x—;l* = o l1a phuong trinh chinh tic cia A.
Giai
e Cac ménh dé dang: b, d, e, f
e Cdc ménh dé sai: a, c
3ai 2. Cho dudng thdng A : Ax + By + C =0. Trong cdc ménh dé sau,
ménh dé nao ding?

a)Vecto ; (A; B) 1a vecto phap tuyén cua A;
b) A c6 vecto chi phuong ::(-B; A);

¢c)A c6 vecto chi phuong :; =(kB; kA) v6i k #0;
d) A c6 vecto chi phuong :=(5B; -5A);

e)Dudng thdng vubng géc véi A ¢ cic vecto chi phuong u =(A; B).
Giai )
- Cac ménh dé ding: a, b, d, e
- Cac ménh dé sai: ¢
3ai 3. Hay viét phuong trinh tham sd, phuong trinh chinh tdc (néu c6) va
shuong trinh tdng quét cia dudng thdng di qua hai diém A va B trong
ndi trudng hgp sau:

a)A=(-3;0) ;B(0;5) ~
b)) A4;1) ; B(4;2).
c) A(-4;1) : B (1; 4).
Giai
| -
a) Taco: AB = (3; 5)
Suy ra:
e Duong thiang AB c6 phuong trinh tham sé la: {; Z g? + 3t
: A ) x+3 y
e Dudng thidng AB c6 phuong trinh chinh téc: =5

. Dudng thdng AB c6 phuong trinh téng quat: 5(x + 3) — 3y =0
Hay: 5x — 3y +15 =0

—>
b) AB=(0; 1) Suy ra:

e Duong thing AB c6 phuong trinh tham sé: {x=4

y=1+t

e Duong thing AB khong cé phuong trinh chinh tic
e Dudng thing AB c6 phuong trinh téng quat: x — 4 =0
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e 4
c) AB =(5; 3) Suy ra:

e Dudng thdng AB c6 phuong trinh tham sé: { ;:Ifggt

x+4 y-1
3

e Dudng thidng AB c6 phuong trinh chinh téc:

e Dudng thing AB c6 phuong trinh téng quét:
3(x+4)-5(y-1)=0 Hay:3x-5y+17 =0

” -2
Bai 4. Cho diém A (-5; 2) va dudng thidng A : o B

3 ok,
. Hay viét
phuong trinh dudng thing.
a) Di qua A va song song vdi A;
b) Di qua A va vudng géc vdi A.
: Giai
a) Do A c6.vecto chi phuong u(1; -2). Do viay dudng thing (d,) cdn
tim c6 phuong trinh:
x40 y-2
1 -2

b) Do dudng thdng (dz) cAn tim vudng géc véi A nén né nhan ;( 1; -
2) lam vecto phép, ma né di qua A
Do vay dj c6 phuong trinh: 1(x + 5) - 2(y - 2) =0 hayx- 2y +49 =0
Bai 5. Xét vi tri tu’b‘ng ddi ciia mdi cap dudng thing sau day va tim toa
do giao diém (néu cé) cha ching:

x=4 -2t Xx=8+6t ,
a){y=5+t (teR)vé{y=4M3t. (t e R)
x=5+t x-4 y+7
RS e e O
yal-t GERIVA x4y-d-

Giai

x=4 -2t

y=5+t di qua M; (4 ; 5) va c6 vecto

a) Ta cé du&mg thing (d,): {

chi phuong: u, (-2; 1)
X =8+ 6t

(t € R): di qua M, (8 ; 4) va c6
y=4-3t

Dudng théng (dy) {
vecto chi phuong u, (-2;1)
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= (dy) va (dy) cé vecto chi phuong cung phuong
Mat khac: M, ¢ d;
Do vay d, song song vdi d;
b) d; {; j 533*": ot (t € R) c6 vecto chi phuong u#l ; 2) va di qua

M; (5 ; -3)

dy: —— = 2—— ¢6 vectd chi phuong u, (2; 3) va di qua M, (4 ; -7)

- »

Do u, va u, khong cung phuong, suy ra d; cat d,

Toa do giao diém la nghiém cia hé :

x=58+1t t=-5
dy = -3+ 2t <4 x=0 VAay toa do giao diém la (0 ; -13)
x-4 y+7 y =-13

2 3

x=5+t =¥ ) :
c) ds: { 01 i nhan n, (1; 1) lam vecto phap tuyén va di qua
y=-1-

M5 (5, 1)
d¢: x + y — 4 = 0 nhan ;;: (1; 1) 1am vecto phép tuyén
Do n,,n, cung phuong, mit khac:5-1-4 =0 = M; € (d¢)
Vay ds va dg trung nhau.
3ai 6. Tim hinh chiéu vudng géc cia diém P (3; -2) xudéng dudng thing A
trong mdi trudng hgp sau:
=t

a) A: {x (t € R)

y=1

b) A: hakl

-
-4

c) A:b5x— 12y +10 = 0
Giai
) -
a) Goi H1a diém nAm trén A= H (t ; 1), suy ra PH(t - 3 ; 3)

Pudng théng A cé vecta chi phuong i (1; 0)
- - - -
H 1a hinh chifucitaPlénA< PH 1L i < PH . i =0

SHt—-3=0t =3
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VayH(3;1)

P =1+3t
b) Ta ¢6 A c¢6 phuong trinh tham sd {x +4t (teR) (1)
J ==

Duong thing d di qua P va vudng goéc v6i A nhan u (3 ; -4) lam vecto
phép tuyé&n. Suy ra d c¢6 phuong trinh:
3(x-3)-4(y +2)=0 hay3x -4y -17=0 (2)

Thay (1) vao (2) = 3(1 +3t) - 4(-4t) - 17=0 o t= ;‘; _
[ 6T
X = "2—g
Th ao (1) :
ay vao (1) : = 5 _“Eﬁ
L~ 26
. o . . (67 56
Vay hinh chiéu vudng géc cta P lén_A c6 toa do (55—;— -ég)

¢) Goi A 1a dudng thdng qua P va vudng géc véi A. Do A vudng géc véi

A nén A nhan u (5; -12) 1am vectd chi phuong. Suy ra A’ ¢6 phuong
ek e LM e )
‘ y=-2-12t

49
Thay (3) vao phuong trinh A ta c6: t= - -16_9

Suy ra toa do hinh chiéu cGa P lén A la:

x-3+5( 49) x___2__6_2_
169 169

49) =) “asp

169 Ly " 169

y--2 12(

\

Vay hinh chiéu cia P 1én A c6 toa d§ (262 250]

169 169

Bai 7. Tim diém M trén dudng thing A: x — y +2 =0 c4ach déu hai diém
E0;4)vaF(@4;-9)
Giai
Ta c¢6 A c¢6 phuong trinh tham sé: { B (teR)
y=2+t

- —>
DoMe(A)suyra: M (t; 2 +t) = EM=(t;t-2) ; FM (t-4;t +11)

Do M cdch déu E va F thi EM = FM

92



133

(t-42+t+11)° 18t +133 =0t = ——

=t 4+t - 2)° =
18

Vay M (—13—3;—9—7-]
18 18
Bai 8. Cho hinh binh hanh c6 toa do mét dinh la (4; -1), biét phuong
trinh hai canh la x — 3y =0 va 2x + 5y + 6 =0. Tim toa dd ba dinh con
lai caa hinh binh hanh dé.
Giai

Gia s hinh binh hanh dé6 1a ABCD ¢6 A (4 ; -1)

Do A khdng thujc hai canh d3 cho.Gia si BC: x — 3y =0
CD: 2x + 5y + 6=0

¥ S R

s oy e m4a x-3y=0 11
Toa dd diém C la nghiém caa hé: K

® 0_ Q g e U 9 {2x+5y+6=0 XMMLS_

{ 11

Vay C ('—}E;—-ﬁ]
11 11
e Do AB song song véi CD nén AB c6 phuong trinh:
2(x—-4) +5(y + 1) =0 hay 2x + 5y — 3 =0
= Toa do diém B la nghiém cta hé:
)
{2x+5y*3=0 - 11 VayB(i;E—)
x -3y =0 -8 1111
T
e AD song song v6i BC nén AD c¢6 phuong trinh
I(x-4)-3(y+1)=0 hayx-3y-7=0
= Toa d6 diém D la nghlem cua hé:

. o s L
SO R U E
2x +5y+6 =0 i 20 117 11

{ 11

II1. BAI TAP TUONG TU VA NANG CAO.
Bai 9. Lap phuong trinh tham s&, chinh tic (néu cé) cia dudng thing d

trong mdi trudng hop sau:
a) d di qua A (-1 ; 2) va song song v6i dudng thdng 5x + 1 =0
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b) d di qua B (7 ; -5) va vudng géc vdi dudng thidng x + 3y — 6 =0
¢) ddiquaC (-2 ;3)vaco hé sé gock =-3
d) d di qua hai diém M (3 ;6) va N (5 ; -3)

Bai 10. Tim hinh chiéu vuéng géc cia diém M ( 3; 1) trén dudng thing A
x=-2-2t
y=1+2t
Bai 11. Lap phuong trinh cdc dudng thdng chia bdn canh cia hinh vudng
ABCD biét dinh A (-1; 2) va phuong trinh ciia mdt dudng chéo la:
{x =-1+2t

= -2t

c6 phuong trinh {

(t e R)

= ""2t ’ = --2 -- ; )
Bai 12. Cho hai dudng thing A:{ ¥ % tt €L vaaA {x ., teR.
: y =

Viét phuong trinh duong thdng dsi xing cia A qua A

IV. DPAP SO VA HUGNG DAN GIAL
Bai 9.
x=-1

a) d c¢6 phuong trinh tham sé: (te R)
y=2+5t

d khéng c¢6 phuong trinh chinh tdc
Xx=T7T+t

‘b) d ¢6 phuong trinh tham s8: < (t e R)
_ y =-5+3t

$-7 ¥+b
3.

: _ : iy ol

¢) d cé6 phuong trinh tham sé: A=A (t e R)
y=3-3t

x+2_y~3

-3

d c6 phuong trinh chinh tic:

o d c6 phuong trinh chinh téc:

' —>
d) d di qua hai diém M (3 ; 6) va N (5 ; -3) = d nhan MN(2 ; -9) lam
vecto chi phuong, do dé:

Cd = 2
e d ¢6 phuong trinh tham sé: Al e
y=6-9t
, -3 -6
e d c6 phuong trinh chinh tac: 5 2 9
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: o (1 -3
Bai 10. Toa dé hinh chiéu vuéng géc M cua M lén A la M (~;?)
Bai 11. Phuong trinh bdn canh cia hinh vuéng la : x +1=0; y =0
x+3=0;, y-2=0
Bai 12. Puong thang can tim la: x + 7y - 22 = 0
$3. KHOANG CACH VA GOC

I .TOM TAT LY THUYET.

1. Khoang cach tir diém M (xo; yo) dén dudng thang
|Ax, + By, + C|

JA® + B
2. Hai duong thang a va b ciat nhau tao thanh bén géc, s6 do chia goc
nho nhat dugc goi la géc gita hai dudng thidng a va b. Khi a song
song hoac trung vdi b, ta quy udc goc giita ching bing 0°
Cho 2 dudng thang A;: Ajx + Byy + C; =0 va Ay Agx + Boy + Cy =0.
Goi ¢ la géc hop boi A; va A, khi dé:

|AA, + B,B,|

1) Cos ¢ = cos(Ay; Ag) = == _
JaZ +B2.[A? + B?

2) A1 4 Az Lomn A1A2 + B1B2 =0

A Ax + By + C=01a: dM; A)=

II. BAI TAP CAN BAN.
Bai 1. Trong cac ménh dé sau, ménh dé nao dung?
a):Casin cua géc giita hai dusng thing a, b bing césin cia géc gila
hai vecto chi phuong caa chiing;

b) Né&u hai duong thing A va A 14n lugt c6 phuong trinh px +y + m = 0
; N y . 2l

va x+ py +n=0thi: cos(4;A) = —5—;
p°+1

- -
c¢) Trong tam gidac ABC ta c6: cosA = cos (AB ;AC);

d) Néu ¢ la goc giita hai dudng thing chira hai canh AB, AC cua tam
2 2 2
giac ABC thi: cosg = D EE ;
2AB.BC
e) Hai diém (7; 6) va (-1; 2) nAm vé hai phia cia dudng thing y = x.
Giai
®» Ciac ménh dé ding: b, c, e
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e Cac ménh dé sai: a, d A
Bai 2. Cho ba diém A (4; -1); B (-3; 2); C (1; 6). Tinh géc BAC va géc giita
duting hai dudng thidng AB, AC.

Giai
- - ;
Ta c6: AB(-7;3) ; AC(-3; 7)
Cos HAC = cos(:B A—ZJ) AB AC = i—-ﬁ) ol s e 31_
PR AC[ JC? e3P+ 29

= BAC =~ 43°36¢’

Do cdc dudng thdng AB, AC lan lugt cé céc vecto chi phuong la
- -

AB, AC ma (AB; AC) < 90° nén (AB, AC) = (AB, AC] ~ 43°36’

Bai 3. Viét phuong trinh dudng thdng song song va cach dudng thing
Ax + By + C =0 m{t khodng béng h cho trude.
Giai
Goi M (x;y) 1a diém cdch dudng thdng A: Ax + By + C= 0 mdt khodng la
h
|Ax + By +C|  |Ax + By +C]
st ikl M0 M RO s 5t PR

vA? + B? VA% + B?
= {Ax+By+C+h\/A2+B2 bl

Ax+By+C-hvA?+B®* =0 (2

Vay tap hop cac diém M la hai dudng thdng song song vdi dudng
thing da cho c6 phuong trinh (1) va (2)
Bai 4. Cho 3 diém A (3; 0); B (-5 ; 4) va P (10 ; 2). Viét phuong trinh
dudng thing di qua P dong thdi cdch déu Ava B
Giai
Goi A la dudng thédng qua P va c6 vects phép tuyén l1a n(a; b)
= A c6 phuong trinh: a(x — 10) + b(y — 2) =0
hay ax + by — 10a — 2b =0
DPé A cach déu A va B thi:
d(A; A) = d(B; A)

= dM; A) =

& el 2bl |—15a o2 2bl & |—7a 2b| = |—153 + 2b|
\/a +b? \f +b? ‘
[2a-b =0 (1)
@ %
la=0 (2)

Véia=0,lay b=1= (A) c6 phuong trinhy -2 =0
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Véi 2a -b=0,ldya=1=b =2, do d6 dusng thing A 1a x + 2y -14=0
Vay duong thdng cdn tim la: x + 2y — 14 =0 hoacy - 2=10
Bai 5. Cho diém M (2; 3). Viét phuong trinh duong thdng cit hai
truc toa do ¢ A va B sao cho tam gidac ABM la tam gidac vudng cén tai
dinh M.
Giai
Gia st duyng thdng cdt Ox tai A; cdt Oy tai B. Nhu vay bai todn dua
MA = MB
A 4 ; 5 ; - >
vé tim A (a; 0) va B (0; b) sao cho (MA, MB) _ o

- -

Taci: MA=(a—-2;-3); MB(-2;b-3)

eMA=MBo(a-2?%+9=4+(b-3)°
oal-4a=b%2-6b (1)

- o
. (MA, MB) =90° < -2(a-2) - 3(b-3) =0

< 2a+3b-13 =0 (2)
o o {a2m4a=b2~—6b o
Tu (1) va (2) ta c6 heé : vd nghiém
2a+3b-13=0
Vay khéng ¢6 dudng thing nao thod man diéu kién bai toan
Bai 6. Cho hai duong thing Ay: x + 2y — 3 = 0 va Ay 3x — y +2=0. Viét
phuong trinh dudng thing A di qua P (3; 1) cdt A}, A; 6 A, B sao cho A
tao vd1 A; va A, mot tam gidc cdn cé6 canh ddy la AB
Giai
Goi n (A; B) la vecto phdp tuyén cia dudng thidng A can tim:
Do A cdt Ay, A; & A, B tao thanh méot tam gidc can c6 ddy la AB
= (A, Ay) = (A, Ag)

|A + 2B| 3A - B|
= o 2 e —————————
\/E(A2+B2) 10(A? + B?)
o \ZA+2B| - [3A-B| o|A =028
A=(1-2)B

ChoB=1thiA=1% 2
Vay dudng thing A cin tim c¢6 phuong trinh la:

1+ V2) (x=3)+ (=1 =0va(1-V2)(x-3)+(y-1)=0
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II1. BAI TAP TUONG TU VA NANG CAO.

Bai 7. Cho ba diém A (2; 0); B (4; 1); C (1; 2)
a) Chiung minh ridng A, B, C la ba dinh ctia mdt tam giac
b) Viét phuong trinh dudng phan gidc trong cta géc A
c¢) Tim toa d§ tAm I cia dudng trdn ndi ti€p tam gidc ABC

Bai 8. Biét cdc canh clia tam gidc ABC c6 phuong trinh:
AB:x-y+=0 , BC:3x+8y+4=0 , AC: Tx+y-12=0
a) Viét phuong trinh dudng phan gidc trong géc A . : ‘
b) Khong diung hinh v& hdy cho biét g8c toa d6 O nim trong hay
ngoai tam gidc ABC
Bai 9. Xdc dinh cdc gid tri cia a dé géc tao béi hai dudng thing
{x =2 +at

(teR) va 3x + 4y + 12 =0 béing 45°
y=1-2t- o

Bai 10. Cho tam gidc ABC c6 dinh A (—:»,-51-) Hai dudng phén gidc trong

tai dinh B va C l4n lugt c6 phuong trinh x - 2y - 1 = 0
va x + 3y — 1 = 0. Viét phuong trinh canh BC cta tam gidc.

IV. PAP 80 VA HUGNG DAN GIAL
Bai 7.

o - - - :
a) Tacé: AB =(2; 1), AC(-1; 2). AB va AC khdng cung phuong. Do
dé A, B, C khong thdng hang va la ba dinh ciia mjt tam gidc
. b) Phuong trinh dudng phéan gidc géc Ala:3x-y-6=0

o228, 8
2442 2+2
Bai 8.

a) Phuong trinh dudng phan gidc trong géc Ala: 3x -y + 2 =0
b) O ndm trong tam gidc ABC

Bai9. Véia = —?{- va a = - 14 thi A, va A, tao v6i nhau mdt géc 45°
Bai 10. Phuong trinh canh BC la: y + 1 =0
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§4. DUGNG TRON
I. TOM TAT LY THUYET.

1. Phuong trinh dudng tron (C) tam I (a; b), bdn kinh R la:

(x—a)’ + (y-b)*=R?
2. Phuong trinh x* + y + 2Ax + 2By + C = 0, véi diéu kién A® + B2 >C,
la phuong trinh cua dudng tron ¢6 tam I (-A; -B) va ban kinh
B= ¢4 + B = |
3. Puong thing tiép xic véi dudng tron khi va chi khi khoang cach tu
tam duong tron dén duong thing bang bdn kinh ctia duyng tron.

Bai 1. Cho phuong trinh x* + y* + px + (p — 1)y =0 (1). Hdi trong cic
ménh dé sau, ménh dé nao ding?
a) (1) la phuong trinh cia mot dudng tron
b) (1) la phuong trinh cia mot dudng tron di qua goc toa do
c¢) (1) la phuong trinh cia mdt dudng tron c¢6 tdm J (p; p — 1)

-1
d) (1) la phuong trinh cda mot dudng tron cé tdm J (—mpi,— s 2 J va

cé ban kinh R = —;—\/sz -2p+1

Giai
e Cac ménh dé ding: a, b, d
e Cac ménh dé sai: c
Bai 2. Viét phuong trinh dudng tron (C) trong mdi trudng hop sau:
a) (C)cétam I (1 ; 3) va di qua diém A (3; 1)
b) (C)c6 tam I (-2 ; 0) va tiép xtc véi dudng thdng A: 2x +y — 1 =0
Giai
a) Do (C) c6 tam I (1; 3) nén (C) c6 dang:
(x-1)?%+(y-37°=R?
Mit khdc: (C)diquaAB3; 1) =>B-12+(1-3)%=R? & RZ=8
Vay (C) c¢6 phuong trinh (x - 1)> + (y - 3)* = 8
b) Ta c6 khoang cédch tit I dén A la:
[2.(-2) +0 -1

V2% +1
Vay dudng tron (C) ¢6 phuong trinh: . (x+ 22 +y*=5

Bai 3. Tim tdm va ban kinh ctGa cdc dudng tron (né€u c6) cho bdi céc
phuong trinh sau:
a) x> +y>-2x-2y-2=0;

di ay = & \/g = ban kinh cia dudng tron R = d; 4
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b) x*+y® - 4x - 6y + 2 =0
c) 2x2+2y2~5x-—-4y+1+m2=0
Giai
a) x>’ +y’-2x-2y-2=0
DoA’?+B2-C=12+1%+2=4
= Pudng tron c6 tam I (1; 1) ban kinh R =2
b) x’+y* - 4x -6y + 2 =0
Taco: A+ B -C=224+3%-2=11
=.Pudng tron c6 tdm I (2; 3) bdn kinh R = J11
c) 2x> +2y* -5x—4y + 1 + m®* =0 , Ta cé:
e (§)2+1h1+m2 _25+16-8-8m’ -8m®+33
2 16 16

= Pudmg trdn c6 tAm I (%;1) bén kinh R = ix/“smz +33 v6i |m| <\[%_§

Bai 4. Viét phu’ong trinh cia dudng tron di qua ba diém M (1 2),
‘N ( 1;2),P(5;2)

>0

Guh
Goi (C) c¢6 phuong trinh X + y + 2Ax + 2By + C =0 la phuong tnnh
dudng tron di qua M, N ,P
‘DoM, N, P nim trén ( C) nén:

2A-—4B+C+5=0 2A+C+56=0 A=-3
2A+4B+C+5=0 o B=0 & <B=0
100A+4B+C+29=0 J10A+C+29=0 C=1

Vay dubng tron ( C ) di qua 3 diém N, M, P c6 phuong trinh

x> +y2-6x+1=0 hay (x-3)%+y* =8

Bai 5. a) Viét phuong trinh dudng tron tiép xic véi hai truc toa d6 va di

-qua diém (2; 1)

b) Viét phuong trinh dudng tron di qua hai diém (-1; 1) ; (1; 4) va
tiép xic véi truc Ox

Giai

a) Do diém (2 ; 1) n¥im & g6c phdn tu thi nhat, do vay dudng
tron di qua (2 ; 1) va ti€p xiic v6i hai truc toa do chi ti€p xic & cdc
diém thudc nia truc Ox, Oy
Goi I (a, b) 12 tam va R la ban kinh cua du’img tron cdn tim thi
phuong trinh cia dudng tron l1a: (x — a)® + (y - b?=R*(@a>0;b>0)
Do dudng tron tiép xic véi Ox va Oy
=% |a|=|b|=R hay a = b =R

Mat khac dudng tron di qua diém (2; 1) nén:
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il

1

5

e Vagi a=1: duong tron c6 phuong trinh
x-D*+(y-1°=1

a
a

It

(2-a)2+(1—b)2=32®[

e Vdi a =5 duong tron cé phuong trinh
(x -5 +(y-572=25
b) Goi (C) la dudng tron can tim c6 tam I (a; b), ban kinh R
= (C) ¢ phuong trinh (x — a)* + (y — b)? = R?
Do (C) tiép xic vdi trucOx => R =Db
— (C) ¢6 phuong trinh (x — a)? + (y — b)® = b®
Do (C) di qua hai diém (-1; 1) va (1; 4) nén ta c6:

(1-a) «(1-b) =b" _ [a®-2a-2b+2=0
(1_a)z+(4_b)2=b2 a®-2a-8b+17=0

5 b3
<:>{6b~~-15=0 - b=§ - 2
- —_ = < =—1
a“-2a-2b+2=0 a®_2a_3=0
. La==3

. 5
eVia=-1;b= —
2

= Pudng trdn can tim la:

5 25

O o Tt

(x+1) (Y 2) 1
5

eViia=3, b= —
2.

= Dudng tron can tim la:
2
(x - 3)? +(y -i) 29

— e—
_—

2 4

x=1+2t

Bai 6. Tim toa do cac giao diém ctGa dudng thing A : { 2 ok
y=-2+

va duong tron (C): (x - 1) + (y - 2> =6
Giai
Goi M(x; y) 1a giao diém cia A va (C).
Toa d9 giao dém M cha A va (C) 1a nghiém hé
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x=1+2t x=1+2t x=1+2t

y=-2+t Sy =-2+t >y=-2+t
(x-1*+(y-2°=16 |4t*+(t-4)* =16 5t -8t =0 (1)
t=0
Tu (1) = t-8
5
x =1
e V6it=0= = M(1;-2)
y=-2
rx-g—]; g
e V6it=0= { —~52i>M(~2E_};—-§-)
v Ly 5
£ e e : 21 -2
Vay toa do giao di€m cua A va (C) la (1; -2) va —5—;— = F

Bai 7. Viét phuong trinh ti€p tuyén cia dudng tron x2 + y* =4 trong mdi
trudng hgp sau:
a) Tiép tuyén song song vdi duosng thing 3x — y +17 =0
b) Tiép tuyén vudng géc véi dusng thdng x + 2y — 5 =0
c) Tiép tuyén di qua diém (2; -2)

: Giai

Ta c6 dutng tron (C ) cé6 tdm I (0; 0), ban kinh R =2
a) Do ti€p tuyén (d) song song vdi dudng thdng 3x — y +17 =0
=> Phuong trinh ti€p tuyén d c6 dang: 3x —y + ¢ =0 (c # 17)

Theo raitacé: d(I,d) =R & --I~(—:'——=2 = C= iZﬁa
J10

Vay tiép tuyén cén tim la: 3x - y 12410 = 0

b) Do tiép tuyén A vudng géc véi dudng thdng x + 2y — 5 =0
= Phuong trinh A c6 dang: 2x -~y + D =0

Theo bai ta cé6:

dI; A) =R @J_?J_zz = D= +2J5

J5

VAay tiép tuyén cin tim la: 2x — y 1245 = 0

¢) Goi A, 1a dudng thdng di qua (2 ; -2)

= Ajcodang A(x-2)+B(y+2) =0 (A’+B%*x20)
A, 1a ti€p tuyén cia (C) & d(], A) =R
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| 2A + 2B|

> t—— = =0 e {(A-BrfrzsA+B o AB=0
JAZ+ B
NéuA=0=>B=0,tacs tieptuyéncantimlay « 2=0
NeuB=0=>A%0,tacotiéptuyéncantimlax- 2=0

Bai 8. Xét vi tri tuong déi cua duong thang A va duosng tron (C) sau day:
(A)3x+y+m=0
(C)x*+y*—4x+2y+1=0
' Giai
Ta c6: (C) la duong tron tam I (2; -1), ban kinh R = 2
Khoang cach tu tdm I dén A la:
32+1(-D+m| [5+m
\/32 1" \.[1—(3
e Néud(I;A) >R e [5+m| > 2J10 = A khong c4t (C)
eNéud(I;A)=R & [5+m! > 210 = A ti&p xic vdi (C)
eNéud(I;A) <R & |5 +ml > 2J10 = A cét (C).
Bai 9. Cho hai duong tron
C): %+ +2x+2y-1=0va(C):x*+y*-2x+2y-7=0
Tim toa do cédc giao diém cua hai dugng tron dé.
' Giai
Toa d6 giao diém clia hai dudng tron ( néu ¢6 ) 1a nghiém cia hé
(x* +y2+2x+2y—1=0®{41{+6=0

d(I, A) =

<

\x2+y2—2x+2y-7=0 x2+y2~2x+2y-7=0

(38 [ _ .3
<x_ 4 & 9 “
y2+2y—1—0 _~21\/ﬁ
L 4 VT
i , ' 8 211
Viy toa do giao diém la : L“g Y flJ [—%,l—z—-‘/:—)
2

III. BAI TAP TUONG TU VA NANG CAO.

Bai 10.Viét phuong trinh dudng tron dudng kinh AB trong céc trudng -
hop sau -

a)A(7;-3) BT
b) A (-3;2) ; B(7;-4)

Bai 11. Viét phuong trinh dudng tron tiép xic véi cdc truc toa dé va
a) diquaA(2;-1)
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b) c6 tdm thudc duong thing 3x -Hy -8=0
Bai 12. Viét phuong trinh dudng tron di qua hai diém A (-1;0), B (1;2)
va ti€p xic v6i dudng thang x - y-1=0

‘Bai 18. Cho dudng tron (C) : x° + y? - 6x + 2y + 6 = 0 va diém A (1 ; 3)
‘a) Chdng minh riang A ¢ ngoai dudng tron
b) Viét phuong trinh tiép tuyén véi (C) ké tir A.

IV. PAP 80 VA HUGNG DAN GIAL
Bai 10.a) (x - 4% + (y - 2)" =34

- b) (x - 2)* + (y + 1)’ = 34

Baill.a) (x- 1 +(y+ 1)’=1;(x=5"+(y+5)=
h)(x+4)2+(y+4)2=16;(x-1)2+(y+1)2=1

Bai 12. Phuong trinh ciia (C) 12 : x> + (y -1)* = 2.

Bai 18. a) A nim ngoai (C)
b) C6 hai ti€p tuyén A, :x— 1 =0va A;: 3x +4y-15=0

§5. PUONG ELIP

I. TOM TAT LY THUYET.

1. Trong mat phdng Oxy cho hai diém c§ dinh F, va Fp véi FiF; =
(c > 0).
N Duﬁmg elip (cdn goi la elip) 1a tﬁp hop cdac diém M sao cho
MF1 + MF; = 2a trong d6 a 1a s khéng déi 16n hon c.
e Hai diém F, va F; goi 12 cac tiéu diém cla elip. Khodng cédch 2c
~ duoc goi 1a tidu cu clia cia elip. Cac'doan thing MF,; va MF, dugc
goi 1a cdc ban kinh qua {f2u cia diém M.
2. Phuong trinh chinh téc cia elip la:

2 2
3—4—%,2—:1 (a>b>0:;b%=2a’-c?.
|8. Hinh dang cia elip: Tir elip ¢6 phuong trinh chinh téc (1) ta co’:
e Elip nhén c§e¢ truc toa d6 1am céc truc d6i xing va goc toa do lam
tam d6i xing
e Elip cdt Ox tai hai diém A, (-a, 0); A;(a, 0), cdt Oy tai hai diém
B; ®, -b); B (0, b) . Bon diém dé goi 1a cdc dinh cda elip. Céc
doan thdng A,A; goi 1a truc 16n, doan thidng B,B. goi 1a truc bé
cia elip.
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e Tiso gitta tiéu cu va do dai truc lon cua elip ol la tam sai, dugce
oy i c '
ki hitulae: e= —
a

Luuy:e<]1.

[I. BAI TAP CAN BAN
Bai 1. Cho elip (E) ¢6 phuong tring chinh tac ?{-_; } = 1. Hoéi trong cac
a® b
ménh dé sau , ménh dé nao ding ?
a) Tiéu cu cua (E) la 2c, trong do ¢tz a®—-b°:
b) (E) c6 do dai truc 16n bang 2a, do dai truc bé bang 2b ;
c) (E) c6 tam sai e = o :
a
d) Toa do6 cac tiéu diém cua (E) 1 F, (¢ , 0); Fy (¢, 0);
e) Pbiém (b, 0) 1a mét dinh cua elip (F).
Giai
e Céac ménh dé ding : a, b, d
e Cac ménh dé sai:c,e.
Bai 2. Tim toa do céc tiéu diém, cac dinh; do dai cac truc lén, do dai cac
truc bé cia méi elip c6 phuong trinh sau:

2 2 2 2
y X y 2 2
P A | : b) —+2===1 : 4v: =4
a) 25+ 4 5 4 : c) x“ + 4y
Giai

i

a) Tacé:a2=25;b2=4::>c2:25f4=21 = e= "]
Suy ra: Elip c6 céc tiéu diém F, (-V21;0) ; Fy (V21 ; ¢

e Elipcé cacdinh : A (-5;0) A, (5;0);B; (0;-2); By (0; 2)

e Elip ¢6 cac do dai truc 1dn 2a = 10 ; 46 dai truc bé 2b = 4

b) Tacé:a’=9;b’=4=>a=3;b=2;c= \/;‘{f‘k,;z‘:‘/g

Suy ra:

e Elip c6 cac tiéu diém: Fy( -5 0) ; Fy (V5;0)

o Elip c6 cdc dinh: A (-3 ;0); A;(3;0); By (0 ;-2); Ba(0; 2)
o Elip c6 cdac do dai truc I6n 2a = 6 ; do dai truc bé 2b = 4

C)X2+4y2::4 oS %"{"y‘!:ﬁl

Suyra:a’=4;b’=1=>a=2:b=1vac= Ja? b*:\[.?_,.Vé_ly:
e Elip c6 cdc tiéu diém: Fy(-3;0) , F, (/3;0)

e Elipc6 cdc dinh: A(-2:0);A,(2;0);B,(0;-1);B2(0; 1)
e Elip ¢6 cac dd dai truc 16n 2a = 4 ; d6 dai truc bé 2b = 2

105



Bai 3. Viét phuong trinh chinh téc cia elip (E) trong mdi truong hgp sau:

V3

a) (E) c6 d6 dai truc 16n bing 8 va tadm sai e = 5

b) (E) c6 do dai truc bé béng 8 va tiéu cu bing 4;

;c) (E) c6 mbt tiéu diém 1a F (1/3;0) va di qua M (l;l/_zi)
Giai
Goi phuong trinh chinh téc elip (E) la:
xz yz ; %
-a-’,—z- + -Eé- =1 (a > b > 0)
a) Theo bai ra ta cé:
2a=8 s
c 3 % =5 b’ =a’-¢*=16-12=4
a

Vay (E) ¢6 ph h: X ¥’ 1
3 ’ uong tri i o S =
ay c6 ph ng rin T

b) Theo bai ra ta cé:

2b=8 b=4
=S = - a’=b’+c*=16+4=20
2c=4 c=2 -
_ X!y
Vay elip (E) ¢6 phuong trinh chinh téc: -2-6+-i-6—=1
¢) Theo bai ra elip c6 tiéu difm F (V/3;0) = c= V3 = c?=3.
Mat khéc elip di qua M[l; -—\‘{—;] nén
1 3 : A2 2 21,2
e o g | 4b° +3a” =4a’b
{a® 4b <> s b
a’ -b* =3 ALrer
(4b? +9+3b? = 4b?(3+D?) b2 =1
g4l =
2’ =3+b’ a’=4
. : x2 y'2
Vay elip c6 phuong trinh —:1—+—-1— =1
2 2
Bai 4. Cho elip (E) : -"g+?—’1—-=1

a) Tinh d6 dai day cung cta (E) di qua mdt tiéu diém va vudng géc véi
truc tiéu (doan thing ndi hai diém cia elip goi la day cung cia elip;
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truc chua cac tiéu diém goi 1a truc tiéu cha elip).
b) Tim trén (E) diém M sao cho MF, = 2MF, trong dé F,, F, lan luot
la cac tiéu diém cua (E) nAdm bén trai va bén phai truc tung.
Giai
Ta ¢6 (E) c6 tiéu diém F, (-2v2;0) ; F; (2V2;0)
a) Puong thang (A) qua tiéu diém F, va vudng
géc véi Ox ¢6 phuung trinh x = =22 y
Goi M, N la giao cua (A) va (E)
= Toa d6 cua M, N la nghiém cua hé

x=-22 x=-D42 M
2 2 <
},_4,_)_/““—_:] y:i-l- ! m S
9 1 3 | 5 2 >
] 1 '
= N(—z\/?‘-;—g);M(—Q\/E;E) Kj

Vay do dai day MN 1a MN = | y,, - y,/| =§_
b) Goi M (x ; y), tif cong thic tinh ban kinh qua tiéu diém, ta cé:

MF,=2MF; < a+ex=2(a-ex)< 3ex=a
2

a _a
—>x=-—=-—maa’=9;c= va’-b®=

N

3e 3c
o9 32
322 4
Thay x = %\@_ vao phuong trinh (E) ta c6 :
3 1 7 J14
Zzl—n)-{—m:l——:-— =t ——
Y 9 g8 8 Y 74
Vay c6 hai diém théa man dé bai la :
3vV2
M1 (__‘/_: £) va M, (:_31/___ ___‘f_—_)

Bai 5. Ve tmh nhﬁn tao dau tlén dut}c Lién X6 (cd) phéng tir Trai Dat nam
1957. Quy dao cta vé tinh d6 12 mdt dudng elip nhan tam cia Trai Dat 1a
mot tidu didm. Nguti ta do dugce vé tinh cdch bé mat Trai P4t gian nhat 1a
583 dam va xa nhat 1a 1342 dam (1 dam = 1,609 km). Tim tam sai cha quy -
dao d6 biét bén kinh cta Trai Pat xdp xi 4000 dam.

Giai
Goi tAm cta Tr4i DAt 1a F, va gia st quy dao chuyén dong cia vé tinh

2 2

c6 phuong trinh -’—‘7 + %2— = 1. Khi dé khodng cdch tir vé tinh dén tim
a
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Trai Patlad=a °x
a

Do -a<x<amaa-csd<a+c

) ‘ ) a ¢=583+R
Goi R la ban kinh caa Trai biat thi : <
. la+c=1342+R
: = 2c =759 ; 2a = 1925 + 2R
= tadm sai : e = -2—€— = {5 x> 0,07647
2a 1925+ 8000
Bai 6. Trong mat phing toa do cho diém A chay trén truc Ox, diém B
chay trén truc Oy nhung do lén doan AB bing a khong déi. Tim tap
hgp cdc diém M cua doan thadng AB sao cho MB = 2MA.
A Giai
Gia st A (b; 0); B (0; ¢). Do AB = a khong d6i = b® + ¢ = a® (*)
Goi M (x; y) la diém : MB = 2MA; M thudéc doan AB = MB = -2MA
Ma MB=(-x;c-y),MA=(b-x;-y)

3
—x =-2(b-x) b3 .
Do dé : &= (**)
¢-y=-2(-y) &=0y
Tu (*) va (**) ta dugc:
; _ : ‘ 2 2
(—g-x)" +(8y) =a® o %x"" +9y? = a hayf;a—% =1
. 9 9
Vay tap hgp cac diém M cia doan thing AB = a sao cho MB = 2MA la
2 2
mot elip (E) c6 phuong trinh : ﬁ—;- + g"? e ]

III. BAI TAP TUGNG TU VA NANG CAO.
Bai 7. Lap phuong trinh chinh tdc cia elip (E) biét :
a) A0 ; - 2) 1a mot dinh va F (1 ; 0) la mét tiéu cu caa (E)

b) Tiéu cu bdng 6, tam sai bing —2—

c) Phuong trinh cic canh cia hinh chit nhatcosd la:x= 24 ;y= +3
2

Bai 8. Tim nhitng diém trén elip (E): ?_‘5 vyt =1

a) Co ban kinh qua tiéu diém trai bang 2 lan ban kinh qua tiéu diém phai
b) Nhin hai tiéu diém dudi mot goc vuong
c) Nhin hai tiéu diém dudi géc 60" .
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1ai 9. Cho elip (E) co phuong trinh * ‘4 =]
a) Xac dinh m dé duong thang (D)) : vy = x + m va (E) ¢6 diém chung
b) Viét phuong trinh duong thang (A) di qua M (1 ; 1) va cét (E) tai

hai diém A va B sao cho M la trung diém cia doan thing AB

V. DAP SO VA HUGNG DAN GIAI

4 2
yai 7. a) Phuong trinh chinh téc cia elip: —x~5— + {I = |

5 2 2
b) phuong trinh chinh tic la: —gg +2 =1

16

2 2
c) Phuong trinh cua elip la: Blié “ Zé— =1

Caa s [ 8 NTY) [ 3 -7
}ai 8. a) Cé hai diém can tim: [Z@'E\Ti] : (QTZZEJ
b) C6 4 diém cén tim:
BlF 1 .(3\/7, 1) (37 1) (-3J7 -1
aas) (35 ak) (o am) (3 %)
¢) Cé bon diém can tim: _

CHENE XN

?

2J2 7246 ) ' | 2v27 26
lai 9.
a) Voi —V13 < m < /13 thi (D) va (E) ¢6 diém chung.
b) Pudng thing (A) : 4x + 9y - 13 =0

"l2v2 '2v6) " | 22 246

§6. PUONG HYPEBOL

I. TOM TAT LY THUYET.

. Trong mét phdng, cho hai diém ¢6 dinh F;F; c6 khodng cdch F,F; = 2¢
: > 0). Puong Hypebol (con goi la Hypebol) 1a tap cdc diém M sao cho
MF, — MF,| = 2a trong d6 a la s¢ duong khong d6i nhé hone.
e Hai diém F,, F; goi la cac tiéu diém cia Hypebol. Khodng cach
F,F, = 2c goi la tiéu cu cia hypebol. Cdc doan thing MF; va MF,
goi 1a cdc ban kinh qua tiéu cia diém M.

. Phuong trinh chinh tdc cta hypebol :
2 2
¥ .
?—%; =1 trong d6 b? =c? —a? (1)
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3. Hinh dang cia hypebol :
Véi hypebol ¢6 phuong trinh (1) ta c6 :
e Hypebol nhén géc toa do O lam tdm dé&i XUng va hai truc Ox, Oy
lam hai truc d8i xing.
Hypebol cdt Ox tai hai diém va khéng cdt Oy. Khi d6 truc Ox (truc
chita tiéu diém) goi la truc thue, truc Oy goi 1a truc 4o. Hai giao diém
v6i truc Ox goi la hai dinh cia hypebol. Khodng cédch giira hai dinh
(bang 2a) goi 1a dé dai truc thuc, 2b goi 1a do dai truc 0.  °
e Ti sé giita tiéu cu va dd dai truc thuc goi la tdm sai cia hypebol.
Ky hiéu:e = <
a
Luu v : TaAm sai > 1
e Hinh chif nhit tao bdi cic dudng thing x = ta, y = +b goi la hinh
chit nhit co s3 cia hypebol. Hai dudng chéo cta hinh chit nhat cd
s3 goi la hai dudng tiém cdn cda hypebol. Phudng trinh hai tiém

i b
cinla: y=+—-x

a
II. BAI TAP CAN BAN
j : 2 2
Bai 1. Cho hypebol (H) c6 phuong trinh chinh tdc %:-2-—%— =1. Hoi

trong cdc ménh dé sau ménh dé nao dung?
a) Tiéu cy caa (H) 1a 2c, trong d6 c® = a® + b®.
b) (H) c6 do dai truc thyc biing 2a, dj dai truc 4o bing 2b.

¢) Phuong trinh hai tiém cdn (H) la y'== + % X

d) Tdm sai cda (H) la e = % >1

. Giai
e Céc ménh dé dingla:a, b, d
e Céacménhdésaila:c
Bai 2. Tim toa d¢ cdc tidu diém; cdc dinh; A9 dai truc thuc, truc do va
phuong trinh cédc tiém cén cia hypebol ¢6 phuong trinh sau:
X ¥ Vg X s
o)=L a1 by =1 ¢) x2-9y? =9

Giai

a) Tacé:a’=9,b2=4=a=3,b=2,c=va?+b® =
Vay hypebol cé:

e Toa do cac tiéu diém: F, (—\/1_5;0) ; Fo (\/ﬁ;O)
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e Cacdinh: A;(-3:;0

) o A (3 )
* Dﬁ dai truc thL_ICI 2a =6 : do 42 truc ao: 2b = 4
.
e Phuong trinh cac tiem can v - - ~: X
2 yZ ‘ N —

b) —*—i—é“—‘l :33229; ¥ =16 >a= 3:b= = \/a!+b2 =
Vay hypebol cé:

e Toa do cac tiéu diém: Fy(- 5, 0): Fu(5: 0)

e Cacdinh: Ay(-3;0); A, (3:0)

e Do dai truc thL_tC. Pa =B ;

; e R 4
o Phuong trinh cdc tiém can: y = + —x

c)

i 82 = 9, bz =
Vay hypebol cé:

e Toa dd cac tiéu diém: Fi(- 3
1Ay (35 0)

e (Céc dinh: Ay(-3;0)

do dai truc ao: 2b = 8

O

lsuyraa=3,b=1vac=+J9+1=410.

: 0) ; Fo(3 ; 0)

e Do dai truc thuc: 2a = 6 ; do dai truc do: 2b = 2

1

¢ Phuong trinh cac tiém cdn: y = +—x

Bai 3.

3

Cho dudng trdon (C) tam F,, ban kinh R va mdt diém Fy & ngoai

(C). Chirng minh rdng tap hgp tdm cdc dudng tron qua Fs, tiép xic

vdi (C) la mot duong Hypebol.

Hypebol dé6.

Viét phuong trinh chinh tdc caa

Giai

e Goi (C') la duang tron tam I di qua Fy va tiép xdc vdi (C)
+ N&u (C) va (C’) tiép xtc ngoai vdi nhau thi:

IF]-—R+IF2:>IF1

IF, = R

+ N&u (C) va (C’) ti€p xuc trong vdi nhau thi:
IFIn IFz—R‘:> IF2—1F1 2R
Nhu vay I 14 tdm dudng tron qua F, va tiép xtic vdi (C) kh1 va chi khi -
|IF, - IF,| = R khéng déi
Vay tap cdc di€m I la hypebol nhan F,, F, lam tiéu diém, do dai truc

huc bang R ¢6 phuong trinh:

xi y'z
(RY (JFE R }
\ 2 J ! ). 2 s
\ )
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Bai 4. Viét phuong trinh chinh téc céa hypebol (H) trong mdi trudng hop sau:
a) (H) c6 mét tiéu diém la (5 ; 0) va dd dai truc thuc bing 8

b) (H) c6 tidu cy bing 2V3, mot dudng tiém can la y = -g»«x

c) (H) c6 tam sai e = V5, di qua diém (V10 ; 6)
Giai

2
Phuong trinh chinh tdc cha hypebol (H) c6 dang : —’-‘-5 -
a

a) Do (H) c6 méot tiéu diém la: (5 ; 0) va d6 dai truc thuc bing 8 nén |

PR SRR e el ey
2a = 8 a=4

2

=1

%S

2 2

= (H) cé phu'Ong trinh chinh tic: X~ - ¥ =

16 9
b) Do (H) c¢6 tiéu cu bing 23 , mdt dudng tiém can la y = -g—x

: 27
2 = 23 o8 (a2 +b? =3 a—13
={h 79 & = ; , &
—== 3b = 2a 9b* = 4a b2 = 12
a 3 ‘
13
2 2
Y
= (H) ¢6 phuong trinh chinh tic: 27 i 1
:13 13
¢) Do (H) c¢6 tdm sai e = v/5, di qua diém(s/I_O-;G)nén suy ra:
N N Pt i
L =
10 36 S e k. R {b==4
o a* b . a® 4a
- ‘ x? yz
Vay phuong trinh chinh tdc cia (H) 1a : —i——-Tzl

Bai 5. Chiing minh ring tich cdc khodng cdch tif mot di€ém tuy y .trén
hypebol dén hai dudng tiém cdn cia hypebol 12 mot s6 khong déi.
Giai |

: :
=1. Hai tiém cén cua (H)1a:

mﬂln :

Xét hypebol (H) : = - L
. Ny
(A2 y=3x hay il A ;. CAAs ) y=—hx hay 24w
a a b a b

- Didm M(xo ; yo) (H) & X _Yo_ _1  Kni dé:
a
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Xo _Yop %0, Yo
a b a b 1 a’’

) Te— o + l e + 1_ | emreren + az l b2
s + ‘_! — b.! q biz a.! . b_!

3ai 6. Trong mat phing toa do cho hai diém F,(-v2;-v2) va F,(V2;V2).
Chung minh ring véi moi diém M(x ; y) ndm trén dé thi ham so
y =1 ta déucs: MF* = (x+ 1420 ; MF,? - (x+1-J2y
x

d(M, A, ).d(M, A,) =

X X
Ti d6 suy ra [MF, - MF,| = 2/2
Giai
Goi M(x ; y) la diém thudc d6 thi ham sé y = = = M(x; ~1~) (vdi x#0)
X X

Ta ¢6: MF, = (-V2 - x; - 2—1) , —M—Ez(\/ﬁ—x;\ﬁ»l)
X X

. 2
= MF}? = (~\f§—x)2+(—\/_—}-)
X
2
=2+2~/§x+x2+2+g-@+—1§=(x+—-+ 2]
X X X
2
MF;? = (\/E—x)"+(\/5»—1—)
X
2
=2—2\/§x+x2+2~—-2—\@+—1?=(x+—1——\/§)
X X x
Do d6 MF, = x+.1_+J§' . MFy = |x+L-42
X X

« N&ux >0 = MF, - MF, =x+l+J2‘-(x+l-J§)=2J§
X - X

e Néux<0 = MF —MF2=—x—‘——1——J§—(-x--1-+J—2.)=-2J§
. Ao

X
Viy v6i Vx # 0 ta c6 : |MF, - MF,| = 2V2 (dpcm).

II. BAI TAP TUONG TU VA NANG CAO.
3ai 7. Lap phuong trinh chinh tdc cia hypebol (H) bi&t:

a) Phuong trinh cdc canh cia hinh chit nhat co sd la x = i% ;y=1%1 |

b) Mot tiéu diém la (- 10 ; 0) va phuong trinh ctia dudng tiém cén la
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4
=+ —
y=*3

c) (H) di qua N(6 ; 3) va géc gma hai dudng tiém c4n bing 60°.

2
Bai 8. Cho hypebol (H) : - _{7 = 1. Goi F, , F; 1a céc tidu diém va A,

_2—

A; la céc dinh cda (H) . M 1a diém tuy y trén (H) c6 hinh chi&u trér
Ox

la N. Chitng minh ring:

a) OM? - MF,.MF, = a’ - b?

b) (MF, + MF,)" = 4(OM* + b?)

o) MN* - 2 .N&, . Na,

a

Bai 9. Tim trén hypebol (H): 4x* - y* - 4 =0

a) Nhin hai tiéu di€ém duéi géc vudng

b) Cé toa dd nguyén.

IV. DAP SO VA HUGNG DAN GIAL

Bai 7. (H) ¢6 phuong trinh chinh tc : -:--i—z:l
1 ' x? y.2
a)az—z— b-l:b(H)céphUOngtri hT '-'1—=1
Z .
b) (H) ¢6 phuong tri o
c C— — d——
T 5wl

g Xy
c) Phu’dng trinh (H) : -—9— - "-é- =}
Bai 8. Goi M(x;y) € (H)
2 Bty
a) OM? - MF; . MF, = x* + y? ~—(a” --z-,—x“) = a’ - b?

b) (MF, + MF,)’ - 4(OM? +b‘) dat s 2Kt . 25 b’ 2
2
©) MN?= y* = E-NA N&,.
Bai 9. a) C6 bén .dlém théa mén:
(_3_.. 4 ] [1.&.} (__3____—5.) (—3"4]
56\ EE)\EE\EE

b) C6 hai diém cdn tim : (1;0) va (- 1;0)
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§7 . PUONG PARABOL,

I. TOM TAT LY THUYET.

‘1. Trong mat phing cho diém F ¢o dinh va mot duong thdng A cd dinh
‘khéng di qua F. Tap cdc diém M c¢6 khodang cich 4én F bang khoang
cach ti n6 dén A duogc goi la dusng parabol (hay parabol).

e Diém F dugce goi la tiéu diém caa parabol.

o Duong thing A dugc goi la duong chuan cia parabol

e Khoang cach ti F dén A : d(F ; A) = p duge goi 1a tham sé tiéu
‘ cua parabol.
2. Phuong trinh chinh tdc caa parabol: y* = 2px trong d6 p > 0. Khi dé

parabol c6 dudng chuan: x = -%

II. BAI TAP CAN BAN.
Bai 1. Trong cic ménh dé sau, ménh dé nao dung?
a) y° = - 2x 1a phuong trinh chinh tic caa parabol.
b) y = x° la phuong trinh chinh tdc cia parabol.
¢) Parabol (P): y* = 2x ¢6 tiéu diém F(0,5 ; 0) va ¢6 dudng chudn
A:x+05=0
d) Parabol: y* =2px (p > 0) c6 tiéu diém F(p ; 0) va c6 dudng chudn la
A:x+p=0
Giai
e Céc ménh dé dung: ¢
e Céac ménh dé sai: a, b, d
Bai 2. Viét phuong trinh chinh tdc cia parapol (P) trong mdi truong hop
sau:
a) (P) c6 tiéu diém F(3 ; 0)
b) (P) di qua diém M(1 ;- 1)
c) (P) c6 tham sé tiéu la p = %
Giai
Phuong trinh chinh tdc cia parabol (P) 1a : y* = 2px.
a) (P) c6 ti3u diém F(3 ; 0) = gzampzs

Vay parabe.l c6 phuong trinh: y* = 12x
b) (P) di qua diém M(1 ; - 1) nlzgp:,pzt}z.
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Vay parabol c6 phuong trinh: y° = x.
¢) (P) c6 tham s6 tiéula p = -;— "

= Parabol (P) c6 ﬁhuong trinh y® = —g—x

Bai 3. Cho parabol y* =:2px. Tim d6 dai ddy cung cia parabol vudng géc
véi truc d8i xing tai tiéu diém cta parabol (day cung cta parabol 1a

doan thdng ndi hai diém cta parabol).
_ . Giai
Goi A la dudng thing qua tiéu diém

F(—%;O] va vudng géc vii true Ox

Ak phuong trinh x = g—

‘Goi M, N 1a giao diém cia A véi Parabol (P)

= Toa d6 M, N la nghiém ctia hé:

p P
X=— it D

5o Kt
y? = 2px

y:ip

B X ol )
5 M[z,p] , N(z’ p)

ya A

W

2V

INERE)

G

|
2

Vay d6 dai day cung MN 1a |y, - yy| =|p - (-p)| = 2p

Bai 4. Cho day cung AB di qua tiéu di€ém F cha parabol (P). Ching minh
- réng khodng cdch tir trung diém I clia diay AB dén dudng chudn cla

P) bhhg %AB Tir 46 nhén xét gi vé dudng tron duong kinh AB.

Giai

Goi A’, B, I’ 1a hinh chi€u ciia A, B, I 1én dudng chu4n A

K 1a giao cGia dudng chufn va Ox
Xét hinh thang ABB’A’

Do I 1a trung diém cta AB,

nén IT la dudng trung binh, nén:

d(La) =11' = «-lz-(AA '+ BB")
Mat khéc A, B thudc parabol (P)

va AB di qua tiéu diém F cta parabol,
nén: AA’ + BB’ = AF + BF = AB

Vay d(I,_A).—.%AB
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Suy ra dugng tron duong kinh
AB tiép xuc vdi dudng chuan A
Bai 5. Trong mat phing toa do Oxy, cho diém F (1 ; - 2). Tim hé thuc
gitta x va y dé diém M(x ; y) cdch déu diém F va truc hoanh.
Giai
e Tacé: MF=(1-x;-2-y) = MF, = \/(1—x)2 +(~~2_y)2
+ Khoang cach tit diém M dén truc Ox la d(M,Ox) = |y|

Theo bai ra ta c6 : \/(1 = x)2 +(-2- y)2 = 1y|
& 1+x°-2x+4+4y+y*=y* o 4y=-x*+2x-5

2
hay yZW(xgl] -1

III. BAI TAP TUGNG TU VA NANG CAO

Bai 6. Xdc dinh tham sé tiéu, toa dé dinh, tiéu diém va phuong trinh
dudyng chuan cia cac parabol cé6 phuong trinh sau:
a)y2=4x : b) 2y — x =0

Bai 7. Lap phuong trinh chinh t4c cia parabol«P) biét:
a) Tiéu diém F(1 ; 0)
b) (P) nhan dudng thing D: x =+« 2 la dudng chuén .
c) Mot day cung cia (P.) vudng géc véi truc Ox c6 do dai bing 8 va
khodng cach tit dinh O cta (P) d€n ddy cung nay bdng 1.

Bai 8. Cho parabol (P) ¢6 phuong trinh: y* = 2px (p > 0) va dudng thing
A di qua tiéu diém F cia (P) va cdt (P) tai hai diém M va N. Goi
o = (1';17"“*1\71) 0< a<n)
a) Tinh FM, FN theo p va a
b) Chitng minh ring khi A quay quanh F thi —F—‘-%E tEN khéng d51

Bai 9. Cho parabol (P): y* = x va hai diém A(1 ;- 1), B(9 ; 3). Goi M 1a diém
thudc cung AB cta (P) (phén cha (P) bi chén béi day AB). X4c dinh vi tri
ctia M trén cung AB sao cho tam gidc MAB c6 dign tich 16n nhat.

IV. PAP SO VA HUGNG DAN GIAL
Bai6.a) Tacé: 2p=4 = p=2. Vaiy parabol c6:
e Tham sd tiéu: p = 2
e Toa d% dinh: O(0 ; 0)
e Tiéu diém F(1 ; 0)
e Duong chuian: x + 1 =0
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b) Ta c6: 2y° -x = 0 = y? :—;-x:» 2p=%::>p:i-.vayparabol co:

e Tham s6 tiéu: p = % :  Toa dp dinh: O(0 - 0)

e Tiéu diém F(-;—; 0) ;  DPudng chuén: x + -:; =0

Bai 7. Phuong trinh chinh tic ciia parabol (P): y* = 2px
a) F(1;0) = -*23= 1 & p = 2 = phuong trinh (D) 1a y* = 4x

b) y* = 8x
c) Tu gia thiét va do (P) nhan Ox 13 truc d6i xing nén (P) di qua diém
(1 ; 4) suy ra p = 8. Phuong trinh caa (P) la: y* = 16x.

Bai 8.

a) MPe- B o .yp. B &
l—cosa l+cosa

b) — ——1— == khong dai.

FM "FN p
-Bai 9. M(1 ; 1) tni dién tich tam gidc MAB c6 gia tri 16n nhat.

§8 . BA PUONG CO NIC

I TOM TAT LY THUYET.

1. Cho elip c6 phmmg trinh ch.nh téc — + %; l1(a>b>0)

Dufbng théng Asx +2 -0 goi 1a dudng chudn cda elip, u’ng vfn
e
tiéu di€m F1( c; 0).

» Du’dng thing A,: x-2.0 goi 12 dudng chuédn cla elip, ing véi
e )

tiéu diém Fy(c ; 0).
Suy ra: Véi moi diém M nim trén elip ta cé:
MF, _ MF,
dM,s,)  d(M,4A,)
2 2

2. Cho hypebol ¢6 phuong trinh chinh tic X - %- 1. Khi d6:

a2

=e - (e<1)

e Dudng thdng A : x+ 2=0 goi 1a dudng chudn clia hypebol, iing
‘ e
" v6i tiéu diém F(- ¢ ; 0).
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e Duong thing A,: x - 2.0 goi l1a dudng chuin cua hypebol, ung
e

vdi tiéu diém Fy(c ; 0). Suyra:
MF, _ MF,
dM,A,)  d(M, A,)

3. Trong mat phang cho diém F ¢d dinh va mot dudng thdng A cé dinh

Véi moi diém M nam trén hypebol ta cé: =e(e>1)

= e (e la s6 duong

khé di qua F. Tap cdac diéem M c6 ti sd
ong di qu Ap i c6 ti sd M &)

khong d6i) duge goi 1a mot duong conic.
Piém F goi la tiéu diém, A goi l1a duodng chudn va e goi 1a tadm sai cua
dudng conic. Suy ra:

e Elip la dudng coénic c¢6 tdm sai e < 1

e Hypebol la dudng conic c6 tdm sai e > 1

e Parabol 1a dudng coénic c6 tAm saie = 1

II. BAI TAP CAN BAN

Bai 1. Xdc dinh tiéu diém va dudng chudn cha céc cdnic sau:
' 2 2 2

a) }72314}( 3 b)%{(—)‘-}-zf—:l : %—%‘21

Giai
a) y° =14x la mot parabol ¢c6 p = 7

= dudng ¢d nic c6 tiéu diém F(%;O) , va dudng chudn x + % =0
2 2
b) Pudng coénic 1}56 + —3—:7~ = 1a elip ¢6 a2=10,b*=7=a= \/iB ,

= J7 va ¢ = Ja* - b® = /3. Vay dudng conic c6 hai tiéu diém la
Fl(—-\/— 0), Fz(\/— s 0) va hai dudng chuén tuong (ng 12
10 10
x+—==0va x-—==0,
V3 v3

2 2

c) %~-}-’1—-zl 1a hypebol ¢6 a® = 14, b% = 1 = ¢ = Va® + b? = V15
Vay cbnic c6 hai tidu diém 1a F,(-v15;0), F,(15;0)va hal dudng

14 14
chuin tuong ing 1A x+ ——=0 vd x-—=0.
e V15 v156

Bai 2. Cho dudng thdng A: x + y — 1 = 0 va diém F(1 ; 1). Viét phuong
trinh ctia dudng cénic nhan F 12 tidu di€m va A 1a dudng chuén trong
mdi truéng hop sau:
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a) Tamsaie=1 b) Tamsaie = V2 | c)Tﬁmsaie.—:-\/l—g-

Giai
a) Goi M(x ; y) 1a diém thudc dudng conic. Khi d6: d(ll\\ﬂd? i
\/(x 1)* +(y-1* - " lx vy -1
=1 & (x 1P syl & ol
x+y-1 v y- J§
J2

SxP+1-2x+y*+1-2y9)2=x*+y* +1+2xy -2y - 2x
o xt-2xy+y*-2x-2y+3=0 :

LM J(x 1) +(y - 1)°
b) Ta c6: EYSE e & ey ol =2
| J2

= V-1 +(y-1% = |x+y-1
= X -2x+1+y -2y+1=x*+y* +2xy-2x -2y +1
% 2xy - 1= 0

M J(x Way=1 . 3

) d(M, A) i [x+y- 1| J§
2 '
o Jx-+-17 = Eig“‘ﬂ 4'[(" -1 (v - 1)2] =(x+y-1>?

¢>3x2'+_3y2-—2xy-6x—-6y+7=0,

II1. BAI TAP TUONG TU VA NANG CAO.
Bai 3. Viét phuong trinh cia cdc dudng cd nic trong méi trudng hop sau:
a) Tiéu diém F(3 ; 1), dudng chudn A: x =0 va tdim sai e = 1.
b) Tiéu diém F(2 ; - 5), dubng chufin ung véi tiéu diém F la A: y = x va
tAm sai e = 2.
" ¢) Tiéu diém F(- 3 ; - 2), dudng chuén dUng v6i tidu diém F 1a
A x -2y + 1 =0vatdm sai e = 3.
5 2 2
Bai 4. Cho elip (E) c6 phuong trinh % % %? =1 (a>b>0) va mot
dudng thdng di qua tiéu diém F(c ; 0) cit (E) tai hai diém A, B. Ching
"~ minh ring dudng tron dudng kinh AB khong ¢6 diém chung véi dudng

chufn: x = 2 cia (E).
e
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2 2

Bai 5. Cho hypebol (H): = - %,-2- =1 va F(c ; 0) la mot tiéu diém cia (H).

: a

Mot duong thdng qua F va cdt (H) tai hai diém A, B. Chitng minh
ring duong tron dudng kinh AB cit dudng chuén: x = 2 caa (H).

e

Bai 6. Cho A, B la hai di€ém trén parabol (P): y? = 2px sao cho tdng céc

khoang cdch tit A va B t6i duong chudn cia (P) bdng d6 dai AB.
Ching minh ring AB luén di qua tiéu diém cta (P).

IV. DAP SO VA HUGNG DAN GIAL
Bai 3. a) y> - 6x — 2y + 10 =0

b) x>+ y* - 4xy + 4x - 10y - 29=0

¢) 2x* — Ty* + 12xy + 29x + 32y + 62 =0
Bai 4. Goi I 1a trung diém cGa AR; A’, B, I’ 1a hinh chiéu cia A, B, I trén

2
dudng chuan (Dy): x = %—
Ta c6: AB = AF + BF =e. AA’+e . BB’
=e(AA’+BB)<AA’'+BB’ =21II' (doe<1l)

Suy ra diéu phai ching minh.

Bai 5. Lam tuong tu nhu bai 4 ta cling dugc
AB = e (AA’ + BB’) > AA' + BB’ = 2ITI.
2

Vay dudng tron dudng kinh AB ludn cdt dudng chuén (Di): x= & ung
' c
véi tieu diém F(c ; 0).
Bai6.Taco: A B e(P) > AF =d(A,(D)) = AA' ;

BF = (B,(D)) = BB’. Suy ra AF + BF = AA’ + BB’ = AB
Vay A, B, F thing hang hay AB di qua F.
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ON TAP CHUONG III

L.TOM TAT LY THUYET .

1. C4c dinh nghia: _
a) Vecto phdp tuyén n cia dudng thdng A : n # 6: gia caa n vudng
gée véi A. |

Vecto chi phuong u ciia dudng thdng A : uz0, gia cua u song

song ho#c trung véi A. |

b) Elip : 1a tap hop cdc diém M théa mén MF, + MF; = 2a

(FiF;=2¢c,0<c<a)

Hypebol : 1a tap cdc diém M théa man IMFI - MF2| = 2a
(FiFy=2c,c>a>0)

Parabol : l1a tap cdc diém M thod man MF = d(M ; A)
(d(F ;A)=p>0)

=e > 0. Néu

Pudng conic : 1a tdp cdc diém M théa min g

e<1 thi dudng conic 14 elip, e = 1 thi cdnic la parabol, e > 1 thi cdnic
la hypebol.

2. Phuong trinh cdc duong:
a) Phuong trinh dudng thing :
e Dang téng quit : Ax + By + C=0( A’+B% #0), n(A;B)la
vécto phdp tuyén.

Xx=Xx, +at

ODangthamsb’:{ (te‘R,a2+b2¢0),l}(a;b)la

| y=y,+bt
vécto chi phuong ;

® Dang chinh téc : bt

° - y—by" (a0, b=0), a(a;b) la vécto
a

chi phuong.
b) Dudng tron : :
¢ Duong tron tdm I(a ; b) bdn kinh R 1a : (x — a)* + (y — b)? = R2,
* Phuong trinh x* + y> + 2Ax + 2By + C =0 v6i A2+ B2-C > 0 1a
phuong trinh dudng tron c6 tdm I(-A ; —-B) va c6 bdn kinh

R= \/1‘\2 + B2 -C
¢) Phuong trinh ba dudng conic : phuong trinh chinh tdc cta :
2 2
* Elip : ~x—2+%2—=1 (a>b>0);a’-b?=c?
a .

L]
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2 2
X . _
e Hypebol : 7—%7 =1 (a’+ b*=¢c?
e Parabol : y*=2px ( p > 0)
3. Khoang cdach va géc :

a) Khodng cach gita 2 diém M(x, ; y;), N(xs; y2) la
MN \/(X.Z—xl) +(y2 yl)
b) Khoang cdch tir diém M(x,, y,) dén dudng thdngA : Ax + By+ C =
|Ax0 + By, + C‘

VA® + B?
¢) bugng thing A : Ax + By + C = 0 tiép xic v6i dudng tron (I ; R) khi
va chi khi d(I, A) = R.
d) Cosin ctia géc giita hai duong thing :

AL Aix+Biy+Ci=0 ; As:Ax+By+Cy;=01a

|A1A2 + BIB‘ZI

JA} + B].JA; + B}

SES

01adM, A) =

cos(Aq, Ag)=

II. BAI TAP CAN BAN.
A. CAU HOI TU KIEM TRA
Cau 1. Cho biét toa do hai diém A va B . Lam thé& nao dé :

a) Viét phuong trinh dudng thing qua A, B ?
b) Viét phuong trinh dudng théng di qua diém C(xo; yo) va vudng géc
vélr AB ?
¢) Viét phuong trinh tiép tuyén cia dudng tron (x — xo)* + (v — yo)* = R?,
biét tiép tuyén d6 song song vdi AB ?
Giai
Gia si A (xa; ya) , B(xg; yg) khi d6 :

a) Dudng thing qua A, B nhan AB = (xp— xa ; Yp— ya) lam vectg
X=X, +(xg —x,)t
y=Ya+(yg-yalt
b) Pudng thing c4n tim vudng géc véi AB = dudng thdng nhan AB

lam vecto phédp tuyén = dudng thdng c6 phuong trinh
(xg — Xa)X — Xo) + (y8 — yaXy — ¥o) = 0
¢) Do ti€p tuyén (A) song song v4i AB
= ti€p tuyén (A) ¢6 phuong trinh
(yB—ya)x—(xp-xa)y+d=0

chi phuong = AB c6 phuong trinh {
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(A) ti€p xtc v6i dudng tron c6 ban kinh R, tam I(xo; yo) = d(; A) = R
tir d6 tim dugc d = phuong trinh cén tim.
Cau 2. Cho toa d6 ba dinh ciia mot tam gidc. LAm thé nao dé:
a) Tim toa dp tdm va tinh bén kinh ctia dutng tron ngoai tiép tam giac?
b) Tim toa d6 trong tdm tam gidc ?
c¢) Tim toa dd truc tdm tam gidc ?
d) Tim chu vi va dién tich tam gidc ?
e) Tinh ban kinh dudng trdn ndi tiép tam gidc ?
Giai
- Gia st A(xa ; ya), B(xa ys) , Clxc ; yc)
a) ¢ Dé tim toa do tAm cGa dudng tron ngoai tiép tam gidc :
Budc 1 : Viét phuong trinh hai dudng théng (d,) , (dg) lan lugt di
qua trung diém cia hai canh va vuéng géc véi hai canh d6 .
Budc 2 : toa d6 tam O la giao cia (d;) va (dp)
e B4n kinh R = OA
b) Goi E la trong tdm tam gidc ABC thi
G (Xa + X + X ;_YA +Y¥Ys +Yc)
3 3
¢) Dé tim toa d¢ tryc tAm tam gidc :

Buéc 1 : Viét phuong trinh hai dudng cao cta tam gidc ( phmmg
trinh dudng thdng di qua bén dinh va nhan vectd xéc dinh béi hai
di€m con lai cia vecto phédp tuyén. ).

Buéc 2 : Toa dd truc tAm la giao cua hai dudng cao.

d) e Dé tinh.chu vi ta tinh d6 dai AB , AC, BC.
® Pé tinh dién tich , ta c6 thé :

1) Sk dung cong thitc Hé rong S = /p(p —a)(p - b)p - c)

2) Su dung céng thic S=~§a.hn ; =—;—b.hb, =—12-é.hc

e) Tinh ban kinh dudng tron néi tiép :
Budc 1 : tinh dién tich tam gidc , tinh 46 dai cac canh
Bugc2:s0dung S=pr = r= -S-—
P :
Cau 3. Hay chi ra mdt vécto phdp tuy&n va mot vécta chi phuong cha
dudng thdng A néu A cé phuong trinh sau:
a) Ax +By+C=0 (A’+B? 20)

X =x,+at . 2
b) (teR) (a°+Db°=0)
y=y,+bt
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x-a y-b ‘
c) = (m=0:n:0)
m n

Gian
a) Vecto phap tuyén : n(A ;B) . Vecto chi phuong u(B ;-
b) Vecto chi phuong : u(a:b) . Vects phap tuyén - n(b ; —
c) Vecto chi phuong : U =(m ;n) . Vecto phap tuyén : n=(n ; —m)
Cau 4. Lam thé nao dé ching minh hai duong thang la vudéng géc véi
nhau hoac song song vdi nhau, néu biét phuong trinh cia ching ?
Giai

Buéc 1 : Tim céc vecto phdp tuyén 1—1_; n, ( hoac chi phuong u_l, l;)
cua d1 va dq

—

, |mrn. =0 ‘
Buéc 2: = Néu _ thi dl_l_dg
u,.u, =0
[n, = kn,
e Néu 1 u—1 = kl-]: thi dy/ d
diém A ed;,Aed,

Cau 5. C6 thé viét phuong trinh cia dudng tron khi biét nhing didu kién
nao ( néu mot sd trudng hop thuang gap)?
Giai
* Viét phuong trinh dudng tron khi biét tam va ban kinh.
e Viét phuong trinh dutng tron di qua 3 di€ém khong thing hang.
¢ Viét phuong trinh duong tron biét tim va di qua 1 diém.
e Viét phuong trinh duong tron khi biét tam va tiép xidc véi mot
iuong thang.
LIRY
Cau 6. C6 thé viét phuong trinh chinh tic cda elip, hypebol, parabol khi
bi€t nhitng diéu kién nao ( néu mgt s6 trudng hop thusng gap)?
Giai
Cé6 thé viét phuong trinh chinh téc cta elip, hypebol, parabol khi:
e Biét n6 di qua 1 diém va biét tiéu diém.
* Khi biét d¢ dai truc 16n, truc bé (elip), truc thue, truc do (hypebol).
* D§ dai 1 truc va tiéu cu.
¢ Pi qua 2 diém... vv
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Cau 7. Cho phuong trinh Ax® + By® = 1 (1)
a) Véi diéu kién nao cua A va B thi (1) 1a phuong trinh cia mot
dudng tron.
b) Véi diéu kién nao ciia A va B thi c6 thé bién déi (1) vé dang
chinh tdc cta elip ? cia hypebol ?

Giai
a) (1) la phuong trinh cta dudng tron < A=B > 0
K :
b) Tac6 Ax® + By’ = 1& -’51—+11—=1 (viA,B #0)
A B
Do vay :
1 1
% (1) 1a phuong trinh chinh tdc cta lip khi: —;\- = >0 © 0<A<B
(
—-1—- >0
~ / _ A A>0
% (1) 12 phuong trinh chinh tdc cia hypebol khi: < -2
1 B<0
- < 0
B

B. BAI TAP.
Bai 1. Xét vi tri tuong d6i cia hai dudng thing A, va A, trong mdi
trudng hop sau:
a) Ai:3x-2y+1=0va Ay 2x+3y-—5=0
x=17-4t

x=4+2t p
b) A;: (teR) va Ay . (t" e R) .
y2—1+t y..-.:5—2t

il x=3+4t :
c) A (EeR) va Ag:bx+4y-7=0
y=-2-5t
| o Giai
a) Ta c6: A, nhan n, (3 ; -2) lam vecto phdp tuyén.
A nhan n, (2 ; 3) 1am vecto phap tuyén.

Ma A, va Aj khdng cing phuong. Vdy A;, A; cit nhau
b) (A, di qua M(4 ; -1) va nhén u, (2 ; 1) lam vecto chi phu’o’ng

( Az) nhén ul( -4 ; -2) lam vecto chi phuctng

Do u1 —2u2 = u1 ,u2 cung phuong.
Mait khac diém Mg A, = AyY/A,

—

c) A, di qua N (3 ; -2) va nhén u, = (4 ; -5) lam vecto chi phuong
=u,=- u2 =5 u1 ; u2 cung phuong. Miat khiac Ne A, => A=A,
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Bai 2. Cho duong thdngA:3x -4y +2=0
a) Viét phuong trinh cia A du6i dang tham sé.
b) Viét phuong trinh ciaA dudi dang phuong trinh theo doan chin.
¢) Tinh khodng céch tif méi diém M (3 ; 5), N (-4 ;0), P(2; 1) téi A
va xét xem dudng thang A cat canh nao cia tam gidc MNP.
d) Tinh goc hap bdi A va céac truc toa d6.

4 . Giai
A:3x -4y +2 =0 = A nhan u(4 ; 3) lam vecto chi phuong.
1

Mat khac A di qua MO ; ~2—)

x =4t
a) Puong thing A c6 phuong trinh tham sé : 1 ] (t € R)
y=—+3t
2

2 1
b) Choy=0= Xm—E;X=O:Dy=—2-

Vay A c6 phuong trinh dudng thang theo doan chin :
< -

y _
L
3 2
) Ta o6 dOM A)|3.3-4.5+2| 9
C cO: . = ]
\/32+42 5
. A)|3(4) 40+21 g
V32 + 4° 5
|32 41+2{
d(P, A)= -
8% 4 4° 5

D033-45+2=-9<0; 3(-4)-40+2=-10<0; 32-41+2=4>0
= Céac diém M, N nim vé méot phia cia A, con diém P nim vé phia
con lai |
=> A cdt hai canh MP va NP

d) Gm o, B 14n lugt 1a géc tao bdi A va hai truc Ox, Oy
Ta cé: cosa = Icos(n,l) (n 1a vécto phdp cia A; i (1;0))
B1-40 3

== = a=~36°52
\/3 +42 412 +0
= B =~ 90° - 36°52' =~ 3"8’
(via,p la2géccé canh tuong (ing vudng géc ).
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Bai 3. Cho dudng thdng d: x — y + 2 = 0 va diém A(2 ; 0)

a) Véi diéu kién nao ctia x va y thi diém M(x ; y) thudc nira mat
phéng bo 1a d va chia géc toa dd O. Ching minh diém A ndm
trong nia m#t phdng dé.

b) Tim diém d6i xing vdi diém O qua dudng thing d.

c) Tim diém M trén d sao cho chu vi tam gidc OMA nhé nhat.

Giai,
a) Thay toa do cia M va O vao vé& trdi cia d. Ta cé:
d,=0-0+2=250; dy=x- y + 2.

Do d6 diém M thudc nia mét phidng by 12 d va chia goce toa dd O

khi x-y+2>0

Talaico6da=2-0+2=4>0 = A thudc nita mit phing bo d va

chita gdc toa do O.

b) Goi d1 la dudng thing di qua 0 va vudng géc véi d = d; nhan

vécto u(l ; ; 1) lam vecto phap tuyén =>d, ¢6 phuong trinhx + y =0
= toa do giao diém I cla d, va d 1a nghiém cta hé phuong trinh :
x-y+2=0 x =-1 :
: = \ vay I(-1;1)
1x+y=0 y=1
Goi O’ (x ; y) la diém ddi xing véi O qua d
P X =2x, -x~ .thz S

= { T g { . Vay0'(-2;2)

y=2y;-Y¥o -|¥=2. ot
¢) Vi OA = 2 khéng déi nén chu vi tam gidc OMA nhé nhat
khi MO + MA nhé nhit. V6i moi di€ém M trén d ta ¢c6 MO = MO’

nén MO + MA = MO’ + MA 2Q’A.
D4u bing xdy ra khi M 1a giao cta d va O’A:

.

—— =9
Ta cé: CJ)A=(4;—2)=‘:»-O’Ac6phm‘mgtrinhx =-%©x+2y—2=0
: ; iy
x+2y-2=0 |*T73
=> toa do M la nghiém hé: —
' x-y+2=0 ' 4
; _ Ly 3

e
Vay M(——;—)
33

Bai 4. Cho dudng thdng A: Ax + By + C = 0 va diém I(x, ; y,). Viét
phuong trinh dudng thdng A’ d8i xing véi A qua I.
Giai
~ A’ d8i xiing v6iAqua I khi va chi khi A’= Anéule A hoic A’/ A
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néu I ¢ Akhido A’ va A cach déeu ] Nhivay A’ co phuong trinh
dang Ax + By + C = 0.

Do d(1,A) = d(I,A’) nén C' = -2(Ax, + By,) - C

Vay A’ c6 phuong trinh: Ax + By - 2(Ax, + By, - C = 0.

Bai 5. Mot hinh binh hanh c6 hai canh nam trén duong thdng x+3y—6 =0
va 2x-5y-1=0. Biét hinh binh hanh dé c6 tam doi xing la I(3 ; 5),
hay viét phuong trinh cac canh con lai cua hinh binh hanh dé.

Giai
Goi hinh binh hanh la ABCD va gia st AB: x +3y -6 =0
AD: 2x -~ 5y - 1 =0

Do hinh binh hanh ABCD nhan I(3 : 5) lam tam ddi xing nén BC doi
xung véi AD qua I; CD déi xung voi AB qua I
Do BC//AD = BC c¢6 phuong trinh dang 2x - 5y + m =0 (m=-1).
Mat khac BC va AD doi xing nhau qua I = d(I; BC) = d(I ; AD)

23-55+m| [23-55-1

- _

= = = m
J2? + 52 Jores?

Vay BC c6 phuong trinh 2x - 5y + 39 =0.

Hoan toan tuong tu ta c6 CD c¢6é phuong trinh x + 3y — 30 = 0

~-19| = 20 ¢&>m=39 (vi m#-1)

Bai 6. Cho phuong trinh x° + y2 +mx—-2m+ 1)y +1=0(1)
a) Vdi gia tri nao caa m thi (1) la phuong trinh caa dudng tron.
b) Tim tap hgp tdm cua cac duong tron noéi ¢ ciu a.
Giai
x* +y2+mx—2(m+ y+1=0
2
<:>(x+£;l)2 +(y—(m+1))2 ::—r?r-r(m+l)2 -1

a) Dé (1) 1a phuong trinh cia duong tron <

9 ‘m>0
m 2
—+(M+1)"-1>0 8
4 m< -—
¥ 5 % . . « . . . . . . . .
m >0 X = m
b) Vaéi 8 thi (1) la duong tron tdm I(x , y) trong dé 2
m<_-5_ y=m+1
khd m tu hé phuong trinh trén =2x+y-1=0.
8 8 4
Dom<-— =-2Xx<-— &x>—
5 5 5

m>0= -2x>0 ©x<0
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4

x -

Vay tap hop tAm I 1a hai nta dudng thdng 2x + y — 1 = 0 véi g 5
x<0

Bai 7. a) Biét dudng tron (C) c6 phuong trinh x* + y* + 2Ax + 2By + C = 0.
Chimng minh rdng phuong tich cia diém M(x, ; y,) ddi véi dudng tron
(C) bang x: + y2 + 2Ax, + 2Ay, +C
b) Ching minh ring néu hai dusng tron khéng dong tdm thi tap hop

. cdc diém c6 cung phuong tich déi v6i hai duong tron la dudng thing
(goi la truc ddng phuong ctia hai dudng tron).
o Giai
a) Ta c6: (C) 1a dudng tron tdm I(-A , -B), ban kinh R=VA? +B*_C.

PV () =d?-RZ=IM2-R%=(x,+ A+ (y,+ B)*— (A2 + B2~ C)
= x> +y? + 2Ax, + 2Ay, + C

Vay: PM/ () =x* + y2 + 2Ax, + 2Ay, +C

b) Gia s (x; y) la diém c6 cung phuong tich v6i hai dudng tron khong
déng tam (Oq; Ry), (O Ry). '

(0)): X% + y2 +2A1x+2Biy+C; =0

(O2): x* + y* + 2A0x + 2Boy + C2 = 0

= PW (0, = PW (0,
& x°+y2 + 2Ax + 2B1y + Cy = x% + y* + 2A0x + 2Byy + C,
= Z(Al = AQ)X + 2(B1 = Bg)y + C1 e Cz =0 *)
Do (0;) va (O;) khéng ddng tdm
" (A A’ + (B1-Bp’#0
= (*) 12 phuong trinh cia mét dudng thing. Pudng thing dé goi la
truc ddng phuong ciia hai dudng tron.
Bai 8. Cho hai dudng tron x* + y>+ 2A;x + 2B,y + C;= 0
x2 4+ y? + 2A.x + 2Byy + Cy = 0. Gia st ching cdt nhau tai hai diém
M, N. Phuang trinh 2(A; - A2)x + 2(B, - Boy + Cl - Cy =0 c6 phai
1a phuong trinh cia dudng thidng khong? Né&u né la phuong trinh cla
dudng thing thi dusng thdng nay c6 di qua M va N khéng?
Giai
Do hai duéng tron (C,): x2 + y2_ +2Ax+2By+C;=0

(Ca): x® + y% + 2Ayx + 2Byy + Cs = 0 cdt nhau tai hai diém M,N

= (C,) va (Cy) khéng déng tam,
= A, ~ A; va B, - B; khong déng thdi bing khéng.
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— Toa do giao diém M,N cia hai duong tron 1a nghiém cta phuong
trinh x“+ y*+ 2A;x + 2B,y + C; = x>+ y2 + 2A.x + 2Byy + Cy

<> 2(Ay = Ap)x + 2(By - Bo)y + C,~ Cy = 0 (*) 1a phuong trinh dudng
thang.

Vay néu (C)), (Cy) cdt nhau tai M,N thi toa d6 M, N théa man phuong
trinh (*) hay (*) 1a phuong trinh duong thdng M,N.

Bai 9. Cho dudng tron (C): x* + y* = 4 va diém A(-2 ; 3)
a) Viét phuong trinh cdc ti€p tuyén cta (C) ké tir A.
b) Tinh d6 dai cdac doan tiép tuyén va khoang cach gitta hai tiép
diém cua hai tiép tuyén ¢ cau a.
| Giai

a) Goi A la dudng thing qua A va nhan n(a ; b) lam vecto phap tuyén
= A ¢6 phuong trinh: a(x + 2) + b(y — 3) = 0. (a’ + b?z 0).
Ta ¢6 (C) 1a dudng tron tam O(0 ; 0) ban kinh R = 2. (A) 1a tiép tuyén

caa (C)
|2a - 3b| T
=d0, A)=R & - —— =2 [2a-3b| = 2Va’ + b
. \/a2 + b?
(b =0
< b(12a - 5b)=0 <
_123—5b=0

e Véib=01ldya=1 = tacé tiép tuyén A,: x + 2 =0
e Véi12a-5b=01ladya=5=>b =12

—>ta c6 tiép tuyén Ay 5x + 12y — 26 = 0.

b) Goi T va T’ 1a tiép diém cha A, va A, véi (C)

Ta ¢6: AT? = AT?= PA/(C) =9 = AT = AT = 3

Ta ¢6: TT = 2TJ ( J 1a giao diém cia AO va TT)
ma TJ.AO = AT.TO '

AT.TO AT.TO
=5 Td = 2=

A F1—0
== ; oJ
AO  JAT? 4 TO? / -
AT.TO 3.2 12
Vay TT = 2 ——— = 2 == &
JAT? + TO*  J9+4 V13
2 2 X2 2
Bai 10. Cho elip (E) : =+ -5—:1- =1 va hypebol (H) : == -’-:-1— -1

a) Tim toa dé cdc tiéu diém cia (E) va (H).
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b) Ve elip (E) va hypebol (H) trong cing mgt hé truc toa d9.
c¢) Tim toa d6 cdc giao diém ciia hai dudng d6.
Giai

2 2
a) (E): 3-5-+-)i—=1=>82=5,b2=4 =c’=a’-b’=1=>¢c=1

Vay (E) ¢6 tiéu diém Fy(-~1;0) ; F2(1;0)

2 2
(H): %—%=1::a2=5,b2=4 =c’=a’+b?=9 = ¢c=3

Vay (H) cit tiéu diém F(=3 ; 0) ; F2(3 ; 0).

b) Vé (E) , (H). (Hinh duéi day).
(E) nh&n Ox, Oy 1am hai truc d6i xiing, nhdn F,(-1 ; 0) va Fx(1 ; 0)
lam tidu diém, cit Ox tai (—V/5 : 0); (/5 ; 0) va céit Oy tai (0 ; —2) ;(0 ; 2)

- ey e e W W

2 2
y = Tsrx y = —_J_g.x
(H) nhdn F,'(=3 ; 0) ; F2'(3 ; 0) 1dm tiéu diém, truc Ox, Oy lam tryc d6i
“ximg va dudng thﬁng_y = :tvzg lam tiém cén.

) Toa 44 giao diém cia (E) va (H) 12 nghi¢m h¢ phuong trinh:
& xz 2 .

........g..!..-_-l 2

5 4 x" =5 x =16
1§ & 9, =

Y y =0 y=0
(6 4

Vay toa d6 giao diém 1a (V5;0);(-v/5;0)
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2 2

Bai 11. Cho dudng the‘l_ng A:2x - y-m =0 va elip (E): x? e =]

4
a) Vdi gia tri nao cia m thi A cit (E) tai hai diém phan biét ?
b) Vi gia tri ndo cia m thiA cdt (E) tai mot diém duy nhat ?

Giai
Ta c6 toa do giao diém cua A va (E) 1a nghiém cua hé:
fxd of
J ERAE
[2x -y-m=0
a) A cidt (E) tai hai diém phan biét < hé (I) c6 dung 2 nghiém phén biét
LI
={5 ¥ 4 - c6 dung 2 nghiém phan biét
y=2Xx-m
x> (2x - m)® X
& = + m—— =1 c6 ding 2 nghiém phén biét

< 4x% + 5(4x® - 4mx + m?) = 20 c6 ding 2 nghiém phén biét
< 24x% - 20mx + 5m? - 20 = 0 ¢6 ding 2 nghiém phan biét
< 100m?- 24(5m?-20)>0 & —-2\/6 <m< 2\/6
b) A cit (E) tai mét diém duy nhd&t < hé (I) ¢c6 dang 1 nghiém
< phuong trinh 24x% — 20mx + 5m?- 20 = 0 ¢6 ding 1 nghxém

& 100m?- 24(5m%-20) =0 < m = 26

2 2
J

Bai 12. Cho elip (E): — + - =1
25 9
a) Xdac dinh toa d¢ hai tiéu diém va cdc dinh cta (E).
b) Viét phuong trinh chinh tdc cia hypebol (H) nhan céc tiéu diém
cua (E) lam dinh va c6 hai tiéu diém la hai dinh cda (E).
c) Vé elip (E) va hypebol (H) vira tim dugc trén cing mdt hé truc toa
do.
d) Viét phuong trinh cia dudng tron di qua céc giao diém cha hai
duong conic dé6.
| Giai

Ta c6:a>=25,b%>=9 =a=5,b=3vac=va?-b? =y/25-9 = 4

a) ® Toa dd hai tidu diém: Fi(-4 ; 0) ; Fo(4 ; 0)
® Toa d§ cdc dinh A;(-5;0), Ax5;0), B4(0;-3), Bo(0; 3)
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2 2
b) Phuong trinh chinh tAc cia hypebol (H) c6 dang: ~x—~ . - 1
a’

b2
do (H) c6 hai dinh (=4 ; 0) ; (4 ; 0) va hai tiéu didm (-5 ; 0) ; (5 ; 0)
X a=4 a’ =16
nen L) .
a’+b% =25 b2 =9
L 2 2

Vay phuong trinh caa (H) la: % - Xg“ =1

c) (Hinh duéi day)

- e -- Pl i T

- \/ \ /5 .
~
d) Toa d6 giao diém cta (E) va (H) 1a nghiém cta hé:
'xz yz
o e e = 2 2
25 9 x° x 2 2 s 2.25.16
y & —+— =2 OSX = & X =
-y 25 16 1 1 41
o AR N — 4 —
(16 9 25 16

2 2 2
2.25.16
:bz—-=-§—-—1:>y2=9. = ( ik ]
9 16 16 16.41

2.25 81 el
2
- =9 | == _1]|=—= Tudésuyrax +y =
¥ (41 ) 41

881

Vay toa d9 giao diém cta (E) va (H) nim trén duong tron x° + y° = T
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Bai 13. Cho parabol: y* = 2px. Vi mdi diém M nam trén parabol (M # O).
Goi M’ la hinh chiéu cGa M trén Oy va I la trung diém doan OM’.
Chung minh rang duosng thang IM cat parabol tai mot diém duy nhat.

Giai

Gor M(x,; y,) €(P) = y;f = 2px, . Suy ra M’(0 ; y,).

Do I l1a trung diém OM’ = I(O ; Xé‘l]

,, 2
Do M # O nén duong thing IM cé phuong trinh: — - ¥ +1=0
xO yO
y? = 2px (1)
Xet hée phuong trinh 2 I
P PEne E B e g
x() yO
2 2x
T2 = x = x"y—x0 thay vao (1) suy ray” = 2p °y-xo]
yo y0
F y2
Mat khac yj = 2px, = x, = —
2p
vy Y
Do vay y’ =29-(—°——-2-°—) hay y* -2y y+y. =0y =y,
P 2p

Suy ra hé (I) c6 1 nghiém, do d6 IM chi cit (P) tai mét diém M.
1 .
Bai 14. Cho parabol (P): y® = 3% Goi M,N la hai diém di dong trén (P)

sao cho OM 1 ON, (M,N khéng trung véi 0). Ching minh ring dudng
thdng MN ludn di qua mét diém cé dinh.
Giai

Pat M(x,; y1), N(x2; y2). Do MN € (P): y2 = —X nén

1
2
X, = Eyf , Xy = 2y§. (véixy, X2, v1, y2 khdc 0).

1
Do OM 1 ON = x;x; + yiye=0 = y1y2(1+4y1y2) =0 ¥Yz = _“_4_= (*)

Ta c6 dugng thing MN nhéan MN lam véctd chi phuong
= MN c¢6 phuong trinh cami.. SO S
X -¥%, Y )
(Y- y)x — (Xo— X))y — YiXxo— X1y2 = 0 (%)
hay (y2- y)Ix - 2(y1 + y2)y + 2y1y2] = 0
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( thay x, = 2y2,x, = 2y> vao (**))
DoM#N =y, #y,.(vinduy;=y; = x1=x2 => M =N)
Vay phuong trinh cia MN la: x - 2(y, + y2)y + 2y1y2=0

Hay x - 2(y, + y,)y —-:15 =0 (do (%))

Lai c6 % -2y, +y,).0 - -3— = 0 = dudng thdng MN di qua diém c&§
dinh

la (-1- 7 0) .
2
C. BAI TAP TRAC NGHIEM.
1) Puong thidng 2x + y — 1 = 0 ¢6 vécto phdp tuyén la vecto nao ?
D n=(2;-1) ; I n=(1;-1) ;
IID n=(2;1) ; IV) n=(-1;2) .
2) Puong trung truc ctia doan thing AB véi A=(-3 ; 2), B(-3;3) ¢6
vecto phédp tuyén 1a vécto nao ?

Dn =6;5) ; IDn =(0;1);
IID n =(-3;5) ;. IV) n =(-1;0) .
3) Phuong trinh nao la phuong trinh tham s ctia dudng thing x-y+3=0 ?
x=t | x=3
D { ¥ % g II) { ;
y=3+¢t ‘ y=t
x=2+t¢t x=t
IID : IV) :
, y=1+t y=3-t¢

4) Vectu nao 1a vecto phdp tuyén cia dudng thdng c6 phuong trinh
{x =-1+2t

y=3-t
Dn=2;-1 ; I) n =(-1;2);
D) n =(1;-2) ; V) n =(1;2).
5) Puong théng nao khéng cit dudng thdng 2x + 3y -1=0?"
D2x+3y+1=0 ; IDx-2y+5=0;
IIH2x-3y+3=0 ; IV)4x-6y-2=0.
6) Pudng thdng nao song song v6i dudng thing x-3y+4=0 ?
{x=1+t {le—t
I) £ . II) ;
y=2+3t y=2+3t
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I11) : V) .
=2+t

y=2-t
) ] ) x=3-t
7) Bbuong thang nao song song vdi duong thang ?
y =-1+2t
x=5H+t XxX=5+t¢
I . II) :
y =2t y = -2t
x=5-2t x =5+ 4t
I1I) ; IV) :
y=t y=2t
8) Puang thdng nao vudng géc véi duong thdng 4x-3y+1=0 ?
X =4t x = 4t
D : IT) ;
y:——3~—3t y=”3+3t
X = -4t x = 8t
I11) y IV) .
) xX=-1+t
9) Puong thing nao vudng goéc véi duong thing .
y=-1+2t
D2x+y+1=0 ; IDx+2y+1=0;
+1 1
D) 4x -2y +1=0 ; IV)xl =y; |

. 10) Khodng cach tir diém O(0 ; 0) dén dudng thédng 4x-3y-5 = 0 bing
bao nhiéu ?

DO ; ID1;
IID) -5 ; IV) l )
5

11) Phuong trinh nao la phuong trinh cua duong tron tam I(-3 ; 4)
ban kinhR=27?
Dx+3°+(y-4°-4=0; I (x-3%+(y—4)?%=4;
D (x +3)°+ (y+4)P%=4 ; IV) (x + 3%+ (y - 4)°=2.
12) Phuong trinh x>+ y’- 2x + 4y + 1 = 0 1a phuong trinh caa.duong
tron nao ? ‘
I) Puong tron c6 tdm (-1 ; 2) ban kinh R = 1;
IT) Puéng trdm o6 tdm (1 ; -2) bdn kinh R = 2 ;
I1I) Pudng tron c6 tdm (2 ; —4) bdn kinh R = 2 ;
IV) Pudng tron cé tdm (1 ; -2) ban kinh R = 1.
2 2
13) Nhitng diém nao 1a tiéu diém cda elip (E): "g + YT wE.

prd
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D F,=(1;0) ; 1) F,, = (3 0) ;

1) F, =(0; £1) ; IV) F, =(1;+2).
2 2
14) Elip (E): %_ + —)-;—- =1 c6 tdm sai béng bao nhiéu ?
I)e=§; II)e=—-\—/§u;
2 3
III)e=g A IV)e=—\/§.
3 3

15) Cho elip c6 tiéu diém F(-3 ; 0), F4(3 ; 0) va di qua A(-5 ; 0). Khi
d6 di€ém M(x ; y) thudc elip ¢6 cdac ban kinh qua tiéu diém la bao nhiéu ?

4
I MF1:5+§x,MF2=5-—§x; IT) MF1=5+—x,MF2:5—ix;
5 5 5 5
II) MF, = 3 + 5x,MF, = -3 -5x ; IV) MF, =5+ 4x,MF, =5 -4x .
2 2
16) Cho elip (E): %+% =1, v6ip>q>0 co tiducy la bao nhiéu ?
q
Dp+q; mp*-q° ;
Dp-gq ; IV) 2p% - q° .

2 2
17) Phuong trinh Ez— - Z; = 11a phuong trinh chinh tdc ctia dudng nao?

I) Elip vdi truc 16n bing 2a, truc bé bing 2b ;
II) Hypebol véi truc 16n bing 2a, truc bé bing 2b ;
IIT) Hypebol véi truc hoanh bing 2a, truc tung bing 2b ;

IV) Hypebol véi truc thuc biang 2a, truc do bing 2b .
2 2

18) Nhitng diém nao la tiéu diém cia hypebol % ~ _y5_ =17
I) (24 ;0) ; I (£V14 ; 0) ;
1D (2; 0) ; v) (0 ; +14) .
2 y?
19) Nhitng dudng nao la dudng tiém can cia hypebol E vk =1 7
5 4
Dy=+—x; IDy=2—x;
d 4 d 5
25 16
I y=+—x ; IV) y=+—x .
¢ 16 I 25
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2 2
20) Nhitng duong nao la duong chuan cia hypebol _x_) Ay
q P

[ x=+—; II)Xx:i:El—;
P

2 2
II1) % 5 % - B e st

2 2
X y
e SR (N
16 9
I)x_2+y2=25; I x*+y?=7;
1) x*+ y*= 16 ; IV) x>+ y*=9 .
22) Diém nao la tiéu diém caa parabol y*=5x ?
1) F(5:0); II) F[—E1 : 0] :
2
5
III)FiE : O]‘, IV)F[—— i 0].
4 4
23) Duong thiang c6 phuong trinh nao la dudng chuian cia parabol
y? = 4x ?
Dx=4; I x=-2;
Ix=%1; IV)x=1.
1
24) Conic c6 tim sai e = 7_— 1a dudng nao ?
2
I) Hypebol ; II) Parabol ;
I1T) Elip ; IV) Buong tron.
Dap an.
Cau | 1 | 2] 3 4 5 6 7 8 9 10 | 11 | 12
Pépan IIT | IT | T | IV | 1 IV | 1I I I1 I1 I | 1II
Cau |13 |14 |15 |16 | 17 | 18 | 19 | 20 | 21 | 22 | 23 | 24
Papan| I (IV| T |IV IV | II |'T || 1 IV | IV | III

I11. BAI TAP TUONG TU VA NANG CAO.

1
Bai 15. Cho tam gidac ABC c6 A(-1; 1), B(3 ; 2), C[——z—;—l].

a) Tinh cac canh cia tam gidac ABC. Tir d6 suy ra dang ctia tam giac.

13

9




b) Viét phuong trinh dudng cao, dudng trung tuyén va dudng phan
gidc trong cla tamyr gidc tai dinh A. |

c¢) Xic dinh toa do tdm cia dudng trdn ngoai tiép tam gidac ABC.
Bai 16. Cho dudng tron (C) : x* + yze 8x — 6y + 21 = 0 va diém M4 ; 5)

a) Chitng minh ring diém M nim trén dudng tron (C). Viét phuong

trinh tiép tuyén védi (C) tai M.

b) Viét phuong trinh dudng tron déi xing véi dudng tron (C) qua
dudng .

thdng y = x.

2 y2

Bai 17. Cho elip (E): 3{: +7- =1 va hai diém M(-2;; m)N(2;; n) (m = -n)
a) Goi A; va A; la cAc dinh trén truc 16n cia (E). Hay viét phuong trinh

cac duong thdng AN va A,M. X4c dinh toa do giao diém I cia chiing.

b) Biét dusng thing MN thay ddi nhung ludn cit (E) tai mot diém

duy nh4t. Tim tap hop céc giao di€ém I.

Bai 18. Hai chiéc microphone dit cdch nhau mét dam, dé ghi 4m mét vu
né. Microphone A nhin 4m thanh truéc microphone B la 2 giay. Biét
van téc cia Am thanh 1a 1100feet/s. Hiy x4c dinh vu nd x4y ra ¢ dau?

( 1 dam = 5280feet , 3feet = 0,914m).

1V. PAP SO VA HUGNG DAN GIAL

Bai 15.
' V17 V85

a)AB=J1_7;AC:T;BC.—_T(AAchangtaiA)

b) e Puong cao AH : 7x + 6y + 1 =0
® Trung tuyén AD : 2x + 9y - 7 =0
® Phan giac AE : 2x + 5y -3=0
1

c) Tam dudng tron trung véi D[g i —2-]

Bai 186.
a) Phuong trinh tiép tuy&n cia (C) taiMlay - 5 = 0.
b) (x - 3+ (y-4°*=4.
Bai 17.
a) Phuong trinh AIN: nx -4y +2n =0
Phuong trinh A,M: mx + 4y - 2m = 0
2(m — n) m.n

Toa d6 giao diém I : I . )
m+n m+n
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2 2
b) Tap hap céc giao diém 1 1a elip (E’) ¢c6 phuong trinh E{Z + Xiw =]
4
Bai 18. Chon hé truc toa do Oxy ma Ox di qua A va B, Oy la trung truc
cua AB ( nhu hinh 104). Ky hiéu d, 1a quang dudng 4&m thanh di ti vu
né dén microphone A, d; 14 quang dudng 4m thanh di tif vu né dén
microphone B.
Khi d6 theo gia thiét y
|d, —d,| = 2200Q1)
Tép cdc di€m théa man (1)

la hypebol ¢6 phuong trinh 20001 |
2 2 P
x y dﬂ ’4’
a T Ta 1 B /”
az b2 ™ >
5 280 -3000 -2000 X

Ta cé c=—-—2—:2640;

00 '
a :?——25-»::1100 ;

b%= c®- a’= 5759600.
VAay vu nd nim trén mot

nh4anh hypebol ¢6 phuong trinh

2 2
X y

- i T
1210000 5759600
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ON TAP CcUOI NAM

LKIEN THUC CAN NHG.

1. Vécto va cac phép toan vécto : tdng chia cac vécto , hidu cia hai vécto,
tich caa vécto v4i mot sé
2. Tich vd huéng cia hai vécto:
+ Gid tri lugng gidc cua mot géc.
+Tich v6 huéng caa hai vécto.
+ Hé thic lugng trong tam giac.
3. Phuong phép toa dé trong mat phéng:

+ Géc va khoang cach.
+ Pudng tron va cédc tinh chat.
+ Pudng conic va cdc tinh chat.

+ Phuong trinh tdng quédt , phuong trinh tham s6 cla dudng théng.

I1. BAI TAP CO BAN.
Bai 1: Trong hinh bén , ta ¢6 tam gidc ABC va cdac hinh vuéng

AA'B,B, BB'C,C, CCA,A. vy
Chiing minh cdc ding thic sau: A

a)(AT+§}§7).K"6=0; B
: 1

b) (AA’ + BB + CC’).KE "

¢) AA’ +BB' +CC =0 ; C

d) AB, +BC, +CA, = 0.
Giai
GidstAB=c,AC=b,BC=a.

a) Ta co6:
(AA’ +BB )AC — (AA’ + BB')AB + BC) B

— AA/ AB + AA’ BC + BB'.AB + BB’ BC
= AA’ BC + BB AB = BB, BC - BB’ BA
cos B,BC — IBB | |BA| cos B'BA

'BB | |Bc

= c.a.cos BIBC —a.c. cosB BA
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TSI SRR

Ma B.BC - BBA = (AA” + BB").KE -0

b) Theo cau a:

AN 4 657).;&6 =0.

Mat khac : CC/A—é =0 (vi AC 1L CC)

Do dé: (AA" + BB’ + CC")AC =0

Bai 2. Cho tam giac ABC vuong tai A, AC=Db B
AB = c.
Goi M la diém trén canh BC sao cho CM=2BM , M
N la diém trén canh AB sao cho BN=2AN .
a) Bidu thi vécto AM va CN theo hai vécta N
_A_ﬁ va Ké
b) Tim hé thdc lién hé gilrta b va c sao A C
cho AM 1 CN

Giai

2 —
a) ® Tacéo: AM = AC+CM = AC + ECB (vi CM = 2BM, CM +BM=CB)

jﬁrﬁ+—§-(TB-Kﬁ)=§TB+%E

—

e Ta cé: CN:CA+AN=CA+§AB=%K§-—“A_6

R G 2___._,_.
b) Ta c6: AM.CN = [EAB + %AC

1B _ AC]
3

— o 2= ., B-=-— 2
. AM.CN - 2aB? - 2ac? - 2ABAC=2¢2 Ly
9 3 9 9 3
; e s 2 1
P& AM L CN thi AMCN =0 & 5(:2 - §b2 = 0 hay 2¢? = 3b?
Bai 3. Cho tam giac ABCv61 AB=4 ,AC=5,BC=6
a) Tinh céc géc A; B; C.
b) Tinh d6 dai cdc dudng trung tuyén va dién tich tam gi4c.
c¢) Tinh ban kinh dudng tron ndi ti€p va ngoai tié€p tam gidc ABC.

Giai
b2 1% _ a2 5% 442 _ g2 R
&) i ot cogk = — Lt E 2T -1 A= 8249
2bc 2.5.4 8
2 2 2 2 2 .2
a“~+c¢"-b 6" +4" -5 9 - /
cosB = = g———=—=B=>55%6
2ac 2.6.4 16
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~

C = 180° — (A + B) ~ 41°25'
a+b+c__15

b) * Ta c6: p = o
2 2
, b2+c® a?® 52442 g% 23 Ja6
.ma = - =-—m =
2 4 2 4 2 2
» a‘+c¢t b2 62 +4® 5 79 J79
*m, o e S S I, e . e e [, e s
2 4 2 4 2
, a‘+b® & e62+5% 4% 106 106
Omc x—-—-———-—-———:—————-—-—m:—-—-——ﬁmcz-—-_—-.
2 4 2 4 4 2
* Ta cé:
S=plo—aXp-blp-o) = —13[-13 4][5 5][E 6]—15‘/:’
kil i 2|2 2 2 4
.. (
c)Tacé:S:EP-E@Rzab(:: 456—=8\/—
4R 4S 415J'7 7
4
S 1547 7
Laicé:S:pr=>r=-=>r=-—---\-/--.--=-—\/:-
p 4 15 2
Bai 4. Cho hai dudng tron (O ; R) va (O’ ; R’) khéng c6 diém chung va d

la
truc ddng phuong ciia chiing. Goi I 1a mét diém thay d8i trén d. Tir I
ké cac ti€p tuyén IM, IN, IM’, IN’ t6i hai dudng tron.
a) Ching minh ring 4 diém M, N, M’, N’ nidm trén dudng tron c6 tam
I va ky hiéu dudng tron dé la (I).
b) Véi di€ém I’ nim trén d ta lai c6 dugng tron (I'). Ching minh ring
dudng thdng OO’ 1a tryc ddng phuong cta hai dudng tron (I) va (I’).

. a) Tacs: PV (0) =IM*<IN? . PIAO) = IM? = IN?
vi I nim trén truc ddng phuong d ctia hai dudng tron (0) va (O’)

dodé:.?U(O):.?I/(O’):bIM:IN:IM':IN’

hay bén diém M, N, M’, N’ n&m trén dudng trdn tdm I ,goi 12 dudng
tron (I)
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I
b) Ta c6: POAI) = OI2 - IM? = OM? = R? tuong tu: PO/T) = R

= &0/ (1) = P O/ (') . Hoan toan tuong tu: P07 (1) = PO (1)

Vay OO’ nim trén truc ddng phuong caa (I) va (I))
Bai 5. Cho tam gidc ABC.

. , B o 2 . bS e C3 e 33
a) Tam gidc ABC c6 tinh chat gi néu a” = ?
b+c-—a

. 2
b) Biét — = & -l-, ching minh réng 2sinA = sinB + sinC.
ha hb hc
Giai
b® +¢® - a°

a) Ta c6: a° = : obl+rcd=(b+ca’ea’=b’+c’-be.
+c-—-a

Mat khac: a®= b?+ ¢ - 2bc.cosA = cosA = L & A =60°

_—

2
&—=—+—<2a=b+c
h, h S 28 28

< 2.2RsinA = 2RsinB + 2RsinC = 2sinA = sinB + sinC.

Bai 6. Trén hé truc toa dé Oxy, cho hai hinh ' chit nhat OACB va
OA’C’B’.Biét A(a ; 0), A'(a’; 0), B(0 ; b), B’ (0 ; b")
(a,a’,bb>0,a=a’,bzDb).

a) Vi&t phuong trinh cdc dudng thing AB’ va A’B.

b)Tac(’):Kz—-zulw— z . b

c
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b) Tim hé thuc gitta a, b, a’, b’ dé
hai dudng thdng AB’ va A’B cit oy
nhau. Trong trudng hgp hai dudng A
thing AB’ va A’B cdt nhau, hay tim
toa d6 giao diém I cia hai dudng
thing dé.

¢) Ching minh ring ba diém I, C
C’ thdng hang.

d) Véi diéu kién nao caa a, b, a’,

b’ thi C la trung diém cta IC? 0 A(a:0) A(a’:0)
Giai ¥
a) Ta c6: AB' = (-a:; b), suy ra AB’ nhén ;:(b’ ; a) lam vécto phap

tuyén.
= AB’ ¢6 phuong trinh : b’(x —a) + a(y-0)=0 hay b’x + ay —ab’ = 0
Hoan toan tuong tu ta c6 A’B c¢6 phuong trinh :
b(x - 0)+ a(y —b) =0 hay bx + a’y — a’b = 0.
* /

b) Ta c6: AB’ va A’B cdt nhau & —%— = —?7- & a'b’ = ab
a

Khi d6 toa do giao di€m I cia AB’ v6i A’'B 1a nghiém hé:
[b’x+ay—ab’ =0

(*)
bx +a'y-a’b=0

s b'a ' ab' a
Gidi (*) c6: D = =a'b-ab ; D, = = aa'(b'-b)
: b a’ a'b a'
b' a o | )
y = . |=Dbb'(a'-a) . Khi d6 a'b’+ ab =
b a
s D, _aa'(b'-b)
fiyie D a'b-ab VayI[aa(bmb);bb(a—a)]
D, bb '(a'- a) ‘a'b'-ab a'b'—ab
D w'Blegb
c) Ta ¢6: C(a;b),C(a’ ;b))
ﬁaz[aa(b b : bb(a—a)__b]: ab(a«~a');ab(b——b')
a'b'—ab a'b'—ab a'b'—ab a'b'—ab
Ma CC' = (a'-a; b'-b)= CI = —-—-g-?—&*ga(—j‘z,» C, I, C’ thing hang.
- a'b'-a
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d) C la trung diém IC’ « Cl+CC =0

v B
a'b'— ab a'b-ab’
" abb - b) ] A b
R e  tb-b=0 |b-b)—2— =0
a'b'—ab a'b-ab’
a' =0
“a'b' =0 &
b'=0
a' =0
Vay dé C la trung diém cta IC’ thi {|{b'=0
a'b'= ab

Bai 7.Trong hé toa dd Oxy cho diém A(3 ; 4) va B(6 ; 0).
a) Nhan xét gi vé tam giac OAB? Tinh dién tich tam gidc dé6 ?
b) Viét phuong trinh dudng tron ngoai tiép tam gidc OAB ;
¢) Viét phuong trinh dudng phan gidc trong tai dinh O caa tam gidc
OAB ;
d) Viét phuong trinh dudng tron ndi tiép tam giac OAB.
Giai

Ta c6: AB = (3;-4) ,0A =(3;4) ,0B=(6;0)

a)e AB=+/3>+(-4)* =5 ,0A=+3"+4% =5,0B=+6"+0> =6
= AB = OA = AOAB cén tai A.

. H(3;0)
® Goi H 1a trung diém BO = (vi AOAB cén tai A)
AH L BO

Ma AH = (0;-4) = AH =4
1
Vay dién tich tam giac OAB la: S, = %BO.AH == -56.4 =12 (dvdt).

b) Goi I 1a tam dudng tron ngoai tiép tam gidc OAB , I(x, ; y,).
IA=IB |J(x, =37 +(y, - 4)? = |(x, - 6)> +y

=
10=1A | fix, -3 +(y, - 4)® = x? +¥°

~-6x, +9+y2 -8y, +16 = x

=

X
L=
X

—12x, + 36 + y>

O N O N
N O N

——6x0+9+y§—‘8y0+16=x0+y3
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6x, — 8y, = 11 {12::0 = 36
A=

=4
6x, + 8y, = 25 8

2 7
& 7 :>I[3;—] :
16y0 =14 yozg

2

7 V30

Lai c6 ban kinh R =10 = 3% + |=| =——
8 4

Vay dudng tron ngoai tiép tam gidc OAB cé phuong trinh

(x-3)2+[y-—-?-]2=-——5-.

8 8
c) Ta c6: OA c6 phuong trinh % i hay 4x—-3y =0
OB c6 phuong trinh % %— hay y=0
Goi M(x ; y) 1a diém thudéc dudng phén gidc géc O.
-3
Ta c6: d(M,0A) = d(M,0B) & ——— fox = 3y] _ 'y | & |4x — 3y| = 5|y|

4x -8y =0 x-—2y=0(A1)

&
4x+2y =0 |2x+y =0 (4,)
Pé M thudc dudng phan gidc trong dinh O cia tam giac OAB thi diém
A va B phai nidm vé hai phia cta (A).
Nhan thdy (3 — 2.4)(6 — 2.0) < 0 ( thay toa do A, B vao (A;)
Vay phén gidc trong can tim c¢6 phuong trinh x - 2y = 0
d) ¢ Goi J(x; ; yy) 1a tam dudng tron ngoai ti€p tam gidc OAB = toa
do J la giao cia hai dudng phéan gidc trong dinh O va A cua tam giéc.
Ma AOAB céan tai A = AH la duong phan gidc trong dinh A ma AH
nhan OB = (6;0) lam vecto phdp tuyén = AH c6 phuong trinh 6(x —
3)+0(y-4)=0hayx-3=0.

L=

I

) x—-3=0 — 3
Vay toa do J la nghiém hé & 3 vay J|3;—
X"‘*2y=0 y E 2

2 | 3]2 3
+]=| ==
2 2
Vay dudng trdon ndi tiép tam gidc OAB c6 phuong trinh
2
3 9
(x—-3)2+[y-——]

* Bén kinh r = JH = \/(3»3)

——

2 4

148



Bai 8. Trong mit phang toa do , v4i mbi s6 m# 0, xét hai diém

1
4;——(—3—].
m

M(-4 ;m) va M,

a) Viét phudng trinh dudng thing MM, .

b) Tinh khoang cach tiu goc toa dé O téi dudng thing M,M; ;

¢) Chung té rang duosng thdng M;M; luén tiép xuc véi mot dudng tron
¢o dinh.

d) Lay diém A(—4 ; 0), Ax4 ; 0). Tim toa d6 giao diém I cia hai

duong thang A\M, va A,M, .

e) Ching minh rang khi m thay déi, I ludn nidm trén moét elip (E) c6
dinh. X4ac dinh toa do tiéu diém caa elip d6.

Giai

— 16 — m” . -
a) MM, = [8 ; ——-—-m—r-'-]—-] = dudng thaing M;M; nhdn M|M, lam
m
4 —
vecto chi phuong = M;M; cé6 phuong trinh et m2
8 16 -m
m

hay (16 — m?)x — 8my + 4(16 + m?%) = 0

Vay M,;M; ¢6 phuong trinh (16 — m®)x — 8my + 4(16 + m®) = 0
b) Khoang cach tit O dén M;M; la

416 + m*)| 416 + m)|

d(0;M,M,) =

J16 - m?) + 64m® /(16 + m?)>
¢) Ta c6 do d(O ; M;M;) = 4 khéng déi.
= MN ludn tiép xic vdi dudng tron tdm O, ban kinh R = 4.

m

= AjM; nhan A|M, lam vécto chi phuong
Xx+4

= A1M; c6 phuong trinh = {E hay 2x ~my + 8 =0 (1)

m
e A:M, nhan A,M, lam vécto chi phuong
~4
= AoM, ¢6 phuong trinh s . & hay mx + 8y —-4m =0 (2)

-8 m
e Toa do giao diém I cia A;M; va A;M; la nghiém hé
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- 4(m® - 16)
2x-my+8=0 - 2 1?2~ 16
X y & | 16 + m Vay14(m = 16m‘2
mx + 8y —4m = 0 _ 16m 16 + m 16 + m
\y 16 + m?
e) Khi A;M, va A,M, cdt nhau tai I(x ; y) thi:
' 4(m’® - 16) (x m?-16 x> (m®-16)
S s e e —_—
16+m* |4 m’+16 16 (m® +16)*
- 16m y _ 8m y? K 64m?
" 16 + m® 2 m2+16 4 (m®+16)°
2 2
-1
::3(—-—+y——-(m 6" +64m -l.Dom;tO =>y=z0
e 4 (m +16)
Vay tép cdc diém I 1a elip (E) ¢6 phuong trinh
2 2
X2 1Y _1trit Al-4;0) va A4 ;0).
16 4
2y
Bai 9. Cho hypebol ¢6 phuong trinh B —4- = le

a) Viét phuong trinh cdc dudng tiém can caa hypebol ;
b) Tinh dién tich hinh chit nhat co sé cia hypebol ;

3 .
¢) Chitng minh ring cdc diém M[S;—z-] va N(8;2\/§ ) déu thudc

hypebol

d) Vi€t phuong trinh dudng thdng A di qua M, N va tim giao diém P,
Q cia A véi hai duong tiém cin cia hypebol.

e) Chiing minh ring trung diém cta hai doan thing PQ va MN trung

nhau.
: Giai
Tacé:a’=16=>a=4 ; b’=4=b=2.
. b
a) Phuong trinh cdc dudng tiém cén clia hypebol l1a y =+—x = :t-;-x.
a

b) Hinh chit nhét co sd c6 canh la 2a =8 va2b =4
= dién tich hinh chif nhat co sd l1a S = 2a.2b = 32 (dvdt)

» (3]2
52 5* ~ §*
c) Ta cé6: — — L - =1 = M thudc hypebol.
16 4 16
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8" (2\/5)2 8 i 12

Lai c6 — - = =1 = N thudc hypebol

16 4 16
,4\/5-3]

d) ® Ta co MN [3 2(—-—]23 >

— duong thang A qua M, N ¢6 phuong trinh
3
_ y- _ _
X-95 B o X 5 2y-3
3. 4oz 3 4f3-3
2
= (43 ~3)x -6y —20¥3 +24 =0 (A)

e Toa do P caa (A) véi y :%x la nghiém hé
(43 -3)x -6y ~20V3+24=0 [ _go. o/
1 &
y=—X y=4+\/§
Vay P8 + 23 ; 4 +/3)
e Toa do Q cua (A) véi y =——é1—x la nghiém hé

(43 —3)x -6y —20J3+24=0 [x=5-2V3

1 g ~5+ 23
y=-~=x y=—
2 , 2
54243
Vay Q[5w2\/§ : ———g——‘[—
&) Goi T 1 trung i MY < T2 3*:‘/?:]
13
Goi J 1a trung diém PQ = J| = ; 3*;‘/5]

Vay I = J hay trung diém cia MN va PQ trung nhau .

Bai 10.Cho parabol (P) ¢6 phuong trinh y? = 4x.
a) X4c dinh toa db tiéu diém F va phuong trinh dudng chuén d cia (P).
b) Pudng thing A cé phuong trinh y = m (m # 0) 14n lugt cdt (d), Oy va
(P) tai cac diém K, H, M. tim toa d6 cdc diém d6.

151



¢) Goi I 1a trung diém cia OH. Viét phuong trinh dudng thing IM va
ching té ring dudng thdng IM cit (P) tai mot diém duy nhat.
d) Ching minh rang MI 1L KF. Tu dé suy ra MI la phan gidc cha géc
KMF .
. Giai

Taco2p=4 = p=2.

a) Parabol (P) c6 tiéu diém F(1 ; 0), dudng chuén x = -1 (d)

b) ® Toa dé giao diém K cia (d) v6i (A) : y = m (m # 0) la nghiém cta

hé phuong trinh: { = K(-1; m)
y=m
e Toa d9 giao diém H cta (A) véi Oy la nghiém cia hé phuong trinh:
x=0
[ = H(0 ; m)
y=m
e Toa d9 giao diém M cia (A) v6i (P) la nghiém cia hé phuong trinh:
y=m X m® m?
{ = 4 = M[-w— ; m].
m

: §

Il

y2=4x

Il

¢) Goi I 1a trung diém OH = I[O - —I;l—]

2

@ﬁ[mT : —r;l] = dudng thing IM c6 phuong trinh:
x-0 y-m m m? 9
= & x=—y—-——hay2x-my+m“"=0
P}_z_ m 9 y 2 y y
4 2

e Xét hé phuong trinh :

g =i 2
2x —my +m®> =0 T4 -
3 i & " = 4
y =4x ’
%~—my+m2=0 (y—~m)2+m2=0(*)
x=0 _ |(y-m)>0 y-m=20
& (vi 3 =h &S y=0)
y=0 m°- >0 m=0

— Buong thing IM cét (P) tai mét diém duy nhat O(0 ; 0).
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a3} Ta o6 KF s (L4 L — )

2 B
SMIKF=-2 24" Cm)=0= IM L KF.
4 2
g m® + 4 m® + 4
Ta c6 KM = 0] = KM =

4 4

M m” m® ’ ‘ m? + 4

MF ={1-—; -m| = MF=[[1-—| +(-m)® =
4 4 4

— MF = KM = AKMF can tai M. Ma I la trung diém KF = MI la
phan giac trong cua tam giac KMF.

I1I. BAI TAP TUONG TU VA NANG CAO.

Bai 11. Cho tam giac vuéng ABC ndi tiép dudng tron (O), dudng kinh
BC = 2R, AB = R.

a) Goi G la trong tam tam giac ABC. Tinh phuong tich cia G dai vai
duong tron (O).
b) Kéo dai BG, cat dudng tron tai D. Tinh GD.

Bai 12. Trén dudng kinh cda dudng tron (g) cho diém J sao cho
JB = 3JA, va cho mét day cung CD cua dudng tron (€) di qua J. Tim
do dai day CD biét AB = 8 va JC - JD = 1.

Bai 13. Trong dudng tron € (0 ; R) cho hai didy cung AA’ va BB’ vudng géc
v6i nhau tai diém S va goi M la trung diém ctia AB. Ching minh ring
SM L A'B’

Bai 14. Cho tam giac ABC c6 goc B tu, duosng cao AH. Goi E va F lan
lugt 1a hinh chiéu cia H 1én AB va AC.

a) Ching minh ring td gidc BCFE nai tié€p dugc.
b) EF cit BC tai I, IA cidt duong tron duosng kinh AH tai G. Ching
minh A, B, C, G cung thudéc mét duong tron.

IV. DAP SO VA HUGNG DAN GIAL

R? 2
Bai 11. a) D G/ (0) = _8R° B i oy B = 8}9{
Bai 12. Tacé : CD = 7.

Bai 13. Ching minh SM.A'B’ = -;- SASA' - SASA'|=0.Vsy SM L A'B".

Bai 14.
a) D& chiing minh BCEF noi tiép ta chitng minh AB.AE = AC.AF.
b) Pé ching minh A, B, C, G cung thuéc mot dudng tron, ta ching
minh IBIC = IAIG .
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